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Summary

In this thesis, we study a class of multivariate generalized autoregressive heteroskedasticity
(GARCH) models, denoted the Dynamic Conditional Eigenvalue GARCH (or A-GARCH)
model. Multivariate GARCH models are useful for estimating and filtering time varying
(co-)variances, which are used e.g. in empirical asset pricing, Markovitz-type portfolio
optimization and value-at-risk estimation. GARCH models have long been a staple in
empirical finance and financial econometrics. This thesis contains three self-contained
chapters on the A-GARCH, covering large-sample properties and bootstrap-based infer-
ence.

In the first chapter, “The Dynamic Conditional Figenvalue GARCH Model”, we intro-
duce the A-GARCH class of models, where the eigenvalues of the conditional covariance
matrix are time varying. The proposed dynamics of the eigenvalues is based on applying
the general theory of dynamic conditional score models as proposed by Creal, Koopman,
and Lucas (2013)) and Harvey (2013). We provide new results on asymptotic theory for
the Gaussian quasi-maximum likelihood estimator, and for testing of reduced rank of the
(G)ARCH loading matrices of the time-varying eigenvalues. The theory is applied to US
data, where we find that the eigenvalue structure can be reduced similar to testing for
the number in factors in volatility models.

The second chapter, “Spectral Targeting FEstimation of Dynamic Conditional Figen-
value GARCH Models” investigates a two-step estimator of the A-GARCH model, combin-
ing (eigenvalue and -vector) targeting estimation with stepwise (univariate) estimation.
This estimator is denoted the “spectral targeting estimator”. This type of estimator has
long been used in empirical modeling, and in this chapter, we present novel asymptotic
theory. We find that the estimator is consistent under finite second order moments, while
asymptotic normality holds under finite fourth order moments. The estimator is espe-
cially well suited for modeling larger portfolios: we compare the empirical performance
of the spectral targeting estimator to that of the quasi-maximum likelihood estimator for
five portfolios of 25 assets. The spectral targeting estimator dominates in terms of com-
putational complexity, being up to 57 times faster in estimation, while both estimators
produce similar out-of-sample forecasts, indicating that the spectral targeting estimator
is well suited for high-dimensional empirical applications.

In the third and final chapter, “Bootstrap-Based Inference and Testing in Multivari-



v

ate Dynamic Conditional Figenvalue GARCH Models”, we study fixed-design bootstrap
for quasi-maximum likelihood estimation of multivariate GARCH processes. Specifically,
we extend the univariate bootstrap of Cavaliere, Pedersen, and Rahbek (2018) to the
A-GARCH model. We show, under fairly mild conditions, that the bootstrap Wald test
statistic is consistent, conditional on the original data. The theoretically investigated
fixed-design bootstrap is contrasted to a recursive bootstrap, and the asymptotic test
statistic. Through Monte Carlo simulations, we find evidence that the fixed-design boot-
strap is superior to the recursive bootstrap and the asymptotic test in small samples.
In larger samples, both bootstrap designs and the asymptotic test share properties, as
expected from the asymptotic theory. An empirical application illustrates the empiri-
cal merits of the bootstrap in multivariate GARCH models. The appealing theoretical
properties, along with the excellent finite sample properties, suggest that the fixed-design

bootstrap is an important tool for small sample inference in multivariate GARCH models.



Dansk Résume

Denne athandling undersgger en klasse af multivariate generaliserede autoregressive beting-
ede heteroskedastiske (GARCH) modeller, kendt som Dynamic Conditional Figenvalue
GARCH (eller A-GARCH) modeller. Multivariate GARCH modeller er serdeles an-
vendelige til at estimere og filtrere tidsvarierende (ko-)varianser, som anvendes bl.a.
til prisfastseetning af aktiver, Markovitz portefgljeallokering og value-at-risk estimering.
GARCH modeller har laenge veeret en fast bestanddel i finansiering og finansiel gkonometri.
Denne athandling indeholder tre kapitler om A-GARCH modellen, og vi undersgger de
asymptotiske egenskaber af to forskellige estimatorer og bootstrap-baseret inferens.

Det forste kapitel, “The Dynamic Conditional Figenvalue GARCH Model”, intro-
ducerer A-GARCH modellen, hvori egenveerdierne af den betingede kovariansmatrix er
tidsvarierende. Dynamikken for egenvaerdierne er udledt via teorien for dynamiske beting-
ede score modeller, oprindeligt introduceret af Creal, Koopman, and Lucas (2013) og
Harvey (2013). Vi udleder ny asymptotisk teori for den Gaussiske quasi-maximum like-
lihood estimator, og introducerer en ny test for reduceret rank af (G)ARCH parameter-
matricerne af de tidsvarierende egenveerdier. Den udledte teori anvendes pa amerikansk
data, hvor vi finder at strukturen af egenveerdierne kan reduceres pa samme made som
man tester for faktorer i volatilitetsmodeller.

Det andet kapitel, “Spectral Targeting Estimation of Dynamic Conditional Figenvalue
GARCH Models”, undersgger en to-trins estimator af A-GARCH modellen, hvori (egen-
veerdi og -vektor) targeting estimation kombineres med trinvis (univariat) estimation. Vi
kalder denne estimator “spectral targeting estimator”. Denne type estimator er laenge
blevet brugt i empiriske sammenhaeng, og i kapitlet udleder vi ny asymptotisk teori.
Konkret finder vi at estimatoren er konsistent nar den ubetingede kovariansmatrix er
veldefineret, og at estimatoren er asymptotisk normalfordelt nar fjerde moment er en-
deligt. Denne estimator er isezer velegnet til modellering af stgrre finansielle portefgljer:
Vi sammenligner den empiriske praestation af spectral targeting estimatoren med quasi-
maximum likelihood estimatoren for fem forskellige portefsljer bestaende af 25 aktiver.
Vores resultater indikerer, at spectral targeting estimatoren dominerer med hensyn til
beregningskompleksitet, hvor den er op til 57 gange hurtigere, og at begge estimatorer
producerer sammenlignbare out-of-sample prognoser. Dette indikerer at spectral targeting

estimatoren er seerdeles velegnet til hgj dimensionale anvendelser.
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I det tredje og sidste kapitel, “Bootstrap-Based Inference and Testing in Multivariate
Dynamic Conditional Eigenvalue GARCH Models”, undersgger vi en fized-design boot-
strap til quasi-maximum likelihood estimation af multivariate GARCH processer. Vi ud-
vider den univariate bootstrap fra Cavaliere, Pedersen, and Rahbek (2018) til A-GARCH
modellen. Vi viser, under milde betingelser, at bootstrap Wald test statistikken er kon-
sistent, betinget pa det observerede data. Vi sammenligner fixed-design bootstrappen
med en rekursiv bootstrap og den asymptotiske test statistik. Vores Monte Carlo simu-
lationer viser, at fixed-design bootstrappen er overlegen i sma dataseet. I storre dataseet
deler bootstap algoritmerne og den asymptotiske test egenskaber, som forventet fra den
asymptotiske teori. I en lille empirisk anvendelse illustrerer vi de empiriske meritter af
vores fixed-design bootstrap i multivariate GARCH modeller. De tiltalende teoretiske
egenskaber, sammen med den gode praestation i sma dataseet, indikerer at fixed-design
bootstrappen er et vigtigt redskab til inferens i multivariate GARCH modeller i sma

datasaet.



Chapter 1

Dynamic Conditional Eigenvalue GARCH

This chapter is joint research with Anders Rahbek (University of Copenhagen) and
Rasmus Sgndergaard Pedersen (University of Copenhagen).[]

ABSTRACT

In this paper we consider a multivariate generalized autoregressive conditional het-
eroskedastic (GARCH) class of models where the eigenvalues of the conditional
covariance matrix are time varying. The proposed dynamics of the eigenvalues is
based on applying the general theory of dynamic conditional score models as pro-
posed by Creal, Koopman and Lucas (2013) and Harvey (2013). We denote the
obtained GARCH model with dynamic conditional eigenvalues (and constant condi-
tional eigenvectors) as the A-GARCH model. We provide new results on asymptotic
theory for the Gaussian quasi-maximum likelihood estimator (QMLE), and for test-
ing of reduced rank of the (G)ARCH loading matrices of the time-varying eigenval-
ues. The theory is applied to US data, where we find that the eigenvalue structure

can be reduced similar to testing for the number in factors in volatility models.

KEYWORDS: Multivariate GARCH; GO-GARCH; Reduced Rank; Asymptotic The-
ory.
JEL: C32; C51; C58.
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1 INTRODUCTION

In this paper we consider p-dimensional multivariate generalized autoregressive condi-
tional heteroskedastic (GARCH) models where the eigenvalues (Ay, ..., Ap) of the con-
ditional covariance matrix of the p-dimensional vector X, (of returns) are modelled as
time-varying. The proposed dynamics of the eigenvalues (Ay, ..., Ap) is based on utiliz-
ing the general theory of dynamic conditional score models for time-varying parameters
as proposed by Creal, Koopman and Lucas (2013) and Harvey (2013). We denote the
obtained GARCH model with dynamic conditional eigenvalues (and constant conditional
eigenvectors) as the A-GARCH model.

We consider in detail the cases where (the returns) X; are assumed to be multivari-
ate conditionally Gaussian and Student’s t,-distributed respectively, which constitute the
conditional distributions most widely applied in empirical modelling of time-varying co-
variances. By definition, both specifications imply a rich and general dynamic structure
for the evolution of the eigenvalues. Specifically, in the conditional Gaussian case, the
resulting dynamics of the eigenvalues of the A-GARCH model is an extended version of
the generalized orthogonal GARCH (GO-GARCH) model of van der Weide (2002). Here
the A-GARCH model extend the GO-GARCH model as the spill-over effects allow for
more flexibility, similar to the extended version of the constant conditional correlation
(ECCC) GARCH model in Jeantheau (1998) which generalizes the CCC-GARCH model
of Bollerslev (1990). On the other hand, in the conditionally ¢,-distributed case, the dy-
namics of the A-GARCH model generalizes and extends the univariate 5-t-GARCH model
of Harvey (2013) and Harvey and Chakravarty (2008) to the multivariate case, where the
“ARCH?” effects are time-varying, while the “GARCH” effects remain constant. One may
note that the score approach is also used for considering time-varying correlations — as
opposed to time-varying eigenvalues — in Creal, Koopman and Lucas (2011), where the
DCC-GARCH model of Engle (2002) is considered under the assumption of a conditional
t-distribution of returns X;.

As demonstrated in the empirical illustration, the dynamic specification in the \-
GARCH class allows one to impose hypotheses on the inter-action between linear combi-
nations of the eigenvalues. In particular, for the returns on three major US bank shares,
we find that while we reject time-invariance of all the conditional eigenvalues, there is one
linear combination of the eigenvalues which appear constant. Equivalently, the implied
reduced rank structure of the (G)ARCH loading matrices indicates that there are two
linear combinations of the eigenvalues which drive the conditional volatility of X;. Thus
we are able to disentangle time-varying linear combinations of the eigenvalues, or factors,
from time-invariant factors which drive the dynamics of the conditional covariance, see
also Lanne and Saikkonen (2007) and Dovonon and Renault (2013).

In terms of inference and asymptotic theory, we provide a full asymptotic theory for the



Gaussian-based quasi maximum likelihood estimator (QMLE) of the (vector) parameter of
the A-GARCH model. We provide conditions for strict stationarity, ergodicity, and finite
moments of X;, and present primitive sufficient condition for consistency and asymptotic
normality of the QMLE relying on only finite second-order moments of X;. Simulations
indicate that the sufficient condition of finite second-order moments may not be necessary,
which is similar to results in the univariate analysis of GARCH models, see also Jensen
and Rahbek (2004). The asymptotic results are new, and while the arguments applied for
establishing limiting distributions are based on classic likelihood expansions, novel results
on identification are derived, as needed in particular for establishing consistency of the
QMLE.

Moreover, testing reduced rank in the context of multivariate GARCH models is non-
standard as it involves non-identified parameters under the hypothesis — see Pedersen and
Rahbek (2019) for a discussion of the univariate case — and we discuss the general theory
applicable for our empirical illustration. In particular, we derive the limiting distribution
of the sup likelihood ratio (supLR) test statistic for the case of zero rows, and hence
reduced rank, of the (G)ARCH loading matrices, while we for the more general case
propose a bootstrap based approach, see also Cavaliere, Nielsen, Pedersen and Rahbek
(2020).

Existing theory for the classic (non-extended) multivariate GO-GARCH model typi-
cally relies on two (or, three) step estimators. For multiple step estimators, essentially,
in a first step the unconditional covariance matrix is estimated, which is then kept fixed
in the next estimation step(s), where the remaining dynamic GARCH parameters are
estimated, see Fan, Wang and Yao (2008) and Boswijk and van der Weide (2011) and the
references therein. In contrast, we consider here joint one-step estimation of all parame-
ters, which in particular requires the mentioned identification result as the unconditional
covariance, and hence eigenvectors, are not fixed in a first estimation step. In terms of
asymptotic theory for two, or multiple, step estimators in other multivariate GARCH type
models, Pedersen and Rahbek (2014) discuss this in terms of covariance targeting for the
BEKK-GARCH model, while Francq, Horvath and Zakoian (2014) discuss variance tar-
geting for the ECCC-GARCH model, see also Noureldin, Shephard and Sheppard (2014).
Lanne and Saikkonen (2007) consider one-step estimation of a factor GO-GARCH model,
where, using a BEKK-type representation, it is argued that asymptotic theory in Comte
and Lieberman (2003) applies. This in turn relies on the assumption of finite eighth-order
moments of X;, see also Hafner and Preminger (2009a), Avarucci, Beutner and Zaffaroni
(2013), and Pedersen and Rahbek (2014) for discussion of moment requirements. In con-
trast, we show that the QMLE for the A-GARCH model is asymptotically normal under
the mild sufficient condition of finite second-order moments.

The paper is structured as follows. Section [2| defines the A-GARCH model for the case

of conditional Gaussian and conditional Student’s ¢ distributed returns. In Section [3] the



stochastic properties of the A-GARCH process is discussed, and asymptotic theory for the
QMLE is given. In Section {]testing of reduced rank ARCH and GARCH loading matrices
is discussed and Section |5 contains an empirical example with US data. The Appendix
contains mathematical proofs (Appendix , details on hypothesis testing (Appendices
and , and a short simulation study on the finite sample properties of the QMLE

(Appendix [DJ).

1.1 NOTATION

Some notation used throughout the paper. Let R, = {z e R: 2 > 0} and R, = {z €
R : z > 0}. For p € N, I, denotes the (p x p) identity matrix and 0,,x, denotes a n x p
matrix of zeros (and 0,, = 0,,x;). For a p-dimensional vector z, diag (z) = diag ((z;)?_,) is
a diagonal matrix with z on the diagonal. Furthermore, denote by p(A) the spectral radius
of any square matrix A. We use || - || to denote the Euclidean matrix norm. Moreover,
A ® B denotes the Hadamard product, while A ® B denotes the Kronecker product of
A and B of suitable dimensions. We set A%? = A® A and A%? = (A ® A). Finally, let
5 % and % denote convergence in probability, in distribution and weakly respectively.

Unless stated otherwise, all limits are taken as the sample size T' — oo.

2  SCORE DRIVEN CONDITIONAL EIGENVALUES
MGARCH

We consider a class of multivariate conditionally heteroskedastic models with time-varying
eigenvalues of the conditional covariance matrix. As detailed below, dynamic specifica-
tions of the time-varying eigenvalues are derived under different distributional assumptions
on the innovations, using the score-based approach in Creal, Koopman and Lucas (2011)
and Harvey (2013).

Let X; be a p-dimensional vector of observed variables (returns, say), X; € R? for
t = 1,.....,T. Define the information at time ¢, F; as the o-algebra generated by the
past variables, F; = o(X; : i < t), and let f(X;|F;_1) denote the conditional density of
X, given F;_ ;. We assume for simplicity that the conditional mean E (X;|F;_1) is zero,
E (Xi|Fi—1) = 0, and hence that the conditional distribution of X; can be characterized in
terms of the time-varying conditional covariance matrix Q; = E(X;X}|F;_1) in addition
to distributional shape parameters.

The conditional covariance matrix €); is stated in terms of time-varying conditional
eigenvalues (\;;))_, and corresponding p—dimensional constant conditional eigenvectors
(v;)t_,. That is,

Q =VAV, (2.1)



with V' = (vy,...,v,) and A; = diag (()‘i,t)?:1)~ By definition the eigenvectors (v;)?_, are

orthogonal, such that V' is an orthogonal matrix, V'V = V'V’ = I,. The eigenvalues \;;
are strictly positive, A;; > 0 (almost surely) for i = 1, ..., p and for all t. With

)\t - ()\1775, ey )\p,t)/

the vector of eigenvalues, we note that the conditional density f(X;|F;—1) may be indexed

by A\; € F;_1, and we write henceforth

F(Xe| Fia) = F(XE ).

The dynamics of the time-varying eigenvalues )\; is given by the score updating equation,
see Creal et al. (2011),
/\t =W + .ASt_l + B)\t—b (22)

where W is a p-dimensional vector of constants and A and B are general (p X p) coefficient
matrices. The p-dimensional (score) vector s; is defined as the score of the log-density
log f (-|A\+) with respect to A, up to an appropriate scaling. That is, the score contribution

in the dynamics is given by,

Olog (X I\
St:St—ggg\ t| t)a
t

with S; an appropriate scaling matrix, which here in line with existing literature on score

(2.3)

driven models is set to the inverse of the (conditional) Fisher information matrix, i.e.,

;H} ) o (2.4)

Below we consider the implied A-GARCH models when f (-|\;) is assumed to be one

of the two dominating densities in the multivariate GARCH literature; the multivariate

s _ (g 810gf(Xt’)‘t) 5’logf(Xt\)\t)
! O\ ON,

Gaussian and Student’s ¢ respectively.

2.1 CONDITIONAL GAUSSIAN DISTRIBUTION

Consider the case of conditional normality of X;, such that the conditional density
f(Xi|Ay) is given by,

FXA) = (2m) P2 det() "2 exp (— X771 X, /2)

with €, defined in (2.1). Using the definitions in (2.2)—(2.4) yields that the implied
dynamics of \; can be represented in the multivariate GARCH-type form as given by,

AN=W+AV'X 1)+ Bh_1. (2.5)



Here W is a p-dimensional vector, A = A and B = B — A, and where we restrict the
(p X p) matrices A and B to have non-negative entries.

Note that, for each 7, the time-varying positive eigenvalue J\;; is allowed to depend on
all of the orthogonal linear combinations v’ X; , where Cov (véXt_l,vngt_l\ft_l) =0
(and hence Cov (v} X;_1,v;X;—1) = 0 as Qy = E (X, X/|F;,_1) by assumption) for all j # k.
In addition, our proposed \-GARCH model allows \;; to depend on all entries of A\;_1,
and hence the Gaussian score-driven eigenvalue model is a generalization of the GO-
GARCH models considered by Fan et al. (2008) and Boswijk and van der Weide (2011).
Specifically, Boswijk and van der Weide (2011) consider the GO-GARCH model

Xt = VA2/27’],5, 77t ~ ’LZd(O, Ip),
with A, = diag ((A\i)?_)) satisfyin with By a (p x p) diagonal matrix,
M= —A—B)+AV'X:1)"? + Bh1. (2.6)

Moreover, Boswijk and van der Weide (2011) assume that the matrix V' = (vq,...,v,) is

non-singular with polar decomposition
V = CR,

such that C' is positive definite and R is orthogonal. Lanne and Saikkonen (2007) con-
sidered an identical model, but with the additional restriction that some row in A and
(the diagonal) By is zero, and hence allowing for constant conditional eigenvalues A; ;.
We discuss in Section {4 testing for reduced rank of A and B in the A-GARCH model, for
which the zero row restriction is a special case. The model in Boswijk and van der Weide
(2011) is closely related to the model considered by Fan et al. (2008) who, identically to
our approach, let V' be orthogonal but with A; defined by such that the condition
that E (X, X]) = I, (or, equivalently, standardized returns) is imposed.

2.2 CONDITIONAL STUDENT’S t-DISTRIBUTION

Consider here the case where the conditional distribution of X, is a standardized Student’s

t-distribution with v > 2 degrees of freedom. The conditional density is given by

r (V_+P) X0y, 1"/
Xil\) = =22 (v — 2)a] P2 det ()77 |14+ =1
FG) = i = 2077 den ()7 |1 S ,

2Boswijk and van der Weide (2011) state that \;; is "assumed to follow a GARCH-type structure”
[p.119], and the parametrization in (2.6]) is the one considered in the empirical application therein.



where I'(+) is the Gamma function, and it follows that
Olog F(XyI\) /0N, = W' (A1) (6, (VX)) = vee(A) ) (2.7)

where U = dvec (A;) /ON, and 6, = (v +p)/ (v — 2+ 37 (V/X,)? /i), see also Creal
et al. (2011, Theorem 1). Stated differently, 0log f(X;|\;)/OAi = # [(5t (V;’Xt)2 — )\it]
for i = 1,...,p. Moreover, S; in (2.4)) is given by,

Sl = ixp (At1/2)®2 [9G — vec (I) vee ()] (At1/2>®2 v, (2.8)

Using (2.7) and (2.8) it follows that the Student’s t A-GARCH conditional eigenvalue

dynamics can be stated as
As1 =W+ A (V'X)? + B, (2.9)

It differs from the Gaussian case in ([2.5) as the “ARCH-loadings” A; are time varying
in the Student’s t case, while the vector W and the matrix B are constant as in the

Gaussian case. Specifically, and as applied in the empirical Section [5] the time varying
“ARCH-loadings” A; and the constant “GARCH-loadings” B in ([2.9)) are for the p = 3

dimensional case given by,

v+1 Ale Are

A2t A3t v+5
A =w A i—jﬁ v+1 :\\—Z and B = B— A, (2.10)
A: A
)\—jz /\—;z v+1

where w; = <v(vu153)> o, for p = 3, ice., wy = (1+5/v) /(v =2+ 30 (VIX))* /A). As
expected for p = 1, and setting w; = ﬁf’l)@ for p = 1, we obtain the univariate Beta-t-
GARCH in Harvey (2013, Ch.4.7). Hence, and as observed in Creal et al. (2011, p.555),
the “weight wy in (8) (here: ) automatically accounts for extreme values because it
decreases if yiX; 'y, (here: S0 (VI X,)? /i) is large”, see also the discussion in Section

Bl

3 PROPERTIES AND ESTIMATION OF THE \-GARCH
MODEL

For the estimation theory we focus on the Gaussian case in Section [2.1] and study quasi-
likelihood inference. In particular, we provide sufficient conditions for strict stationarity
and state primitive conditions for strong consistency and asymptotic normality of the

one-step QMLE for all parameters.



The (Gaussian) A-GARCH model may be summarized as,

X, =VANm, A =diag (N)0,), VV=VV' =1, (3.1)
/\t - (/\1715, ce . ,/\pﬂg), - W + A(V,Xt_1)®2 + B)\t—lu (32)

with 7 1.1.d.(0, I,). The parameters of the model are given by the p-dimensional vector
W = (wi, ...,w,) with strictly positive entries, w; > 0 for i = 1,2,...,p and the (p x p)

matrices A = () ,and B = (By), ,_, , with non-negative entries, a; 8;; > 0.

ij=1,...,

As in van der Weide (2002), the orthogonal matrix V' = (vy, ..., v,) is defined in terms of
rotation matrices R (i, j; ¢) specified below and thus parametrized by p (p — 1) /2 rotation
angles ¢;; collected in ¢ = (¢12, ..., Pp-1)p) € RPP-1/2 with j >iand i =1,...,p — 1,

j =2,...,p. Specifically, the (p x p) dimensional V' =V (¢) is given by,

p—1 p
vie)=11 11 rG.j:9),
i=1 j=i+1

with R (7,7;¢) (p X p)-dimensional rotation matrices as defined by,
R(i,5;0),, = 1if k #14,7, R(i,5;¢),; =0if k # l and k # 14, j,

R(i,j;9); = R (i, J; ¢)jj = cos(¢;;), and R (3, j; ¢)z] = —R(i,J; ¢)Jz = sin(¢i;).

Remark 1. Note that by definition det(V') = 1, that is, V is a rotation matriz. By defi-
nition this excludes orthogonal matrices with det (V') = —1, that is, the class of reflection
matrices. For further details on this, and on the parametrization of det(V') =1 in terms

of the rotation angles, or the so-called Givens parametrization, see Pinheiro and Bates
(1996, Section 2.5) and the references therein.

Remark 2. [t follows that for the case of p =3, V (¢) is given by

V(p)=R(1,2,0) R(1,3;¢) R(2,3; )

cos(¢1a)  sin(¢r2) 0 cos(¢13) 0 sin(¢r3) 1 0 0
= — sin(¢12) COS(¢12) 0 0 1 0 0 COS(¢23) sin(¢23)
0 0 1 —sin(¢13) 0 cos(¢13) 0 —sin(pa3) cos(gas)

while for p = 2,

Vo) = R(1,20) = ( onlone) Sm(d””) -

—sin(¢12) cos(¢i2)

Y



3.1 STOCHASTIC PROPERTIES
For the stochastic properties of X; satisfying equations (3.1)-(3.2)), we note that V'X;
satisfies the stochastic recursion,

V'X, = APy, with Ay =W+ A(V' X)) + B\, (3.3)

such that the rich literature on stochastic recursions can be applied in order to state
conditions for strict stationarity and ergodicity as well as conditions for finite moments of
X;. To see this, rewrite the dynamics of \; in as the stochastic recurrence equation
(SRE),

M=W+d,_ 1M\ (3.4)

where ®; are i.i.d. random matrices,
¢, = A diag ((n7,)7-,) + B, (3.5)

with ®, and )\; independent. By Francq and Zakoian (2019, Theorem 10.6 and Corollary
10.2) and Pedersen (2017, Lemmas B.5 and B.6) we immediately have the following result.

Theorem 3.1. The process (X; : t € Z) given by — 15 strictly stationary and
ergodic if and only if £ < 0, where £ is the top Lyapunov coefficient of (P, : t € Z) defined
by

¢ = limn "E(log|| [T ®.1)). (3.6)
t=1

with ®, defined in (3.5). The strictly stationary and ergodic process has E||Xy||* < oo for
some s > 0. Moreover, for k € N, E||X,||** < oo if and only if {p(E(®%)) < 1 and
Elm|[** < oo}.

Remark 3. Notice that a necessary and sufficient condition for finite second order mo-
ments, E||X?|| < oo, of the strictly stationarity and ergodic process (X, : t € Z) is that

p(A+ B) < 1. In this case, the unconditional variance of the process is

E(X;X,)=E(Q) =EVANV') =V (diag{(l,—A—B)"'W})V".

3.2 QUASI-MAXIMUM LIKELIHOOD ESTIMATION

The parameters of the A-GARCH model in (3.1)-(3.2]) are given by,

0= (W' vec(A),vec(B), ¢,
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with the vector 6 € ©, where the parameter space O is defined by,
© =0y x Oy xOp x Oy, (3.7)

with O CRZ,, ©4 CRY . ©5 C RY, and ©, C RP—D/2,
Given a realization (X; : t = 0,1,...,T) of the -GARCH process in (3.1)-(3.2), the

Gaussian quasi-maximum likelihood estimator (QMLE), éT, for 0 is defined as
Or = arg minLr (6),

where the log-Gaussian likelihood function is given by,

Ly(0) = > 1(6), 1(6) =logdet(4(0)) + X/, (6) Xy, (3.8)
Q(0) = V(e)A(O)V(d),  Au(0) = diag(Me(0)), (3.9)
M(0) =W (0) + A(0) (V(¢) Xe—1)* + B(O) \ioa(0), t=1,...,T, (3.10)

with Ag(6) = Ao fixed and with strictly positive entries.
In order to investigate the stochastic properties of the QMLE we make the following
simple assumptions about the parameter space © in (3.7)):

Assumption 3.1. Assume that the true value 6y = (W], vec(Ap),vec(By), ¢y) € O.
Moreover, assume that Oy = [wr,wyl? for some 0 < w, < wy < 00, Oy = [O,OzU]p2 for
some 0 < ay < 00, Oy = [¢r, pu|PP~V/2 with —co < ¢, < ¢y < oo, and, finally, that
Op is compact with ©p C R’f satisfying SuPyec(p)eo, P(B) < 1.

Note that Assumption [3.1implies in particular that © is compact. To establish consis-

tency, we make the following assumption about the data generating process (X; : t € Z):

Assumption 3.2. Assume that & < 0, with & defined in (@, such that the process
(X :t € Z) is stationary and ergodic with E||X¢||* < oo for some s > 0.

Lastly, in order to show that the QMLE is strongly consistent, we state an identifying
high-level assumption in terms of the ergodic version 25(#) of Q,(6), as defined in (A.2))
in the appendix. Note that QF (0) is well-defined for any 6 € © by Assumptions [3.113.2]

Assumption 3.3. For 0 € ©, if Q5 (0) = Q;(0y) almost surely, then 6 = 6.
We have the following strong consistency result for the QMLE.
Theorem 3.2 (Consistency). Under Assumptions Or — 0y almost surely.

The identifying condition in Assumption [3.3] is high-level, and next we state in As-

sumptions [3.4H3.6| sufficient and primitive conditions under which it holds.
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Assumption 3.4. Assume for the i.i.d.(0,1,) sequence (ny : t € Z) that n; and nj are

independent for all i # j, 4,5 = 1,...,p. Moreover, assume that 771;2,t 1s non-degenerate for

1=1,...,p.

Assumption 3.5. Assume that the (p x 2p) dimensional matriz [Ag, Bo| has full rank p.
Moreover, with z € C and 6 € ©, assume that the polynomials A (6)z and I, — B (0) z
satisfy that (I, — B (0) z) A (0) z = (I, — Boz) * Aoz implies 0 = 6.

Assumption 3.6. With ©4 defined in Assumption assume that the true value ¢g of
¢ belongs to the interior of Oy, i.e., ¢g € intOy, and assume that ¢, =0 and ¢y = 7/2.

Remark 4. Assumptions are classic for standard multivariate GARCH models,
see e.g., Francq and Zakoian (2012). In contrast, Assumption which addresses the
rotation parameters ¢, is non-standard. As demonstrated in Lemma this condition
18 indeed sufficient for identification. However, the condition may not be necessary as
also investigated in Appendixz[D, where we consider practical implications of extending the
parameter space Og4 . Note also in this respect, that the results in the empirical illustration

in Section @ do not change by extending the parameter space by setting ¢, = —m/2 < 0.

Remark 5. Note that for the static model (where, say, A = B = 0) identification of
W and the rotation parameters in ¢ can be obtained by ordering the (assumed) distinct
eigenvalues (wi,...,wy,), and moreover restricting the rotation angles ¢;; to lie in the
interval [¢r, pu] = [0, 7], see e.g., Pinheiro and Bates (1996, Section 2.5).

Remark 6. In the proof of Lemma properties of the matriz V(¢)'V(¢o) for ¢ # o
are exploited. The proof applies an auziliary Lemma[A.1], which relies on the assumption
that ¢o lies in the interior of Oy = [br,, du]PP~V/2, ruling out permutations in \(6). To
illustrate, consider the simple case of dimension p = 2 and with ¢9 = 0, ¢ = w/2 ¢

int (O4), such that ¢ # ¢o. In this case, with (W, A, B) = K(W,, Ao, By) where

K:()l,
10

it holds that Q5 (0) = Q7 (6y) almost surely, despite 8 # 6y. Note also that ¢y € int ©4 rules
out the case where Vy, = I,, that is, when the entries of X; are conditionally uncorrelated.
In order to allow for this, an alternative to Assumption is to assume ¢y € Oy =
(o1, b — 0]PP~V/2 for some small § satisfying ¢, =0 < § < 7/2 = ¢yr.

We have the following result for identification:

Lemma 3.1. Under Assumptions [3.4H5.0, it holds that Assumption[3.5is satis-
fied.
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The main argument used in the proof of the lemma is to show that if 7(0) = 2} (6)
almost surely and ¢ # ¢p, then at least one of the conditional eigenvalues of Q¥ () is
a linear combination of the remaining conditional eigenvalues. Such a property implies
that the matrix [Ay, By| has reduced rank, and hence contradicts Assumption . Hence,
we show that under Assumption [3.5] it must hold that ¢ = ¢, and identification of the
remaining parameters follows by well-known arguments.

In order to show that the QMLE is asymptotically Gaussian, we make some additional

assumptions.
Assumption 3.7. The true value of the parameter vector 0y € int ©.

Assumption 3.8. The data-generating process satisfies (i) that E|n||* < oo, and (ii)
E||X:]|*** < oo for some s > 0.

Assumption 3.9. The matrix Ag has a row with a unique entry.

Assumptions and [3.8)(i) are standard. Assumption [3.8)(ii) of finite second-order
moments of X;is used to show that the expectation of the third-order partial derivatives

of the log-likelihood contribution is finite on a (suitable) neighborhood around 6y in the

proof of Lemma in Appendix

Specifically, the third-order derivatives contain terms essentially of the form

Aoti@ g OAeaa(8) | gl oINS O}
X2(0) Aoal0) |

(3.11)

where 7,; denotes the sth entry of the noise 7, A 4(#) is the sth entry of A\(6) in (3.10)),
and )'\37@1-(9) = 0As4(0)/06;. Any power of the first factor has finite expectation on the
neighborhood, whereas for the case where g # s, it is not obvious that the second factor
has finite expectation for # # 6,. On the other hand, it is straightforward to show that
the fraction is (up to a scaling constant) bounded (uniformly on the neighborhood) by
IA:(60)||||me]|?> which has finite expectation provided that F||X;||*> < oo. By Holder’s
inequality it then follows that has finite expectation if E||X;||*™* < oo for some
s > 0. Simulations in Appendix |D|indicate that, while sufficient, the condition may not
be needed in order for the QMLE to be asymptotically normal.

We note that the moment requirement is stronger than for the theory for the Gaussian-
based QMLE for the ECCC-GARCH model (Francq and Zakoian, 2012) and the factor-
GARCH (Hafner and Preminger, 2009b), where only E|X;||* < oo for some s > 0 is
needed. On the other hand, it is milder than the requirements of finite sixth- or eighth-
order moments assumed by Hafner and Preminger (2009a) and Comte and Lieberman
(2003) for the VEC and BEKK class of models, respectively.

Assumption[3.9]is used in the proof of Lemma[A.5]in order to show that the expectation
of the Hessian, i.e., the information matrix J = plim (T~'9*Lr(6y)/0000') as defined in
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(A.6), is invertible. A sufficient condition for this to hold is the assumption that A, has
full rank, see also Assumption 3.5 Note that often the proof of invertibility of J relies on

showing that there exists no non-zero v € R% such that for all ¢

/a>\t<00) _ O
op

almost surely. (3.12)

In much of the existing literature on multivariate GARCH models, e.g., Comte and Lieber-
man (2003) on BEKK models and Francq and Zakoian (2012) ECCC models, such a
property is typically verified by exploiting that, under (3.12)), 7/9\(6y)/00 is linear in
(VgX;-1)®% and \;_1(6p) and that 6y is identified. In our model, we do not have lin-
earity as 70\ (6p)/00 contains terms with partial derivatives with respect to the entries
of ¢. This leads to additional considerations about invertibility of J, and we make the
additional Assumption see the proof of Lemma for details.
We have the following result:

Theorem 3.3 (Asymptotic normality). Under Assumptions
VT (07 — 65) 5 N(0, 'S,

where J is an invertible matriz defined in and ¥ is a non-negative definite matriz
defined in in the Appendiz.

A small simulation study in Appendix [D]illustrates that the finite-sample distribution
of the QMLE is well-approximated by a normal distribution, and moreover indicate that
the sufficient moment conditions can be relaxed. Lastly, the simulation indicate that
while sufficient for identification, it may not be necessary to restrict ¢;; € [¢r, ] with
¢r=0< ¢y =m/2.

Next, we consider hypothesis testing in the A-GARCH model motivated by the idea
that a few conditional time-varying linear combinations of )\; are driving the volatility of

the X; process.

4 REDUCED RANK OF A AND B

Consider the A-GARCH model in (3.1)-(3.2) on the form,
)\t == W + A(V,Xt_l)QQ + B>\t—1-

A relevant hypothesis to test is if there are no spillovers between the eigenvalues, that is if
the matrices A and B are diagonal, similar to testing for no volatility spillovers in ECCC-
GARCH models as considered by Pedersen (2017). We here take another direction and

consider testing of the hypothesis that one or more linear combinations of \; are constant.
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A special case of this is to test if one or more conditional eigenvalues are constant, similar
to the test for a constant factor in the factor GO-GARCH model by Lanne and Saikkonen
(2007).

The hypothesis of (p —¢) constant conditional linear combinations of A\; may be

parametrized as the hypothesis H, of reduced rank ¢ < p of A and B, as given by
H,: A=~d" and B=~p". (4.1)

Here v,a and § are (p x ¢) dimensional matrices, such that A and B have non-negative
entries. An immediate implication is indeed that the (p — ¢) combinations 7.\, are con-
stant, where 7, is (p X p — q¢) dimensional and 7.y = 0 with rank of (v,7.) equal to p.
That is, the hypothesis is equivalent to (p — ¢) constant conditional eigenvalue relations
i A+, while the remaining g relations, 7'\; are time-varying.

In terms of testing — apart from standard identification issues related to the reduced
rank as well-known from testing reduced rank in cointegrated vector autoregressive pro-
cesses, see e.g., Cavaliere, Rahbek and Taylor (2012) — this raises the issue of non-identified
parameters under H, as addressed in Andrews (2001) for univariate GARCH models, see
also Pedersen and Rahbek (2019) for GARCH models with exogenous covariates. In the
A-GARCH case the non-identified parameters appear in the GARCH loadings matrix B,
and hence across equations which requires arguments different from the univariate cases
mentioned.

To illustrate, we start out by considering in Section a p = 3 dimensional model
with v in known such that testing H, reduces to testing for a zero row in A and B.
Next, in Section , we discuss general testing of H,, that is, extend the discussion to
include an unknown ~ matrix (and general dimension p). In the empirical illustration in

Section |5 we consider implementation of both cases.

4.1 TESTING WITH 7 KNOWN

Consider the case of a p = 3 dimensional system with v known, and given by

)
I
o = o
— o o

that is, with a zero row in . This is a special case of Hs, as with the (3 X 2) matrices «
and [ given by
Q21 (31 B Ba1
Q=1 Qx a3z and =1 B B |,

Qo3 (V33 523 533
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one can write A and B as

0 0 0 0 0 0
A= ’YO/ = Qo1 Qg2 (ug3 and B = ’76/ = Bo1 Paa Pos
Q31 (rzg (33 531 B32 533

We denote this hypothesis by H;. Observe, that under Hg the loading matrices A and B
indeed have reduced rank (less than or equal to) ¢ = 2, as induced by the zero row. Note
also under H2T . Ve = (1,0,0)" such that .\, = Ay, is constant, while the remaining two

. . . . ! . .
linear combinations in 7'A\; = (Ag, A3;) are time-varying.

Remark 7. The case of testing for a zero row in A and B, or H;r, 1s similar to testing the

hypothesis of weak exogeneity known from cointegration analysis, see Harbo et al. (1998).

In terms of testing Hg , it follows that (3; in (the unrestricted) B is not identified
analogous to testing of conditional homoskedasticity in GARCH models, see Andrews

(2001). Moreover, for the two remaining eigenvalues Ag; and A3, under H;,

3 3
Ajr = wj + Z Qi (‘/;/th1)®2 + Z BjiNit—1
i=1

i=1

3 3
= (wj + Bpwr) + Z azi (VI Xeo1) P + Z Bjidit-1, J = 2,3.
i=1 =2
Hence, in addition to (311, we also see that the parameters 5 and f3; are non-identified
under the null in the GARCH loadings matrix B. To address this, we proceed as in
Pedersen and Rahbek (2019), and test the observationally equivalent hypothesis H; which
is given by

H}: aq;=0fori=1,2,3 and 51; =0 for j =2, 3. (4.2)

The idea is to apply a sup likelihood ratio (supLR) test, where the supremum is taken
over the non-identified parameters (311, 521 and Ss;.

To distinguish the non-identified parameters from the identified, partition the parame-
ter vector 0 as @ = (7/,8')', with (the identified) 7 = ((w;)?_, , (aij)ij:l s (Bi)i12,3 j=2.3 5 (¢3)7_,)
and (the unidentified) 6 = (5“)?:1. Similarly, with © defined in , the equivalent par-
tition of the parameter space is given by the product © = O, x O4, where ©, and O; are

compact. The parameter space for 7 as restricted by H; is given by
O ={r€0,:a; =0fori=1,2,3 and 8, =0 for j = 2,3}.

The test relies on estimating 7 restricted and unrestricted for a given § € Oy, with the
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restricted and unrestricted estimators given respectively by,

Trs = arg max Ly (7,0) and 7rs=arg max Ly (1,6), ford € ©;. (4.3)
TE i,k. TEO,

The supLR statistic is given by

sup LRy (H3) = sup Ly (71,5,9) — sup Ly (Trs,9) . (4.4)
5€05 505
Under regularity conditions given in Appendix [B]the statistic converges in distribution to
a limiting distribution L,
sup LR (H}) % L, (4.5)

with £ given by (B.4). Also in Appendix [B|the implementation of the asymptotic test is
discussed which is applied in Section [5

Remark 8. The key conditions for as given in Appendix@ are: (i) that 75 and
Trs are consistent for o € O, for any d € O, (it) that the score as a process indezed by
d converges weakly to a Gaussian process, and (iii) that the Hessian matriz is invertible
uniformly on ©s. The conditions (i) and (iii) rely on finding conditions such that T
is identified, whereas (ii) typically relies on showing that the score obeys a functional
CLT. The latter may be shown to hold if the score process converges in finite-dimensional

distribution to a Gaussian vector, and that the score process is tight, see e.q., Pedersen
and Rahbek (2019, proof of Lemma A.3). In line with Pedersen and Rahbek (2019),

one may need stronger moment conditions than the ones in Assumption |3.8 in order
to prove tightness. Likewise, due to the fact that 1y is a boundary point of ©., it may
require higher-order moments of X; in order so show that ratios of the type have
finite expectation, similar to Francq and Zakoian (2009) and Pedersen (2017) where finite

sixth-order moments are imposed.

4.2 THE GENERAL CASE OF REDUCED RANK A AND B MATRICES

Next, consider the general case H, of reduced rank ¢ in the p-dimensional A\-GARCH
model with general v, « and S matrices.

Observe initially that with the “ARCH” part of the restrictions in H, imposed, A =
~vo/, and with 4 = v (v/4)~" it holds by definition that

YM =W+ (V' X, 1) + 4 Byy' M1 + 7' Byedide,
Vet = W + 7By M1 + 3 BreYid -1

For 4/\; to be constant, 4. B~ = 0 is needed, in which case the second equation reduces
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to
Fede = W + LBy A1,

which, similar to the H; example, implies that the (p — ¢)° parameters 4B, are not
identified. Moreover, as the linear combinations 4.)\; are constant, also 5’ B7. are not
identified in the equation for 4’\;. Collecting terms, using (v,7.) is of full rank p by
definition, it holds that the unidentified (p x (p — ¢)) dimensional parameter matrix § is
given by

0 = Br..

As above one may consider a sup-based testing approach keeping ¢ fixed, and a supLR test
statistic similar to can be computed. However, the fact that v is unknown means that
a reparametrization is needed to ensure identification as well as variational independence
of the remaining parameters of the model. In addition, the regularity conditions for
convergence in distribution of supLLR statistic are beyond the scope of this paper, and we
instead propose to apply a bootstrap based test. The details of the bootstrap are given
in Appendix [C] and is illustrated in the next Section

5 AN EMPIRICAL ILLUSTRATION

In this section we apply the A-GARCH model to daily returns of three financial equitiesﬂ
from the S&P 500 Index with sample period January 3rd 2006 to January 2nd 2018 (with
T = 3020 observations).

The log-returns are shown in Figure[5.1] Initial inspection reveals, as expected, heavy-
tailedness and that the log-returns can be characterized by having ARCH effects, or
volatility clustering. As to the observed volatility clustering it seems to occur during the
same epochs of time, and hence the log-returns tentatively share a common factor (or
eigenvalue) driving their conditional volatilities.

In the following we consider: (i) dynamics of the estimated eigenvalues, (ii) testing
reduced rank of the loading matrices A and B, as well as for constant eigenvalues, and
(111) adequacy of the A-GARCH model. Overall, we make the following notes: First, the
A-GARCH model performs well for the series studied, and the estimated time-varying
eigenvalues and eigenvectors are easy to interpret, reflecting market conditions at a given
time. Second, despite the fact that the three equities all are in the same sector and
have a shared source of the majority of variation in a “market” eigenvalue, we cannot
restrict one of the lesser important eigenvalues to be constant without a significant loss
of explanatory power. Third, we note the usefulness of the reduced rank structure in
conditional covariance matrices. The finding, see below, that the parameter matrices A

and B are of reduced rank is novel, and it may have implications for the applications

3Bank of America corp. (BAC), JPMorgan Chase & co. (JPM), and Wells Fargo (WFC).
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FIGURE 5.1: Log-returns of the three series analyzed: Bank of America corp. (BAC),
JPMorgan Chase & co. (JPM), and Wells Fargo (WFC).
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FIGURE 5.2: Estimated standardized residuals {f);;}/_, from the Gaussian A-GARCH
model.

of models for the conditional covariance matrices, as it is a coherent way of imposing a

structure and reduce the dimensionality of the model without losing explanatory power.

5.1 DYNAMICS OF THE ESTIMATED EIGENVALUES

~

As to the dynamic variation of the time-varying estimated eigenvalues (A\;)3_; in the first
row of Figure , we note that Az on average explains about 85% of the variation of the
aggregated eigenvalues, Zle Nit. Moreover, the estimated corresponding eigenvector Vs
reveals that s may be interpreted as a “market factor”, with each asset having a (nor-
malized) weight of roughly 30%. The two remaining eigenvalues A1 and Aoy each explain
6 — 8% of the variation on average, and the loadings of the corresponding eigenvectors
correspond to long-short portfolios. Importantly, while the two smaller eigenvalues are of
lesser importance compared to the “market eigenvalue”, they appear non-constant, and

all orthogonalized returns, V(QAST)’ X;, have inherited ARCH effects, as can be seen from

Figure E]

4Note that, in line with the Monte Carlo results, unreported estimation results show that the dynamics
of the eigenvalues in A; do not change if ¢;; is allowed to lie in [¢1, ¢r7| with ¢ = —n/2 (and not ¢, = 0).
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TABLE 5.1: Estimation of the A-GARCH.

Rank w A B 1) v
0.105 0.122 0.152 0.010 419 x 107° 0.126 0.045 0.323 0.712 —0.239 0.661
(0.040) (0.050)  (0.076)  (0.003) (2.64x101) (0.240) (0.013) (0.071) (0.018) (0.054)  (0.007)
q=3 0.094 0.139 0.108 0.006 0.060 2.55 x 1078 0.027 0.722 —0.238  0.803 0.546
(0.027) (0.062)  (0.054)  (0.002) (0.166) (4.03x10-7) (0.015) (0.054) (0.061) (0.018) (0.006)
0.039 0.081 0.168 0.071 3.98 x 1079 3.66 x 1078 0.910 0.815 —0.661 —0.546 0.515
(0.028) (0.067)  (0.124)  (0.017) (1.65x10~7) (4.12x10-7) (0.021) (0.047) (0.041) (0.050) (0.007)
Log-likelihood -14941.04 Hypothesis Hj Hypothesis H,
AIC 29930.08 supLR test 182.27 LR test 2.11
BIC 30074.40 95%-CV 137.61 95%-CV 23.51
13 —0.013

(0.006)

Here ¢ denotes the top Lyapunov exponent, and standard errors are reported below the point estimates. We use the
delta-method to obtain standard errors for V' and . The reported LR statistics are used for testing H5 and Hz

respectively.

5.2 TESTING REDUCED RANK

As to reduced rank and constancy of eigenvalues, consider initially the hypothesis that
the (on average) smallest eigenvalue Ay, is constant, i.e., H; in ([£.2). From Table it
follows that one cannot accept the hypothesis based on the supLR test (see Appendix
for details on implementationED. Intuitively, this is sensible as under the hypothesis
Hj, A\y; is constant and the associated orthogonalized returns V/X; homoskedastic. As
already noted, this is not the case as all three orthogonalized returns V(&T)’Xt in the

unrestricted model appear to exhibit volatility clustering (see Figure .

TABLE 5.2: Estimation of the A-GARCH under Hs.

Rank i A=ay B =3y 1) 1%
0.108 0.143 0.138 0.009 1.10 x 1077 0.087 0.047 0.338 0.717  —0.225 0.660
(0.037) 0.042)  (0.057)  (0.002) (0.001) (0.195) (0.012) (0.065) (0.016) (0.050)  (0.007)
q=2 0.094 0.125 0.119 0.006 3.01 x 1078 0.077 0.027 0.708 —0.252  0.799  0.546
(0.024) (0.053)  (0.048)  (0.002) (0.001) (0.166) (0.010) (0.051) (0.058) (0.018)  (0.006)
0.038 0.080 0.162 0.071 416 x 1075 6.52x71° 0.911 0.825 —0.650 —0.558 0.516
(0.027) (0.067)  (0.116)  (0.017) (7.05x10~6) (4.89x10-8) (0.021) (0.043) (0.038) (0.046) (0.007)
Log-likelihood -14942.09 AIC 29924.19 BIC 30044.45 13 —0.013

(0.006)

TABLE 5.3: Estimated parameters - reduced rank matrices, under Hs.

Rank o’ B’ ~'

¢g=2 0.125 0.119 0.006 3.01 x 10~% 0.077 0.027 1132 1 0
(0.053) (0.048) (0.002) (0.001) (0.166) (0.010) (0.374)
0.080  0.162  0.071 416 x 1076 6.52x 10 0.911 0018 0 1
(0.067)  (0.116)  (0.017) (7.05x10—6) (4.89x10—8)  (0.021) (0.018)

Recall that A = va’ and B = v’ for ¢ < p, with A and B given in Table 2.
Next consider the less restrictive hypothesis of reduced rank » = 2 of A and B, that is

Hj in (4.1). Under Hs all eigenvalues are allowed to remain time-varying, while p —r =1

SFor each entry of the non-identified parameter vector § = (311, 821, 331)" we use k = 20 equidistant
points between 0 and 0.99 (both points included), leading to a grid of 20% = 8000 points for the grid search
over §. Steps 1-3 of the algorithm for the asymptotic distribution of the test only draws from grid points
in which: i) the Hessian matrix is invertible, as determined by the reciprocal condition number (rcond),
and ) the log-likelihood value is close to the maximum likelihood value. That is, for i = 1,...,dimA,
we only use a given grid point if rcond (Js5,) > 1072 and Ly (6,6;) + 5 > sups, e L7 (0, 6;) both hold.
We use M = 10.000 Monte Carlo draws to determine the critical value.
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FIGURE 5.3: The first row shows the estimated conditional eigenvalues based on the

Gaussian A-GARCH model, while the second row shows estimated eigenvalues from the

Student’s ¢ version. The left hand side shows the level of the eigenvalues, while the right

hand side show how much variation in the data is explained by each of the estimated
eigenvalues across the sample.
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FIGURE 5.4: Estimated rotated returns, {V’(¢7)X;}%, from the Gaussian A-GARCH
model.
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linear combination of these is constant. To ensure identification of v, @ and  under H,
the lower (2 x 2) block of 7 is set to I3, while the first row of v is freely varying. We
obtain critical values by the bootstrap algorithm in Appendix [C] see also Cavaliere et
al. (2020). The critical value is obtained from B = 399 bootstrap replications. The LR
statistic is 2.1 and the associated bootstrapped 95% critical value is 17.55 such that H,
is not rejected.ﬂ From the estimated parameters for the reduced rank model (reported
in tables and , the estimated parameters, eigenvalues, and conditional covariances
for unrestricted model and reduced rank model are non-distinguishable, and based on the
AIC and BIC information criteria, the reduced rank model seems in fact to be preferable

to the unrestricted model.

Remark 9. As kindly raised by the Editor, note that while for the considered sample of 12
years of data the \-GARCH model appears well-specified (please see Sectionfor more
details) and supporting the hypothesis of reduced rank r = 2, unreported results indicate
that this seems not to be the case if the sample is extended to include the 1987-crash (as for
example the period 1981-2018). Thus considering longer samples with breaks, or crashes
(such as the 1987-crash), may suggest that a \-GARCH model with structrual break(s),

or some other type of switching mechanism, is more suitable.

5.3 MODEL ADEQUACY

As to model adequacy we make the following observations. Table contains the pa-
rameter estimates of the A-GARCH model in 7, and standardized residuals are
given in Figure 5.2} In terms of the regularity conditions for the asymptotic theory, the
estimate {’| of the Lyapunov coefficient £ in and its standard error reported in Table
suggest that é < O. For the standardized residuals, while unreported misspecifica-
tion tests indicate no ARCH-effects and no residual autocorrelation, they appear slightly
heavy-tailed as is common in Gaussian GARCH-type models. In order to address the is-
sue of heavy-tailedness, Table |5.4] reports estimation results from the trivariate Student’s
t version of the A-GARCH model as given by and . We observe that v = 4.749,
confirming the heavy-tailedness, and moreover from Table that the empirical quantiles
of the standardized residuals match the t; (0, 1) quantiles. Interestingly, when considering

the estimated eigenvalues j\it for © = 1,2, 3 in Figure for the Gaussian and Student’s

SWe also test the hypothesis that the rank of A and B is ¢ = 1. This test is strongly rejected, with a
LR test of 140.21 and a bootstrapped critical value of 65.15.

"The estimate of ¢ and its standard error are obtained as in Nielsen and Rahbek (2014).

8 As kindly pointed out by a referee it appears that some of the parameter estimates may be close to the
boundary of the parameter space, which again suggests that the distribution of the associated estimators
may be better approximated by “half-normal” type distributions, see e.g., Pedersen and Rahbek (2019).
To avoid this, an alternative could be to allow for negative entries in the A and B matrices, see also
Conrad and Karanasos (2010). However, extending the asymptotic theory is beyond the scope of this
paper; unreported estimation results indicates that allowing this gives (a few) negative entries in B while
the estimated conditional eigenvalues remain positive (and with similar dynamics).
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t cases, it follows that the normalized eigenvalues Nit / (2?’:1 5\”) for i = 1,2,3 appear
more “smooth” for the Student’s t case, possibly reflecting the dampening effect of the

weight w; in (2.10]) as previously discussed.

TABLE 5.4: Estimation of the Student’s t A—GARCH model.

v w A B ¢ v
0.008 0.025 0.047 0.003 0.973 6.08 x 10710 0.002 0.294 0.706 -0.257 0.660
4.749  0.033 0.034 0.083 0.003 0.165 0.707 9.59 x 107° 0.741 -0.214 0.811 0.545
0.087 0.172 3.44 x 1077 0.075 548 x 107%  3.51 x 1078 0.995 0.794 -0.675 -0.526 0.517
Log-likelihood -14401.90

TABLE 5.5: Empirical quantiles of the standardized residuals from the Student’s ¢
A—GARCH.

Quantile 0.010 0.025 0.050 0.250 0.500 0.750 0.950 0.975 0.990
ta749(0,1) -2.62 -1.99 -1.55 -0.56 0.00 056 155 199 2.62

N(0,1)  -233 -1.96 -164 -067 000 067 164 196 2.33

i 2265 -210 -162 -058 001 055 151 197 246

ot 289 -2.06 -155 -055 001 055 154 196 2.66

M3z -270 -2.00 -156 -0.58 -003 052 147 192 273
APPENDIX

A  MATHEMATICAL PROOFS

A.1 NOTATION AND DEFINITIONS

Throughout, we let o € (0,1) denote a generic constant, and K is a generic positive
constant or positive F_j-measurable random variable. Moreover, we let Y;(6) := V(¢)'X;
denote the orthogonalized returns. In light of Assumption [3.2] we consider the ergodic
version of the log-likelihood contributions. That is, for any ¢t € Z and 6 € O,

I5(0) = log det(Q27(0)) + X;Qj‘l(Q)Xt, (A.1)
Qi (0) = V(0)A;(O)V (o),  A;(0) = diag(N;(0)), (A.2)
A (0) =W + AV () Xi-1)®* + BX_(6). (A.3)
For derivatives,
- 0B(0) _ ?B(0) .. B 93B(0) .
B; = 90, B;; = W7 Bijr = m7 i,j, k€ {1,...,dg},

denote the partial derivatives of some scalar, vector, or matrix B(6) as a function of § € ©

with dy the dimension of 6.
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Furthermore we let (2 = Q7 (6), that is (2} evaluated at the true parameter values, 6.
The same holds for other quantities which depending on 6y, e.g., Y; = Y;(0y), A7 = A7 (o),
and X\ = A\f(6p)

A.2 PROOF OF THEOREM

It suffices to verify conditions A1-A5 of Francq and Zakoian (2019, Theorem 10.7).
With Q;(6) defined in (A.2]), we immediately notice that Assumption implies that
E||%(60)]|]° < oo for some s > 0 (condition A3), and that Assumption [3.3]is equivalent
to A4. Moreover, recall that p(B) < 1 on ©, and define the function A : (R?)™ x © — R?,

with (zg,x_1,...) a sequence of vectors in R” and 6 € ©, given by
Mo, 2_1,...30) = B [W+ A(V(¢)w_)*?].

We note that for any sequence (zg, x_1,...), AM(xg,z_1,...;-) is continuous on O (condition

A5). It remains to show the following two points.

(i) With Q(0) and Q7 () defined in (3.9) and (A.2)), respectively, sup,ce |2 1(0)|| < K
and supyce || (0)| < K almost surely.

(ii) suppee [€2:(0) — Q7 (0)]| < Ko' almost surely.

Proof of (i): Note that supycg || (0)]] < suppeo |VIPIAT(0)]] < Ky/pw;? < K.
Likewise, sup,ee |21 (0)]] < K.

Proof of (ii): With \(0) and A} () defined in and (A.3), respectively, using that
SUpgee P(B) < 1, we have that

sup [|Q(6) — Q7 (0)[| = sup [[e(0) — A7 (0)[| = sup [ B' (Ao — A5(0)) ] < oK.
0cO 0cO 0cO

A.3 PROOF OF THEOREM 3.3

Using that 6y € int©, with © compact, and [} (#) defined in (A.1]) is three times continu-
ously differentiable (almost surely), it suffices to verify the following conditions (see e.g.,
Francq and Zakoian, 2012):

(Asymptotic Normality of the Score) With /() defined in (A.1)),

1 8[* 90 D
VT E 50 N(0,%), (A4)
with Ol (80) D17 (0o)
L t 0 t 0 _ . .
Y=F { 50 o0 } non-negative definite. (A.5)
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(Hessian) With [}(0) defined in (A.1]),

Pli0) » o [PLO)] _
_Z 8000/ { 9000 ] = (4.6)

with J invertible.

(Expectation of Third Order Derivative) With [;(6) defined in (A.1)) for some neigh-
borhood N (6y) C © around 6y,
] < o0

(Initial Values) With [;(6) defined in (3.8)) and [}(#) defined in (A.1]), for some neigh-
borhood N (6y) around 6y,

r ol(0) Ol (0o) \ || 1/2
Z( Y, )H_O”(T/)’

B3I (0)
00,00,00,

~ max  sup
t,5,k=1,..., de QEN 60)

and

sup
0eN(6p)

— (Pl(0) 01 (0

g ( 8989’ 0006 "

Proof of Asymptotic Normality: From Lemma we have that E[0l}(0y)/00|F;-1] = 0,
EI]|0lr(00)/00]]] < oo, and that ¥ is non-negative definite. By a CLT for stationary and
ergodic martingale differences (e.g., Brown, 1971), we conclude that holds.

Proof of Hessian: From Lemma we have that E[||0%1}(6y)/0000'||] < oco. By the
Ergodic Theorem, we conclude that holds. Moreover, Lemma, states that the
matrix J is invertible.

Proof of Third Order Derivative: This property holds by Lemma [A.6]

Proof of Initial Values: This holds by arguments similar to the ones given in Francq and

Zakotan (2012, pp.204-206).

A.4 PROOF OF LEMMA B.1]

We make some initial considerations about the structure of V(¢). Note that

p—1 p p—l
i=1 j=i+1 i=1
where fort=1,...p—1,
P
Vile) =[] R(i.j:i9) (A7)
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Note in particular that, by construction, f/z(qb) depends only on the rotation parameters
<¢i,i+17 ey gzﬁi’p). Deﬁne, for k = 17 N 17

Uy, = <A_ ‘Z(aﬁ)) (A_ ‘Z(éo))- (A.8)

U= (1:[ ‘Z(éﬁ)) (ﬁ ‘Z’(%)) = V(9)'V (o).

In particular, we note that

i=1 =1

We will rely on some essential features of Uy, stated in Lemma in the next section.

Suppose that QF(0) = Q7 (0y) almost surely. Then, almost surely,
Ui NS (6y) = AF(0)U;. (A.9)
Hence, in light of Lemma [A.1] we have that (almost surely)
A1 (0p) = A1,(0). (A.10)
Moreover, in light of , we also have that
ULA; (60) Uy = A7 (0),

which combined with (A.10)) yields that (almost surely)
(U12,11 )>\1(t 90 + ZUlzlj it 90) 0.

Suppose that (¢12,...,01,) # (#4120, -- -, ¢1,p0) such that in light of Lemma , Ufn <
1, which implies that (almost surely)

A (0o) = (1= UZy)~ ZUMJ
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This implies that

Aft(ﬁo)
e = |
/\;t(eo)
ﬁ Z§:2 WJ,OU12,1]‘ Wllzu ?:2 Aj,0U12,1j
_ w%’o + A_2’0 (Yi1)®?
Wp,0 Apo
ﬁ ?:2 Bj70U12,1j
+ o N (60),
By

where A;o (Bio) denotes the ith row of Ay (Bp). Note that it must hold that Ui i
is non-zero for some j = 2,...,p — otherwise A},(6y) is degenerate which is ruled out
by Assumptions [3.413.5] Hence, [A, By| has reduced rank, which is ruled out by As-
sumption . We conclude that U;;; = 1, which in light of Lemma implies that
(D12, 01p) = (1205 - - -, P1p0). This in turn implies that f/l(qb) = ‘71<¢()), so that

p—1 " p-1
o= (T (v )
;ill ~ ! ~ - ~ p—1 ~
= (H Vi(0) | Vi(e)'Vi(go) ( v;<¢o>>
;:21 . "1 -
= (H Vi(¢) <H w<¢o>> =U,.
=2 i=2
This combined with implies that (almost surely)
UaA7 (6o) = AF(0)U2 (A.11)
and
Va3 (00)U3 = A3 (6). (A.12)

By arguments similar to the ones given above, in light of Lemma [A.T], we have that

A5i(0o) = A5,(0), (A.13)
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and hence using (A.12)) (almost surely)

(U22,22 A5 (6o) + Z Uz 2jA = 0.

J=1,j#2

Now suppose that (¢a3,...,02,) # (230 ---,P2p0) such that in light of Lemma ,
U3 95 < 1, which implies that (almost surely)

)\gt<90) 1_ U2222 Z U222] ]t

J=1,j#2

By arguments similar to the ones above, we have that this violates the assumption that
[Ag, Bo| has full rank. By contradiction we have that (¢a3,...,¢2,) = (¢2.3.0,-- -+ P20)-
This combined with the fact that (¢12,...,01,) = ($1.20,- - -, 1,,0) implies (by arguments
identical to the ones given above) that U; = Us. By identical arguments, it must hold
that (¢34,...,¢35) = (P340, --,P3p0), and by repeating these arguments we have that
® = ¢o. The identification of the remaining parameters (W, A, B) follows by standard
arguments, see e.g., Francq and Zakoian (2012, pp.196-197), using Assumptions 3.5]

A.5 AUXILIARY LEMMAS

Lemma A.1. Let Vi(¢) be defined in . Let Vi ji(¢) denote entry (j,4) of Vi(¢). The
following holds.

1. The i—th column of f/l(¢) is given by (‘Z’,u(dﬁ), o ‘71-7pi(¢))/ where for j=1,....p

0 if j<u
‘7”1(@ = Hi:iﬂ cos(¢ik) if j=1,
- Hi:j-H COS(¢i,k) Sin(¢i,j) if >

with the convention that Hz:p-i-l cos(pix) = 1.

2. Fork=1,...,p—1, the k-th column of Hf:_,i Vi() equals the k-th column of Vi(¢).
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3. Let Uy be given by . With Uy, i, the (k, k) entry of Uy, it holds that

p
Uk ek = Z Vie it () Vi jie(¢0)

j=1

= J] cos(ér;)cos(o)
=kt 1

+ ( cos(¢r,1) COS(¢k,z,o)> sin(¢r,;) sin(dr,j0)
j=ht1 \I=j+1

= (cos(pr,j — Prjo) — 1) H cos(¢r,1) cos(¢r,10) + 1
j=k+1 I=j+1

4. For ¢ € [0,7/27®~V/ and ¢y € (0,7/2)P*~V/2 it holds that Uy i > 0.

(A.14)

(A.15)

(A.16)

5. For ¢ € [0,m/2]P*~V/2 and ¢y € (0, 7/2)PP~V/2 Uy jp < 1 with equality if and only

if (¢k,k+1, e a¢k,p) = (¢k’,k+1,07 cee Cbk:,p,o)-

Proof of Lemma : Points 1-2 follow immediately by inspecting the structure of V;(¢).
The equality in (A.14]) follows by noticing that, by definition of Uy, and point 2, Uy 4, equals
the dot product of the k-th columns of Vj(¢) and Vi (¢y). The equality in (A.15) follows
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by point 1. The equality in (A.16|) follows by repeated use of trigonometric identities:

H cos(¢r,;) cos(Px,j0) + Z <H COS(¢k,z)COS(¢k,z,o)> sin(¢r,;) sin(¢r,j0)

j=k+1 j=k+1 \i=j+1

= H cos(¢r,j) cos(Prjo0) + < H COS(¢k,l)COS(¢k,z,0)> Sin(@r,kt1) SIN(Pk kr1,0)

j=k+1 I=k+2

+ Y (H COS(¢k,z)COS(¢k,z,0)> sin(o ;) sin(¢x,j0)

j=k+2 \I=j+1

= cOS(@kk+1) COS(Dp kt1,0) SIN(Pk k1) SIN(Pk k+1,0) ( H cos(¢r,1) COS(¢k,l,0))

I=k+2

+ 3 (H COS(¢k,z)COS(¢>k,z,0)> sin(o ;) sin(¢r,j0)

j=k+2 \I=j+1

[COS (¢k k+1 — <Z5k k+10 —1 ( H COs <Z5kl COS(¢klo)>

I=h+2
p
( [T cos(ér.) cos(éro ) Z ( 11 COS(¢k,l)COS(¢k,l,0)) sin(@r, ;) sin(er,j.0)
1=h+2 j=k+2 \i=j+1

[COS (¢k k+1 — <Z5k k+10 - 1 ( H COS <Z5kl COS(¢klo)>

l=k+-2

+ [COS (¢k k+2 — <Z5k k+20 - 1 ( H COs <Z5kl COS(‘bklO))

I=k+3
p
( [T cos(ér.) cos(éro ) Z ( 11 COS(¢k,l)COS(¢k,l,o)) sin(¢r, ;) sin(er,j.0)
1=h+3 j=k+3 \l=j+1

= [cos (Pkk+1 — Prit1,0) — 1] < H cos(¢p,) COS(¢klo)>

I=k+2

+ [cos (Prpr2 — Prps20) — 1] ( [T cos(er) COS(¢kzo)>

I=k+3
+ [cos <¢k,p—1 - ¢k,p—1,0) —1] COS(¢k,p) COS(¢k,p,0)

+ co8(r,p) coS(Pk po) + sin(dy ;) sin(dr o) + (1 — 1)

p p
= Z (cos(dr,j — Prjo) — 1) H cos(¢r,1) cos(dr0) + 1
j=k+1 I=j+1

Turning to point 4, note that all terms in (A.15) are non-negative for ¢y ji1,..., ¢k €
[0, 7/2]P7% and ¢g 11105 Prpo € (0,7/2)P7%. Hence, Uy > 0 with equality if and
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only if all terms in are zero. Noting that cos(x) and sin(x) are strictly positive
for z € (0,7/2), we have that for ¢k 110, Pkpo € (0,7/2)P%, Uppr = 0 if and only
if H§=k+1 cos(¢k,;) = H§=k+2 cos(Pr,j) sin(Pres1) = §=k+3 cos(@r,j) Sin(Pppr2) = ... =
cos(¢pp) sin(pg p—1) = sin(¢y,) = 0. This implies that ¢r, = 0. Hence cos(¢y,) = 1,
and it must hold that ¢;,1 = 0 in order to have that cos(¢y,,)sin(¢x,-1) = 0. By
similar arguments, we must have that ¢ ,41 = ... = ¢, = 0. But this implies that
H?:kJrl cos(¢y ;) =1 > 0. Hence, it is not possible that Uy x, = 0, and we conclude that
Uk > 0.

Lastly, turning to point 5, we start out by considering . For j = k+1,...,p
we have that &; := (cos(¢r,; — drjo) — 1) Hf:jH cos(¢p1) cos(¢ri0) < 0. Hence Uy =
Z?:kﬂ &j+1 <1, with equality if and only if §; = O for all j = k+1,...,p. Clearly {; =0
forall j =k+1,....,pif (Grkt1s--- Php) = (P10 - - Prpo). Suppose now that {; =0
forall j = k+1,...,p. Note that ¢y ; — ¢k 0 € (—7/2,7/2) so that cos(¢y,;—¢rj0)—1 =0
if and only if ¢y j = ¢y ;0. Hence &, = (cos(prp — dkpo) — 1) = 0 which implies that ¢y,
@k po- This in turn implies that §,_1 = (cos(¢rp—1 — Gk p-1,0) — 1) cos(¢kp) cOS(Pkpo) =0
which can only be the case if ¢r,-1 = @rp_1,0 since cos(¢y,) cos(drpo) # 0 as ¢r,p =

Gkpo € (0,7/2). By similar arguments, we conclude that (¢g k11, - - -, Prp) = (Phk+1,05 - - - » Php0)-

Lemma A.2. With I;(0) defined in (A.1]), under Assumptions it holds
that

E {alta(:O) .7-}_1} = 0 almost surely, (A.17)
Al (60)?
e
E H 20 ]<oo, and (A.18)
_ | 98(0) O (60)
E_E[ A ST (A.19)

is non-negative definite.

Proof of Lemma[A.3: With Y;(0) = V(¢)' Xy, for i = 1,...,dy, we have from Lemma
that

ol (6)
00,

— tr { AT O)AT,(0) [1, - AT OYAO)Y/(0)] b + 2, (0)A7 (O)%:(0),

with A,;(0) := 0N} (0)/96; and Y;,;(0) := 0Y;()/d6;. Evaluating at 6, we have

917 (6o)
00;

= tr {A:_IAZi (I, — 77#72]} + 2Y;,,z‘A:_1Y%

= Ml,t,i + Mg,tﬂ'. (AQO)

Suppose initially that M, and M, ; are integrable such that their conditional expecta-
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tions exist - this will indeed be verified below. We have immediately that
E[M, ;| Fi-1] = 0 almost surely, (A.21)

since Af‘l(ﬁg)/\;i is F;_; measurable and E[myn;|Fi—1] = E[mn;] = I,. Turning to My,
note that
V(o)V(9) =1,

which implies that

aV(¢) ,
E)—Giv(d)) +V(¢)

With S;(0) := (0V (¢)/00;)V (¢)', we have that

00,

oV (¢)
90;

= Si(0)V(9),
where S;(0)" = —S;(6), and, hence, S;(6) is a skew-symmetric matrix satisfying
tr(S;(0)) = 0. (A.22)
For 8 = 8y we then have
My, = 2Y/ A;TY, = 2X|S;VA;V! X, = 260 { S, ' X, X[},
using E[X; X[|F_1] = Qf and (A.22)),

E[M; 5| Fi—1] = 2tr{S;} = 0 almost surely. (A.23)

Combining (A.20)), (A.21)), and (A.23), we conclude that (A.17) holds. Turning to (A.18)),

we note that it suffices to show that E[(9l}(6y)/06;)?] < oo for all 4, which in light of
(A.20) and the Cauchy-Schwarz inequality holds if E[M?, ;] < co and E[M3, ;] < oo. We

have that, almost surely,

p

B [M2 | F] = B [0 {8 A (1 — o) 17| = 30 (Blkd — 1) 8 A2,
q=1
where we note that E[n;,] < oo, ¢ =1,...,p, by Assumption . Hence,
p .
M12tz Z nqt _1 [[AfflAZiEq} )
q=1

and by Lemma , we have that E[M?,;] < co, i =1,...,dy. Turning to the variance
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of My, ;, note that with S, = VSiv!,

M3, = 4X[S; VATV X X S;VATV'X,
= 4t (S, X X, ST X X)) = 4tr(5’*fA*—1y;Y’§fA;—1y;Yt')

P2
it

We note that (A.24) consists of terms of the form

2,2 *
YuYjt o2 o /\

x2 ithgt oy« -
)\it >\’Lt

Using Assumption and that for 0y € int©,

* p 2 P *
)‘k,t Wok + D iy Q0 kiYi -1 T > i BO,ki)‘i,tfl Wo,k Z

2 : /60 ki
- P 2 p —
Ay wort Dy oY1t D i Bo,li/\zt_l Wou 4= Qo Bo,i

(A.25)
we have that 7775, \%, /A% is integrable for any i, j, and we conclude that E[M3,;] < oo

for any 7. The matrix ¥ is non-negative definite by construction.

Lemma A.3. With [}(0) defined in ([A.1),

agg(.e)zfr{A?*(@)AZi(@)[ — AN OYUOY](O)] } 42V (OATHOYO), =1, dy,
e LN L v
Ai(0) == 96, and Yy ;(0) = T

Proof of Lemma[A.3: We have that,

0l;(0) _ 9log|A;(0)] N Y/ (0)A;(0)7'Y,(0)
00, a0, 00; '

Consider now,
0log |Af (0 o -
e O — e @), 00
00
Next, consider Y/ (0)A;(0)Y;(0) = tr{Y:(0)Y/(0)A;*(#)}. Since Y;(0)Y;(#)' is symmetric
and A;~1(0) is diagonal we find

ot {Yi(6)Y, (0)A;(9)}
00,

= 27, (0)A;0)Yi(0) — o {V(0)Y] (0)A7 (O)A7,(0)A1(0) }.
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Hence, the score with respect to 6; is

8%?) = tr{A; N (O)A7(0)) — tr {E(Q)wa)/\:—l(e)/\;i(Q)A;—l(9)} + 2V, (0)A 7 (0)Y,(0)

= tr { A7 O)AL0) [I, — AT OYO)Y](0)] |+ 2¥/,(0)A; 1 (0)Yi(0).

Lemma A.4. With [}(0) defined in , fori,7=1,...,dy,

g Hlt&(g: — —tr (AT OAL 0N OA0) + b (A O47,0)

+ tr (A7 OA7, (0N O)AL 0N (O)V(0)Y(9))

—tr (A O, (0N OO/ (0)) + tr (A7 1<9>Azi<9>A*—1<e>A*><0>A* L{OYi0)/ ()
= 2tr (SOIN OAL O OV(0)Y{(9) ) + 2t ((S500) + S:(0)8,(6)5 ()X, X))
(0)
(0)

+ 2t (V(9) (S:4(0) + S:(0)8,(0) ) V()M ()Y, <9>Yz<9>)

— 2 (SN O O)A OY0Y/(0)) + 20 (SUOATHO)S,0Y:(0)Y(0) )

(A.26)

where S;(0) and S;(0) are skew-symmetric matrices given by,
5.0) = 2oy, (227
S1(0) = V(9) Si(O)V () = =V (¢)'Si(0)V (¢) = —5i(0). (A.28)

Proof of Lemma[A.J: Throughout the proof, we suppress the dependence on 6. From the
proof of Lemma we have that

GPi(0) _ om(hIAL) (AL ATV YA
00,00, 00, 90, 5
= Niy — Noy + 2Nz,

Where the first term, Ny, is

atr(A:_lA;i)

80, = —tr <A:71AZ]-A?71A;Z-) + tr (A* 1A§”) (A.29)
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The second term, Ny, is

ATTIYY + ATTIAG

Otr(ATALATIYYY) <8A:—1A:,i
= {r _—

aA:il Y;/Y;/
06, 06,

90,
= —tr (AL ATTALATYYY) o (AR A YY)

-t (A7 AL (Vg Y ) ) =t (ATTA AT AL AT
— (Aj‘IA;].AI‘I/'\;Z.At*‘l}Q}/t’) ttr (A;—lA* A;—ly;y;’)

t7i?j

o (A AL ATAL AT ) e (AR ALY e (A ALY

Noting that D;; = A:‘lA;Z-A;_lis symmetric and that Ym = V'S!X, with S; defined in
(A.27)),

tr (Dt,th,th’) tr <A§*1A§7iAf1V’S;XtX£V>
—tr (A;*lA;iA;*lv’sgvme

— b (S;.A;—lA;iA;—lnw) ,
with S; = V'S;V defined in (A.28). Hence, the second term of the Hessian, No, is

dte(A; A AYYY)
99,
~tr <A§*1A;iA;§*1A;jAt*’1Yth’> 4 2tr (S}At**lA;iAleth’) .

t’/[:hj

=t (AL AT AL AT (AR AT YY)

The third term, N34, is

oY, ALY, 9YY, L ONT? : Y,
st — )t A*—IY Y/~ t Y, Y/'A*_l—t
26, g, bt T g Nl 5y
= Ytl,i,jAf_IYt - Y;/,iAt*_lA:,jAf_IKt + Ytl,v;Af_lz,j’
where Y;’ i s,
J

where S” = 0S5,/06;. Hence, the first term of N3, is,

YA Y =X <52j + S@'SJ') VATIV'X,

= XV (i + Si8;) VATIVIX,
= tr (V’ (S] + Sisj> VA;*Yth’>
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The second term of N3, is

)

VLA A AT, = XIVVISVATAL ATV, = b (S‘iAflAszt**llﬂft’)
And the final term is

VAT Y, = XISVATVISIX, = XIVVIS VAT VISIVVIX, = tr (égAgflgjmf;) .
That is, N3, is

oY, N,

g = (v (B4 8 ) VAT )~ (S A A ) e (8105307

(A.30)
Using (:29)- (A:30), we have (A.26).

Lemma A.5. With I}(0) defined in (A.1), under Assumptions[3.1{3.2]3.443.9,, fori,j =
1,...,dy,

o [266)
00,00,

d

]-}_1] _ (A;—lA;Z.A;—lA;j) +2tr (S;S;) + 2tr (S;A;—ISjA:) . (A31)

D21¥(6o)
0000’

H < 0, (A.32)

and

0006
Proof of Lemma .' Using the expression for 921}(6)/96;00; from Lemma , we im-
mediately have that

L [21:0)
0,00,

21%(0
J=F [8 i Oq is invertible. (A.33)

ftl] = tr (A;*A;JA;*A;J.) + ot (SJ) +2tr (S:))

+2tr (éjAflA;i) oty <§iAf1A;j) + 2t (é;zxr%yzx;) .

This expression can be simplified further as both S; ;, tr (SjA:_lA;i> and tr <§z~A:_1A;j>

are skew-symmetric, and hence tr(S; ;) = tr <§jAt*_1A;i> = tr (giAt*_lA;j> =0, and we

obtain (A.31)).

Turning to (A.32)), we consider each term in (A.31f). Notice that E [[tr <Af_1AZiAf_1Azj) |} <
oo by Lemma [A.7, Trivially, tr(5;S;) is bounded, since © is compact and S; is continuous
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in ¢. Lastly, consider tr <5’{At*’1§j/\§>,

SINTTISAT =

0 _gi,12 NN _gi,lp )\Lt 0 e 0
Sz 0 ... —dig 0 Mgy ... O
. . . . . . X
Si1p Bigp ... 0 0 0 Apt
0 3 5 + 0 0
12 - 94lp A1t T
- ~ 1
—55,12 0 <o S5p 0 E e 0
. . . . . . )
z z 1
—S; —S; ... 0 —
Jlp 3,2p 0 0 Moot

which has the trace,

~ LA p—1 p o )\zt )\?t
tr (Sz‘A:_ SjA:) = Z Z 54,k15,kl (E + )\27,15) ;

k=1 l=k+1

which is bounded in light of . We conclude that holds.

By standard arguments, see e.g., Comte and Lieberman (2003) or Bardet and Winten-
berger (2009), it suffices to show that there exists no v = (v1,...,7a,) € R% \ {0g,x0},
such that

dg

89;)
Z vivec ( = 0,251 a.s., (A.34)
i=1 09

where we have suppressed the dependence on . For simplicity, we consider the case p = 2
and emphasize that the arguments can, tediously, be extended to arbitrary dimension p.
For the case p = 2, dy = 11 such that 0 = (wq, ws, 11, a21, A2, a2, P11, o1, P12, Bz, &),
and we seek to show that there exists no v = (71, ..., v11) € R" \ {01;}, such that

11 N
Z’yivec (88%) =0, as. (A.35)

We have that

Or — Aicos?p+ A5, sin® ¢ (N5, — Af,) cos @sin g
o\ = A1) cosgsing A, cos? ¢+ M sin?¢ )
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such that for e =1,...,10,

oy oA}, cos¢  sing aggrt 0 cos¢p —sing
=V V= . Coax
00; a0, —sin ¢ cos ¢ 0 ps sing  cos¢

N aNs,  OAY, :
_ %(f\ 26?—1— 8 sin ¢ ( 602 — 891 )cosqbsmgb (A.36)
( 892; - 891;) cos¢s1n¢ 8;9 s2 ¢ —I— a * sin? ¢ '
and for i = 11
o0, o0
aQ* aQ* t,11 t,12
aet = aq; = ( 835)12 88??22 > 3
! G o
ox 0N} . oA\ .
8;11 = cos® ¢ 8¢t sin® ¢ a;’t + (A5 — Al,)sin2¢
90 1 0N, 0N
’ — A* _ )\* 2 v 5 .
9 (A3: — A1) cos gzﬁ—l—( 90 90 )cosgbsmgb
ox O 4 oA\
3;22 = sin® ¢ 3¢ + cos® ¢ a;’t + (A1 — A3,) sin 29,
where
ON =i (1) 0N = [0\ O o Y
= B , 0t B , Bj 1,t—j—1 ’
dwy ]Z_; <O> Ows jz:; (1) 60411 Z (

oS Y34 i - N <
BI —i= B’ , B ,
aalz Z < aa?l Z y1 t—j—1 8&22 Z y2 t—ji—1

ON} ( 0B’ ) wy 11 Q2 Y i
= + - .
OBnm JZ% OB <<w2> (Oém 0422) ( y%,tqu

and

N = a¢y1t 1 —Y14—j-1Y2,—j-1
5 = > BIA - QZBJA

a¢yz t—j—1 Y1,t—j—1Y2,t—j-1

; (0412 - 0411)
Yt—j—1Y2,t—j—1
(0422 - 0421)
Bj)11(0412 — 1) + (B )12( Q2 — o)
B n Y,t—j—1Y2,t—j-1

j)21(0412 - 0411) (B ) (0422 - 0421)
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Hence, the first row of (A.35) has the form

Cot+ D (Crgtiiyja + Cogtyy 1)

J=0

+ 7112 cos® o) (Z ((Bj)n(an - Oén) + (Bj)12(a22 - 0421)) yl,t—j—lyQ,t—j—1>

=0

+ 112 sin® ¢ (Z ((Bj)21(0612 — on1) + (B )2 (v — CY21)) yl,t—j—1y2,t—j—1>

J=0

=0 almost surely,

where the constants C, Cy ;, Cs; may depend on 7, ...,710. Suppose that v;1 # 0. By
Assumption we have that y1;—j_1y2+—;—1 is non-degenerate and linearly independent

of y}, ;1 and y3, ; |, so it must hold that

(e 9]

Y112 cos? 0] (

J=0

((Bj)n(Oélz — 1) + (Bj)12(0422 - 0621)) yl,t—j—1y2,t—j—1)

+ 7112 sin’ ¢ (Z ((Bj)zl(am - 0411) + (Bj)22(0622 - 0421)) yl,tjl!/2,tj1>
=0
=0 almost surely.
This implies that
Y112 (6082 Py — ay) + sin® ¢(agg — 0421)) Y1.1-1Y2.4-1|F; 5 is degenerate
which is the case if and only if
cos® (g — ay) + sin? ¢(ame — anr) = 0. (A.37)
The same reasoning applied to the second and third rows of yields that
Y112 cos ¢sin ¢ ((qaa — ao1) — (Q1a — 1)) Y14—j—1Y2.4—j—1|Fi-o is degenerate
and hence, using that cos ¢ and sin ¢ are non-zero on int®, that
(qop — an1) — (a12 — a11) = 0 & (a2 — ag1) = (12 — a1). (A.38)

Combining (A.37) and (A.38)), we have that ajo = a7 and @gs = any, which is ruled out
by Assumption [3.9, and we conclude that (A.35)) only holds whenever v;; = 0. Hence
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(A.35) has the form

10 10
o0 OA:
;:1 yivec ( 20, ) =(VeV) ;:1 wivec ( 20, ) =04 a.s.,

which, using that V' has full rank, implies that

10
aA;)

Zyivec < =04 a.s.

i=1 00

The non-zero rows of vec(0A;/06);, i =1,...,10, are

0N ~=OB (OW 0A o2
90, = — a0, <89i + aei(v thlfj> )

and by arguments similar to the ones given in Francq and Zakoian (2019, pp. 311-312),
it follows that there exist no non-zero v such that (A.35) holds. We conclude that J is

invertible.

Lemma A.6. With[}(0) defined in {A.1]), suppose that Assumptions hold.

Then there ezists a neighborhood around 0y, N(6y) C O, such that

]<oo

Proof of Lemma[A.6: Throughout, we exploit that #, € int® such that N(6y) satisfies
that all entries of A and B are bounded away from zero on N(6p). In particular, with
[B7~1], the sth row of [B'™1],

0*1; (0)
00,00,00,,

sup
0eN (6o)

w= min inf w, >0, (A.39)
r=1,.., D GEN(OO)

©= min inf (B, W > 0. (A.40)
s=1,....p 0N (o)

a= in inf A, >0, (A.41)
r,s=1,...,p €N (6p)

a= max sup A,,>0. (A.42)

r8=1,P ge N (6)

In the following, for some real-valued random variable f;(6) depending on 6 € N(6,), we
write fi(60) € Ly(gy) if Elsupgeng,) [fi(0)]] < 0o and we say that f; (6) belongs to Ly g,).-

Consider the (7, j, k)’th element of the array of third derivatives of the log-likelihood
function, which is obtained by taking the derivative of the (i, j)th element of the Hessian
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in (|A.26)) with respect to some parameter 6y:

S =t (OO0 0)1,0) (1)
s (A O)R,00)) (#2)

st (A OAL 0N OALOAT OV 0)) (43

- o (A OR, 00T OV 0) (#4)

st (A OALOAT OALOAT OV 0)) (#5)

— 2 (S0A O OAT OY0)0) (#6)

2 (V) (3,500 + S(0)5,0)) VOAT OYOY/©)  #D

— 2 (SO O OAT OVOY0) (#8)

2 (SUON O3,00)Y/0). (#9

In the following, we consider each partial derivative in turn, and show that all terms

belong to Ly (g,)-

Term #1 The partial derivative is,

8 *—1 A * *—1 A

gom (AT OALOATO)A)

= —2tr (A7 (O)A7, (A OO (0)A7,(0))

+tr (A7 O OAT O)R7,4(0)) + tr (A7 O)A7, (04 (0)A1,0))
(A.43)

Noting that tr{A;~*(8)A7;(0)A7 1 (0)A7;.(0)} = Nori ()X, (0)/N30), w

s=1"'s,t,1 ERAN
conclude that the second term in ((A.43) belongs to Ly,). The same argument

applies to the other terms in (A.43]).

Term #2 The second term is,

ot (A ORes0)) =~ (A ORsOAT ORis0))+tr (A0 Koo 0)

and we apply arguments similar to the ones given with respect to Term # 1 in order

to conclude that Term #2 belongs to Lyg,)-

Terms #3 and #5 Terms #3 and #5 are the same up to indexing, and we here show
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that #3 has finite expectation uniformly on N(6y).

0 *—1 A * *—1 A * *—1 /
gor (M ORS O8N OLON OYO)Y0) =

=3t (A7 OALOAT OAT ()N (O)A7, ()4 0)V(0)Y/ (6) )
0N (OYi(0)Y](0))
+tr (A7 O)A7,(0)AT (O)R7, ,(0)A 1 (0)V(0)Y/(6) )

()
+ 2t (AU OAT (AT OALOAT OV(0)Y,0) ) (A.44)

)
+ tr (A;*l(e)j&;jk(e)A* H(O)A(

Note that the first term in (A.44) we may use that Y;(0) = V(¢)' X:, where X; =
VA, (with V' =V (6p) and A = At*l/Q(OO)), such that

tr (AU OALL O O)AT, A OO OV (@) VAT e *V'V (9) ) =
vee(V(6) V) (A Pnan i 12 @ A7 (0)A7,,(0)A; (0)AT;(0)A7 (0)A7,(0)A; ()
x vec(V'V(¢)). (A.45)

Since vec(V(¢)'V) consist of rotations based on trigonometric functions, it is
bounded on N (f). Next, note that the quantity A} /277t77tA*1/2 ®At*’1(9)/\;kA§’1(9)
A;jAI_l((?)A;iAt*_l entering is a symmetric p? x p? matrix, with p x p blocks,
Qg.hy g, =1,...,p, each of which are diagonal,

Qqn = diag | A 1/2n9t)‘h1t/277ht Sbi *754J 4k 7
As,t(e)

for s =1,...,p, where )\2“(6))\*

s,t,g

C ))\gtk( )/N53(6) has finite rth moment for any
r > 0 by Lemmal[A.7 Notice however that such property does not appear to apply to
)\;1/ Ngarn *1/ Pine/ A;(0) for g = h # s as the numerator and denominator are evalu-
ated in 6 and 0 respectively. Instead we note that supyey(g,) [y 1/2779 tA*l/th G/ A5 (0)] <
K|[n:l|?1Ae(6o)]], and use Assumption [3.8) Lemma and Holder’s 1nequahty in
order to ensure that any entry of @), belongs to Ly(,). The three other parts of
Term #3 can be shown to belong to Ly,) using similar arguments. To illustrate,

consider
o (A7 (0)A7,

0)Ar (0 0
tr (A:—l<9>A;j<9>A:—1<9)A:i<9>A*-1<e>v<¢>'VA:”2nmtA*”2v Sk <9>v<¢>) =
vec(V () Sp(O)V) (AT P AT @ A;HO) AL (0) A7 (0)A; ()A;1(0) )vec(V () V),

I OALOAT OY(0)Y(6)) =

which belongs to Ly s,), applying the same arguments as for (A.45]).
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Term #4 The derivative is,

0 *—1 A * *—1 !
a5t (AT OR 08 00V 6))
= —2tr (A;*l(9)A;},€(9)Af1(e)A;m(G)At**l(GM(@)Y!(@))
+tr (A7 (0) ALk () AT (0)Y2(0) Y (6))

ot (A O)R;, 0N OYO)V,)

and it belongs to Ly(g,), applying the same arguments as used for Terms #1 and
#3.
Terms #6 and #8 These terms are the same up to indexing. The partial derivative in
Term #6 is,

—tr

a6, (S1(0)A; (O)AL(0)A; 1 (0)Y(0)Y/(0) )

= tr (1, O)A T OAL O (O)Yi(0)/(6) )

—tr (S;(Q)At*fl(Q)A;k(e)Afl(9)A;i(9)A:*(H)Yt(@)Yt’(@D
e (S0)0 047, 1 (04 (0)Y(0)Y(9))
—tr (S1(0)A; (O)A7,(0)A7 (0)A7,(0)A(0)V(8)Y/(6) )

+r <S‘§-(G)Af‘l(e)/\;i(@/\f—l(@ (Yt,m(@)’ + Y;(H)Yt’k))

and, again, this can be shown to belong to Lyg,) as Terms # 1, # 3 and # 4.
Term #7 For simplicity, define S; ;(6) :

= V(o) (8:4(0) + Si0)S;(0)

V(o)
S5t (S (OATHO)Y(0)Y(0)) = tx (S’i,j,k(G)A:*l(em(em’(@))

—tr (S, (O OALOAT (O)Yi0)Y/(6))

st (8,0)0160) (T O¥60) + Yi0)Y0))).

which belongs to Ly(s,) by the same arguments as for Terms #1, #3, #4 and #6.
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Term #9 Note that

St ( ~;<6>>A:-1<0> Y/(0))
— tr (5], (0)A7( 9))
—tr (31 A*leAm A 1< )55(0)(0)Y/(6))
+tr (S0 O)54(0)V0)Y/(0))

(

+tr (S(0)A; <e>5j<e> (V2x(0)/(6) + Yil0)¥,6)) )

This term also belong to Lyg,) per the arguments used above.

Lemma A.7. With \;(0) defined in , let N}, ,(0) denote its hth entry. For i, j k =
. ,dg, let

oML 2N . PN
- hig(t) = ag,ahét,’ and - Nyi(0) = (‘9906%9{
A L)

\ *

h,t,i(e) = 8—(91"

Under Assumptions [3.1H3.2]3.H3.9,, for any r > 0, i,5,k = 1,...,dg, and h = 1,...,p
there ezists a neighborhood N(6y) C © of 6y such that
] .

Proof of Lemma : We start out by considering the first-order derivatives )\2”(9) /25 4(0).
With Y; = V(¢)' X;, and suppressing the dependence on 6,

At (0)
Ai(6)

)\Z t,i,7 (6)
Ai(0)

At (0)

E
Ai(6)

sup
AN (6p)

sup
N (6p)

sup
€N (0p)

]<oo, FE

]<oo, E

A= Z B W+ BTAY? | = Z (ij_l) + Céj_l)ﬁ/,:(ﬁ) ;
I=L =i —ofY 7=t

which has derivatives

ON (J 1) ~(5—1) 1 OW
- -1 _ pi-1Z
ow; Z C i ow;’
O\ =1y 02 (7 —1) 104
do; ; C ! R —3 Cyi ' =D ooy’

j—1

* . iy J—1 J ,
I R D DL

0B~ op 2" a5,
oA —9 i C'(j_l)(Y} . ©8Y,_;) (A.46)
9 2 —j W Ridt—j);
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where w;, «;, f;, ¢; denote arbitrary entries of, respectively, W, A, B, ¢, and where S, is
defined in ({A.28)).

We now verify that supgeyg,) ])\St /N5s|" < oo has finite expectation by considering
wi, a, B; and ¢; in (1)—(iv) below.

(i) Consider first §; = w;. Here

ON:,/0w; oo =D G-1)
t/ Wi — J:l[Cl,z Is Z [C Is < Z o~ < K

)‘;,t =1 ([C§j71>]s+2fl=1[Céjil)]s,hyﬁﬁt i

where we have used that Ay, > w, with w > 0 defined in (A.39), and supycg p(B) <
1.

(ii) Next, consider 6; = a;. Since ON;/doy; = 372 C’Q(JZ Y Yt@z, with Cy, U= — Bi-19A /0.
Here 0A/0«; is a matrix of zeros except for a 1 in the place of a; in A. We can
therefore use that, elementwise,

ON}

i3 *
ai=— <\
'Oy

Hence, for s =1,...,p,

ON;, /O
AS

(iii) Next, consider 6; = 3;. Let C;,_; = W + AY;Q?, and notice that

N~ (S i1 9B
aﬂi_;<;B 5" )

where 0B/0p; is a matrix of zeros, apart a one in the same place as ; in B. We

can therefore apply the inequality, (with £; > 0 uniformly on N(6,)),

o0

8)\*
8/8 Z]B]Ot —7»
v j=1

which elementwise corresponds to,

Recall furthermore that,
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Lastly, we use the inequality z/(1 + x) < 2* for all x > 0 and k € (0, 1), such that,

0N +/0Bi 25213 301 [B7)sn[Co J]b [B7] ah[ct [B]sn[Ct—jln F
62 A;,t S W+Zh 1[BJ]S h[Ct ]]s Z Z (
7=1 h=1

S S B, (G < KZ]Q] Z ([Cf )

j=1 h=1

Using that supgeg p(B) < 1, for any r > 0, we can choose k > 0 sufficiently small,
such that E[supgen(g,) [(OAs1/08:)/Ast|"] < 00, where we have used that || X¢||* has
finite mean for some s > 0, by Assumption [3.2]

(iv) Finally, consider #; = ¢;. The partial derivative OA;/0¢; in (A.46)) contains the
matrix product S’iY}_n, where the jth row of SiY}_n is

-1

p
[Si}/;f—n:| == SikiUkt-n Tt Z SijkYk,t—n-

J k=j+1

<.

x>
Il
—

Hence,

.

1 P
[Y;tfn ® SzY;ffn] = Y1 <_ gi,kjyk,tfn + Z §i,jkyk,tn> )
J

1 k=j+1

e
Il

and we have that

s—1 D
|[Y2—n ®© SzY;—n]s| S K <Z ‘ys,t—n|’yk,t—n| + Z ‘ys,t—n|’yh,t—n|>

k=1 h=s+1
< pK||Yioa|?,

where we have used the simple inequality that a® + b* > |ab| for a,b € R. Hence,

fors=1,...,p,
S ) e S

7j=1 h=1

Note that on N(6), elementwise,
Céj_l) =B 'A<aB (1, ., 1),

where ¢, is a p-dimensional column vector of ones, and @ > 0 is defined in (A.42)).
Then, with [Bi~Y], the sth row of [BI~Y], S>2_ [CY V], < palBi~,,, and we
have that

OX,
9

< Kp'ay [B |Vl (A.47)
j=1
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Moreover, with ¢ > 0 defined in (A.41), we have that [CY "], > a[Bi~]., for
h,s=1,...,p. Hence for any 7 > 1, and s =1,...,p,

o0 o p 00
)\;J:ZBJ 13W+ZZ shyl%,tszaf*‘ZZQB] 1 ’/pyht —j
j=1

P
j=1 h=1 j=1 h=1

w+aZ Yatpll Yoy |2 > @ + al Bty | Yy 1, (A.48)

where @ > 0 is defined in (A.40). Combining (A.47) and (A.48), we have that for
s=1,...,pand k € (0,1)

’w“/% ’a [B7 sty Y5 |12
< Kp QZ olYie;

Otar[BI=sup||Ye- J”2

BI~atp|Ye—j|I?

= Kp*= _ [ lstp J

p § : &/at[BI etp|[Ye—; ]2
j 1

< K2 Z ([Bf—l]%mn?)’“

Zgy (Iliz/;\\ )

and we may again choose k > 0 sufficiently small such that
Esupgen(gy) [(OA:/06:)/Xs,|") < 00. The integrability of supge (g, [V 1,05(0)/ s (0)]"

and supge 9oy | A i (0)/ A 4(0)]" are shown to hold by similar arguments.

1o

B TESTING FOR NULLITY OF ROwWS

In this section we first consider sufficient regularity conditions under which the asymptotic
distribution of the (sup) likelihood ratio statistic for the hypothesis Hj in (4.2) can be
derived. In Section the implementation of the test is discussed.

B.1 ZERO-ROWS IN A AND B

Recall from Section that when testing the hypothesis Hj in (4.2) that 0 = (7,9) €
O, x Og, where 6 = (P11, P21, F31)" denotes the unidentified parameters, while 7 € O,
denotes the remaining d, = 21 parameters. As in Appendix [A.T] consider the stationary
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and ergodic version of the log-quasi-likelihood contributions given by,

I¥(7,6) = log det(QF (7, 0)) + X, (7,6) X,
Qi (7,0) = V(®)A;(1,0)V(9)',  Af(7,0) = diag(\;(7,0)),
N (7,0) =W + A(V(¢)' X)) + BX:_,(1,9).

The limiting distribution of the supLR statistic in (4.4)) can be derived under the follow-
ing conditions, see Andrews (2001) for details and Pedersen and Rahbek (2019) for an
application to GARCH-X models.

(i) With 715 and 775 defined in 1) assume that 7r.s, 77 2 0,.

(i) Assume that T-Y/23°7  9ix(r,-)/d0r % G., where G. is a mean zero d, dimensional

Gaussian process with kernel

Sogy = B | LGN for 6,5, € O, (B.1)

(iii) For any & € O5, T~'0%I%(19,6) /0107 5 J5, where

62l;5k 70,0
Js = B(T5g5™), (B.2)

with Js invertible uniformly on ©s.

(iv) The sets ©, — 75 and OF — 7y are locally equal to some convex cones C' and C*,

respectively!l]

(v) There exists a neighborhood N(7y) of 7y such that

T
_ ‘ A* (70,6 P
sup |71/ g (dl‘gf’a) — tgf )) — 0,
6€B; =1
and
T
_1 Z 9%(ro) () \ || P
sup T < oror’ oror’ - 0
§€05,7€N (10)NO1 p—

(vi) For any fixed § € Oy, and any deterministic scalar sequence (er : T'= 1,2, ...) with
er — 0,

0.

T
-1 9217 (1,0) 021% (70,0)
Sup T Z ( gror oror
TEO :||T—T0||<er —1
1With © ¢ R1™? and 6§, € O, the set © — 6, is locally equal to C if there exists a € > 0 such that
{© -0y} N H(0,e) = C N H(0,¢) where H(0,e) C RY¥™? is an open cube centered at zero and with side

length 2e.
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By Andrews (2001, Theorem 4), under conditions (i)-(vi) and Hj,

sup LRy (Hz) % sup {NjJshs} — sup {\5JsA5) (B.3)
0€B; JSICH

where

s = arg;xel(fj{(n — Zs) Js(n — Z(;)},

A; = arg nigncf* {(77 — Zs) Js (n — Z(;)}

and Zs = J;'Gs which is Ny, (0,J;'5,,J5") distributed. By definition, the limiting
distribution in depends on the cones C' and C*, and hence implicitly on the location
of the nuisance parameters, see e.g., Cavaliere et al. (2020) for a general discussion. In line
with Francq and Zakoian (2009) and Pedersen (2017) we make the additional assumption
that the nuisance parameters are in the interior. To do so, without loss of generality,
order the parameters in 7 as
r=(m).
with 71 = (a1, 19, i3, B11, F12) of dimension d,, = 5, and with 7, containing the remain-

ing d,, = 16 (nuisance) parameters in W, A and B.
(vii) Assume that 7 € int©,, and O, = 0, X ©,,, with 1, € ©,, and 7, € O,.

Under the additional assumptions in (vii), C' = Riﬁ x R%2 and C* = {04, } x R,
which implies that

sup LRr(H}) % sup {)\g (KngK')fl )\5} : (B.4)
6€B;

where K is given by K7 = 7, and

As = arg inf {(77 — Z5) (KJ(S_lK')fl (n— Zg)} : (B.5)

dry
neR

and with Zs = KJg 1@s such that Zs is a d., dimensional Gaussian process.

B.2 Implementation:

One may obtain a critical value for the supLLR test by relying on the following steps, see
also Andrews (2001) and Pedersen (2017). By definition, 0 is ds = 3 dimensional and we
choose k different values for each entry of 4, such that we have a discrete grid A with
da = k% different values of 6.
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Initialization For given 0,47,y € A estimate J; and Xs,5, as

1 22 1 ol ) i )
; 0%l (77,5,9) & - Ole (1,5, ,01) Ole(Tr 54,02
Js=2) T and Sap = ) S o
=1 t=1
Step 1 Draw a realization of (Z5: 6 € A) as
P 5
7 7 7
26151 2(51(52 T 2‘SléclA
iz iz :
) 826 :
(Z617"'7Z§dA) = NdQIXdA 07 2 20 . . Y
)34 TR 374
Sin 01 R

where 7, = K.J; "S55, J5 'K for i, = 1,2, ..., da.

Step 2 For i = 1,2,..,,da, compute the dyp, dimensional A5, by solving the constrained
minimization problem in 1D with Zs and Js replaced with Z;, and JA(;Z., respec-

tively. Next, compute
. -1
= max {Ag (KjglK’) >\5} .

Step 3 A critical value for a test with nominal size a is found by repeating Steps 1 and

2 M times and computing the empirical (1 — a)-percentile of (11:);_; 5 -

C BOOTSTRAP ALGORITHM FOR TESTING REDUCED

RANK

Following Cavaliere et al. (2017) and Cavaliere et al. (2020), we apply a restricted
recursive bootstrap to obtain critical values for the likelihood ratio statistic, LRy (Hs),
where the null hypothesis of reduced rank is imposed on the bootstrap data generating
process. The recursive bootstrap scheme applied is standard in the context of GARCH
models, see e.g., Hidalgo and Zaffaroni (2007) or Jeong (2017). The bootstrap algorithm

is as follows:

Initialization Estimate the model parameters with H,. That is, the likelihood function
in (3.8)) is maximized with A = ya/ and B = " where the (3 x 2) matrices -, o and
3 have non-negative entries. With 67 denoting the obtained restricted estimator,

fort =1,...,T compute the centered and standardized residuals,

T
A 1
sc_ Ny—1/20 ~
Ny = Zn (77t T ;7775>7
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where 277 is the sample covariance matrix of 7, and
in = Ay 2 (0r)V (6r)' X,

Step 1 Using the estimated parameter vector under the null hypothesis, 6, generate the

bootstrap process X; as follows:

V(o)A (0r)n;,  Aj(Or) = diag(X\; (0r))
A <9T> = W (b7) + A7) (V (ér) X;_1)% + B(r)Ni_, (0r),

for t = 1,...,T. Here the bootstrap innovations, n;, are drawn uniformly from 7y

with replacement, and the initial values are X = X, and A% = W (6y7).

Step 2 With the bootstrap log-likelihood function L%(6) given by,

Zl* . 17(0) = log det(Q(0)) + X" (0) X/,

Q7(0) = V(@A (O)V(¢),  A(0) = diag(A;(0)),
A (0) =W + A(V(¢) X[_1)* + BN, (0),

this is maximized unrestricted and under the hypothesis in order to obtain the

bootstrap estimators é} and HN} Compute next the bootstrap LR statistic,
LR} (Hy) = 2(L7(07) — L7(07)).

Step 3 A critical value for a test with nominal size a is found by repeating Steps 1 and 2

B times and computing the empirical (1 — a)-percentile of (LR (b) : b=1,...,B).

Remark 10. Note that the bootstrap distribution approzimates the LRy (Hs) statistic for
the case where, under Hs, nuisance parameters are assumed to be in the interior of the
parameter space. To allow nuisance parameters on the boundary of the parameter space,

one may alternatively apply the shrinkage-based bootstrap proposed by Cavaliere et al.
(2020).

D MOoONTE CARLO SIMULATIONS

In this section, we investigate the finite sample properties of the QMLE discussed in
Section 3.2 The asymptotic distribution theory for the QMLE is presented in Theorem
for the general model with A and B general (p x p) dimensional matrices. For the



o1

simulations in Cases (i)-(iii) below, we consider the case of B diagonal (or even zero) as
detailed in order to keep the discussion simple. The emphasis of the simulations is on the
sufficient regularity condition of finite second order moments of X; in Theorem [3.3, which
we conjecture is not necessary. In addition, we investigate the necessity of the rotation
parameters in ¢ being restricted to the interval (¢, ¢y = [0,7/2], which is sufficient for
identification. The simulations indeed indicate that the conditions of finite second order

moments and the restrictions on ¢ are not necessary.

D.1 CASE (1): SUFFICIENT CONDITIONS FOR ASYMPTOTIC
NORMALITY SATISFIED

025 — 1"7@G-q) == Ns=174) 0.05 = T"2@-w ) == N=951)
0.20- 0.04-
0.151 0.03-
0.10F 0.02-
0.05 0.01
= T | T T T Y T S S Y B L
-5.0 -2.5 0.0 2.5 5.0 7.5 -40 -20 0 20 40
0.6 — T"2@,,=a;, ) =, N(s=0.675) — 12, -B, ;) —— N(s=0923)
/ 0.4 7\
0.3-
0.2
0.1+
| |
3 4

FiGure D.1: Monte Carlo-based densities of estimated parameters 07 for the finite
second-order moment case, p (A + B) < 1.

In Case (i), the bivariate -GARCH model is considered, where
X, = VAN, miidNO,L), A, =diag(\), A=W+ AY,?2+BX\_,, (D.1)

and B is assumed to be diagona]ﬂ For the data-generating process (dgp), set ¢g = 0.70 €
[0,7/2], Wy = (0.50,0.75)" and

0.10 0.06 0.85 0.00
AO = ) BO = ’
0.05 0.01 0.00 0.77
such that p(Ag+ By) = 0.98 < 1. By Theorem [3.1| (setting k£ = 1), the stationary solution

of the process has finite second order moments, and the conditions of Theorem are

2The theory in Theorem is straightforward to modify to the case of A and B diagonal.
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— 1"y —— N(s=0.203) 0.25-— T”Z((f)l—wllo) —— N(s=1.83)
0.20(
0.15f
0.10f

0.05-

W I S I S oo S Y N S T L |
-1.0 -0.5 0.0 0.5 1.0 5.0 25 00 2.5 S 7.5 100
— 1"2@-a, ) —— N(s=0653) — 12,8, ) —— N(s=0.587)

z /, \

FIGURE D.2: Monte Carlo based densities of 07 for the “integrated” case of p(A+B) =1.

satisfied.

We simulate N = 1000 realizations the process with 7" = 10000 observations, and
estimate ¢, W, A, B by QMLE. Figure contains kernel density estimates of the
centered and scaled estimates of ¢, wy, ai1, and (7. The solid line is the estimated
density, and the dashed line is the normal density. As expected Figure confirms

asymptotic normality.

D.2 CaSE (11): LACK OF SECOND ORDER MOMENTS

Consider again the model in (D.1]) with A and B diagonal. For the dgp ¢q is as before,

Wy = (0.1,0.1)

0.12 0.00 0.88 0.00

AO = ) BO = ’

0.00 0.10 0.00 0.84
such that p(Ap+ By) = 1. Hence, by definition, the stationary solution does not have finite
second-order moments which violates the sufficient condition in Theorem [3.3] Figure
contains kernel density estimates of the centered and scaled estimates of ¢, wy, a1, and
B11. Despite the fact that the sufficient condition for asymptotic normality is violated,

the estimates seem to fit a normal distribution, indicating that the requirement of finite

second order moments in Theorem [3.3|is not a necessary condition.

D.3 Cask (11): THE ROTATION PARAMETER ¢

Consider here the trivariate A-GARCH,

X, = VAP, mpidd N, I3), Ay =diag(N), A=W +AY,22 + B4,
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0.04— 1'"@-¢, ) — = Ns=10.5) [ = T"2@,=¢, )~ — N(s=0.918) - T”Z(@“Dzy ~ ~ N=106)
[ / / [

0.03f 0.031

0.02f 0.02}

0.01f 0.01}

-2.5 0.0 2.5 -25 0 25

F1GURE D.3: Monte Carlo-based densities of estimated parameters 67 when ¢ =-—7/2
and ¢y = 7/2 in O.

with B = 03,3 and with the parameter space for ¢ = (¢1, o, ¢3) is extended such that
¢i € [—m/2,7/2]. For the dgp set

0.47 0.45 0.25 0.05 0.09
¢po=1| 145 |, Wo=1[150|, Ay= (003 035 0.06]|, Bo= 0343,
—-1.30 0.95 0.07 0.12 0.3

such that ¢o3 ¢ [0,7/2]. Figure contains standardized densities of &1, @9, and
¢3. Whereas, Lemma restricts ¢; to be in the interval [0,7/2] in order to ensure
identification, we have that Figure [D.3]indicates that the condition can be relaxed, as the

densities seem to be centered around zero.
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Chapter 2

Spectral Targeting Estimation of Dynamic
Conditional Eigenvalue GARCH Models

ABSTRACT

This paper investigates a two-step estimator of a class of orthogonal GARCH models,
combining (eigenvalue and -vector) targeting estimation with stepwise (univariate)
estimation. We denote this estimator the “spectral targeting estimator”. This type
of estimator has long been used in empirical modeling, and in this paper we present
novel asymptotic theory. We find that the estimator is consistent under finite second
order moments, while asymptotic normality holds under finite fourth order moments.
The estimator is especially well suited for modeling larger portfolios: we compare
the empirical performance of the spectral targeting estimator to that of the quasi-
maximum likelihood estimator for five portfolios of 25 assets. The spectral targeting
estimator dominates in terms of computational complexity, being up to 57 times
faster in estimation, while both estimators produce similar out-of-sample forecasts,
indicating that the spectral targeting estimator is well suited for high-dimensional

empirical applications.

KEYWORDS: Asymptotic theory, Multivariate GARCH, Variance targeting, Two-
step estimation.
JEL: C32, C58.
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1 INTRODUCTION

Multivariate conditionally heteroskedastic (MGARCH) models are a popular tool for risk
management and dynamic portfolio allocation, where forecasts of conditional covariance
matrices play an important role. As is well known in the literature, MGARCH mod-
els suffer from the “curse of dimensionality”, making them difficult and time consum-
ing to estimate for larger portfolios using quasi-maximum likelihood (QML) techniques.
Many practitioners and academics alike have therefore preferred using alternative estima-
tion methods: Two popular choices are the variance targeting (VT) estimator and the
equation-by-equation (EbE) estimator, see e.g., Bauwens, Laurent, and Rombouts (2006).

In the context of orthogonal GARCH models, such as the Dynamic Conditional Eigen-
value GARCH (or A-GARCH) model of Hetland, Pedersen, and Rahbek (2020), we can
combine the idea behind the two methods in what we denote the spectral targeting es-
timator (STE): By estimating the unconditional eigenvalues and -vectors using a sample
moment estimator, the remainder of the parameters of the GARCH model may be esti-
mated univariately in a stepwise manner, in which we target the unconditional eigenvalues
and -vectors. This estimation procedure dramatically reduces the computational complex-
ity of the optimization problem and speeds up numerical estimation compared to the QML
estimator.

In this paper, we derive large-sample properties (consistency and asymptotic normal-
ity) of this estimator under mild conditions. Our numerical illustrations show that the
estimator is superior to the QML estimator in cross-sections larger than 10 financial as-
sets, being up to 57 times faster in estimation, while the out-of-sample forecasts from the
QML and ST estimator are similar in portfolios of 25 assets. Furthermore, because the
second step of the estimator is based on univariate estimation, estimation of conditional
covariance matrices of high-dimensional portfolios is feasible. In our numerical exercise,
we estimate the model in dimensions up to p = 500 assets.

Two-step estimators such as the STE are well-known in the empirical multivariate
GARCH literature, and the STE has been applied as early as Alexander and Chibumba
(1997). Related multi-step estimators are discussed in e.g., Fan, Wang, and Yao (2008))
and Boswijk and Weide (2011)) (see also references therein), with the common element that
a first step estimator utilizes (un-)conditional information from the matrix of second order
moments using a loss-function, and a second step in which univariate estimation based
on the Gaussian log-likelihood function is used. While Fan, Wang, and Yao (2008)) and
Boswijk and Weide (2011) show consistency of their respective first step estimators, both
papers come short of showing the joint asymptotic behavior of the two-step estimator. In
contrast to the aforementioned papers, we derive consistency and asymptotic normality
of the joint estimator.

In general, asymptotic theory of QML estimation of MGARCH models is well-understood
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(large-sample theory for the A-GARCH is covered in Hetland, Pedersen, and Rahbek
(2020)), while chapter 11 of Francq and Zakoian (2019) contain a review of existing theory
for other model specifications), whereas less attention has been paid to the theory of al-
ternative estimation methods. Large-sample properties of the two-step VT estimator are
considered in Pedersen and Rahbek (2014) and Francq, Horvath, and Zakotan (2014])) for
the BEKK model (Engle and Kroner, [1995) and the (extended) CCC model (Bollerslev,
1990 and Jeantheau, [1998)) respectively, while Francq and Zakoian (2016|) consider the
two-step EbEE for various MGARCH specifications. Both the VT and EbE estimators
are two-step estimators, which are quite common in econometrics, see e.g., Newey and
McFadden (1994). The EbEE and VTE both aim at making high(er) dimensional esti-
mation feasible, and do so in two distinct ways: The EbEE estimates univariate volatility
models in a first step, and subsequently a (conditional) correlation dynamic in a second
step, whereas the VTE estimates the unconditional covariance matrix using a moment
estimator (or vector of unconditional variances in the case of the CCC model), followed
by a joint (profiled) estimation of the volatility and covariance dynamics. The STE is
related to both, as we recover sample eigenvalues and -vectors from the unconditional
covariance matrix, and estimate univariate dynamics for “rotated” (orthogonalized) re-
turns in a second step. The resulting estimator is well-behaved and easily implemented:
Because the A-GARCH model is specified using the spectral decomposition, the (profiled)
log-likelihood, conditional on the initial estimator, can be rewritten as a sum of orthogo-
nal univariate log-likelihood functions, making stepwise estimation feasible. Furthermore,
by recovering the (constant conditional) eigenvectors we avoid having to parameterize the

eigenvectors under the restriction of orthonormality.

The remainder of the paper proceeds as follows: Section [2] introduces the A-GARCH
model and spectral targeting. Section (3| presents the two-step estimator and Section
presents novel asymptotic results and discuss practical considerations for implementa-
tion. Section |o| investigates the empirical properties of the estimator compared to the

QML estimator. Finally, Section [6] concludes. All proofs are relegated to the appendices.

1.1 NOTATION

Some notation used throughout the paper. R denotes the real numbers, R, the positive
real numbers, R, the strictly positive real numbers. The absolute value of a € R is
denoted |a|. For p,n € N, I, denotes the (p x p) identity matrix and 0,, denotes
a n X p matrix of zeros. The vector vec(A) stacks the columns of the matrix A. For
a p—dimensional vector z, diag(z) = diag((x;)?_;) is a diagonal matrix with z on the
diagonal. The trace of a square matrix is denoted tr(A), and the determinant det(A).

Furthermore, denote by p(A) the spectral radius of any square matrix A, i.e., p(A) =
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max{|\;| : \; is an eigenvalue of A}. We use || - || as a matrix norm. Let ® denote the
Hadamard product, with A2 = A ® A, and A ® B denotes the Kronecker product of A
and B of suitable dimensions, and note that A®?2 = A® A. Elements of matrices or vectors
are denoted by lower case letters, e.g., a;; is the (7, j)'th element of the matrix A. We use
three kinds of convergence of random variables, “3 denotes almost sure convergence, —»

. . D e
denotes convergence in probability and — denotes convergence in distribution.

2 THE \-GARCH MODEL

As in Hetland, Pedersen, and Rahbek (2020]), we focus on the class of orthogonal GARCH
(O-GARCH) models originally introduced by Alexander and Chibumba (1997). The
presented model has more general dynamics than the O-GARCH, allowing for eigenvalue-
spillovers, and we denote this version of the model A-GARCH.

Let X; be a p x 1 vector of asset returns,
X, =H,"7, (2.1)

where t =1,...,T and Z, is an iid(0, I,) sequence of random variables. Htl/2 = VAi/2 is
the (asymmetric) matrix square root of the conditional covariance matrix, H, (following
the literature on MGARCH models, see e.g., Weide (2002) and Lanne and Saikkonen
(2007))), which is decomposed using the spectral theorem,

Ht — VAtV/. (22)

Here, V = <V1 Vo ... Vp) is an orthonormal matrix of eigenvectors, V'V’ = I,, and A,

is a diagonal matrix with time-varying eigenvalues, \;, on the diagonal,
Ay = diag(\y). (2.3)
The p x 1 vector of dynamic eigenvalues are assumed to follow a GARCH dynamic,
N =W+ AY,®] + By, (2.4)

where Y; = V'X,; are “rotated” (or orthogonalized) returns: The orthonormal matrix V'
rotates the returns X; to be orthogonal with conditional covariance A;. To ensure that
the covariance matrix is positive definite for all ¢ € Z, we restrict w; > 0, a;; > 0, and
bij > 0 for i,7 = 1,...p. Furthermore, to facilitate stepwise estimation, we restrict B to
be a diagonal matrix, letting the ¢’th lagged eigenvalue enter equation 7. The restriction
on B is crucial for making the step-wise estimation feasible: In the context of a non-

restricted B matrix, A;; is a function of A;; for ¢,5 = 1,...,p, and it is not possible
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to estimate the model sequentially as )\;; depends on conditional eigenvalues, A, j # 1,
that (potentially) have not been estimated yet. This restriction is common in equation-by-
equation estimation of GARCH models, see e.g., Francq, Horvath, and Zakoian (2014).|I|

In this restricted case, the A-GARCH is equivalent to the model in Fan, Wang, and Yao
(2008)) and closely related to the model in Lanne and Saikkonen (2007) and Boswijk and
Weide (2011)), see Section 2.1 of Hetland, Pedersen, and Rahbek (2020) for a discussion
and comparison.

By Lemma and in Appendix , the stochastic process { X, }1ez can be initiated
from the invariant distribution such that it is covariance stationary if and only if p(A +
B) < 1. If this is the case, the unconditional covariance matrix, H = V(X;) = E[X,X/],

exists almost surely and is given by,

H = Vdiag(\)V/, (2.5)
A= (I,—A-B)"'W, (2.6)

where A = E[\] is the vector of unconditional eigenvalues.

To obtain the spectral targeting A-GARCH, we re-parameterize the model by substi-
tuting (Z6) into [24).

M= (I, — A= B)A+ AV + B\, 4. (2.7)

This implies that the i’th rotated return is driven by an augmented GARCH(1,1) with

spill-overs from the other squared rotated returns,

1/2

Yit = Ny Zits (2.8)
p

iy = w; + Z aijyit,l + biNi 1, (2.9)
j=1

with y;, = V/X; and w; = (1 — b))\ — 1;:1 a;jA\; for i =1,...,p. This specification is
motivated by generality: it seems restrictive to assume that the conditional variance of a
component is not influenced by the past of other components, and allowing for spill-overs

between assets may improve the model fit and out-of-sample performance.

3 SPECTRAL TARGETING ESTIMATION

While theory for classical joint QMLE of A-GARCH type models have been considered in
Hetland, Pedersen, and Rahbek (2020), we consider spectral targeting estimation. The

In principle one could allow B to be non-restricted. The cost however, is that all equations have to
be estimated jointly in a second step, similar to the VTE of ECCC-GARCH or BEKK-GARCH models,
see Pedersen and Rahbek (2014]) and Francq, Horvath, and Zakoian (2014).
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stepwise estimation procedure examined in this paper makes estimation and inference
for the A-GARCH feasible in (very) large systems, as long as the time series dimension
dominates the cross-sectional dimension (see e.g., Ledoit and Wolf, 2004, [2012]).

Define v = vec(V), i.e., the vector of stacked eigenvectors, such that
y=[N,v] and &9 = [ag,. .., ap, b, (3.1)

where v contain the eigenvalues and -vectors of the unconditional covariance matrix,
H. Hence, v denote “static” and s the “dynamic” parameters of equation i, such
that 0@ = [y, k')’ is the vector of parameters associated with the i’th rotated return,
i =1,...,p, of size e = p> + 2p + 1. Likewise, define the parameter space O :=
LxVx KD cRY, xR x R which is restricted such that p(A + B) < 1 and A is
element-wise strictly positive and eigenvectors are orthonormal, V'V’ = I,, such that H
is positive definite and symmetric. To ensure W = (I, — A — B)A > 0 it is sufficient to
impose the restriction Z?:l a;; +b; < 1.

The vector of all the parameters in the model is
0=,V . .. k®V,

which has p(p+1)/2 + p? + p elements. To emphasize the dependence on the parameters

in 8 we restate the model for the i'th rotated return as,

yi,t(V) = )\i,t(% Ki(i))zz‘,t

p
Xt (7, £Y) = wi + Z aijy?,tq(W) + bidig—1 (7, 5Y),
j=1

which also explicitly states that the conditional eigenvalues are a non-linear function of
the eigenvectors in ~, and are linear in the dynamic parameters in x®*. Furthermore,
Hi(0) = VA(0)V', such that the (constant conditional) eigenvectors only depend on
v, whereas the diagonal matrix of conditional eigenvalues depend on the full vector of
parameters, 6.

The STE consists of two steps: In the first step, we estimate v using a sample estima-
tor. In the second step, the dynamic parameters of the model are estimated by univariate
QMLE for each equation in — for : = 1,...,p. This procedure yields the STE
for equation 4, denoted 8%, and based on the joint vector of parameters, 6, the sequence

of filtrated conditional covariance matrices, H;(#), can be recovered for t = 1,...,T.
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3.1 THE MOMENT ESTIMATOR

The first step of the STE utilizes the (strong) law of large numbers for strictly stationary

and ergodic processes, and we estimate H by the sample covariance matrix,

vec(H) = vec <% iXthg) : (3.2)

If X, is covariance stationary and ergodic, His a strongly consistent estimator for H by
the ergodic theorem. From H it is possible to recover the estimated eigenvalues, 5\, and

estimated eigenvectors, v, by solving the two equations,

|H — A,| =0, (3.3)
HV, = NV, i=1,...,p, (3.4)

and under Assumption below, A and © are strongly consistent estimators of A and v
respectively by the continuous mapping theorem.

In applications, these two equations are solved using iterative procedures and for H
symmetric and positive definite, all eigenvalues are almost surely strictly positive. Notice
however, that the eigenvalue decomposition is not unique: the spectrum of H is unique
only up to the ordering, and while the eigenspace of H is unique the eigenvectors are

not. Furthermore, eigenvalues may not be unique. We discuss this further in the next
subsection (see Assumption 4.2 and Remark {4.1).

Remark 3.1 (Alternative first step estimator). Instead of estimating the eigenvalues and
-vectors implicitly using the moment estimator of H, we can estimate them directly using
an approach similar to that proposed by Fan, Wang, and Yao (2008) (see also Boswijk

and Weide (2011))), wherein V is specified using rotation matrices,

Vie)= [] Uis)
1<i<j<p
with U;j(¢ij) a p-dimensional identity matriz apart from four elements: (i,i) and (j,j) are
cos(¢i;), (4,7) and (j,7) are sin(¢;;) and —sin(¢;;) respectively. ¢ is a p(p — 1)/2 vector
containing the rotation parameters, ¢;;. This parameterization ensures that V (¢)V'(¢) =
I,,. The eigenvectors and eigenvalues can then be estimated by numerically solving the

minimaization problem,

argmin Cr (o, \)
[¢,N]eC

where C is an appropriate parameter space and Cr(¢,N) is a cost function, e.g., the



62

Gaussian log-likelihood,

%Z (log det(A) + XV (9)A™ V' (¢) Xy) .

t=1

CT(¢7 )‘> =

The asymptotic theory for this estimator can be derived with relative ease, see e.q., Het-
land, Pedersen, and Rahbek (2020) who parameterize the joint QMLE of the \-GARCH in
a similar fashion. One should however, keep in mind that the rotation parameters in ¢ are
not uniquely identified unless we impose restrictions on the parameter space. A sufficient
condition is ¢;; € (0,7/2), see Lemma 1 of Hetland, Pedersen, and Rahbek (2020).

The alternative first step estimator outlined in Remark requires numerical opti-
mization of a cost function, and may therefore run into numerical problems as p increase,
such as failure of a Newton-type optimization procedure to converge, or the possibility of
ending up in a local maximum — problems similar to those of the joint QML estimator.
We therefore choose to work with the sample moment estimator as it has a closed form

solution and is the preferred first step estimator in the variance targeting literature.

3.2 THE PROFILED MAXIMUM LIKELIHOOD ESTIMATOR

In the second step of the STE, we consider the profiled quasi log-likelihood function based
on the multivariate Gaussian distribution. Conditional on a fixed X, and Hj, the joint

Gaussian log-likelihood of the model is, up to a constant,

T

Le(0) = 7 > logdet(HL(0)) + X{H; ()X,

t=1
T p

1 A i () )
= = lo )\Z ) /ﬁl(l) +
r tz; ; ( Bl ) Aip (7, £®)

p

=3 19y, 59), (3.5)
i=1

using H; '(0) = VA (O)V, logdet(H.(0)) = P log(Ais(v, £%)), and Yi(v) = V'X,.
That is, because the rotated returns are orthogonal, the log-likelihood function can be
decomposed as the sum of p univariate log-likelihood functions, each of which depend on
00 = [, 0T,

T
i i 1 ( i
Ly 60) = 23 210 (6 ), (3.6)
t=1
y?,t(’)/)

1 m) = log(a(, 1)) + 5= s,
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where y;+(7) = V/X; and \;4(v,k?) is given in (2.9). Conditional on v, each of the i
univariate log-likelihood functions are orthogonal and do not depend on s\ for j # i.

The parameters of the model can therefore be estimated sequentially, and we define the
STE of k™ as,

#9 = arg min Lgf) (%, kD), (3.8)
K@ ek ®

and the two-step procedure yields the STE of 6,
0=, &Y, . &P

Similar to quasi-maximum likelihood estimation of multivariate GARCH models, we
use the Gaussian log-likelihood function, but we do not assume that the vector of in-
novations Z; are Gaussian, only that they are centered with unit variance: Even if the
innovations are drawn from a different distribution, the results in Theorem and
below still hold, as long as the assumptions are satisfied.

Compared to joint QMLE, which estimates all %(p2 + p) parameters jointly, the STE
procedure vastly reduces the number of parameters estimated in each step: In the first
step p(p + 1)/2 parameters are estimated by method of moments and in the second step
p + 1 parameters are estimated for each rotated return, making the estimation procedure

suitable in high-dimensional systems and less vulnerable to numerical problems.

4 LARGE-SAMPLE PROPERTIES OF SPECTRAL

TARGETING ESTIMATION

In this section we establish consistency and asymptotic normality of the STE and discuss
practical considerations for implementation. A novelty of the asymptotic theory presented
here is that we parameterize the moment estimator in terms of the unconditional eigen-
values and vectors, rather than the vectorized covariance matrix. In doing so, we apply
the mean-value theorem on the eigenvectors, which otherwise do not have a closed form
solution as a function of the unconditional covariance matrix. This, in conjunction with
the continuous mapping theorem, allows us to study the asymptotic behavior of both the
first step estimator, v, and the joint parameter vector of the i'th rotated return, 6.
The two-step estimator is consistent under finite second order moments, and it has
a limiting Gaussian distribution under the assumption of finite fourth order moments.
Both of these moment conditions stem from the first step moment estimator, and are
more strict that the moment conditions for the joint QML estimator (for which we need
E||X:||**° < 00, § > 0, see Theorem 3.3 in Hetland, Pedersen, and Rahbek (2020)). These

results are novel and extend the existing literature on targeting and stepwise estimation,
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see e.g., Francq, Horvath, and Zakoian (2014), Pedersen and Rahbek (2014)) and Francq
and ZakoTan (2016). All proofs are relegated to Appendix .
Before discussing the asymptotic properties in detail, we make the following assump-

tions. First, we assume that the process is covariance stationary and ergodic.

Assumption 4.1. The process { X, }ez is strictly stationary, ergodic and has finite second

order moments.

Assumption 4.1] is in line with the literature for variance-targeting estimation in the
univariate and multivariate case, see e.g., Pedersen and Rahbek (2014]) or Francq, Horvath,
and Zakoian (2011} 2014), and is needed to ensure that the moment estimator converge
to a well-defined unconditional covariance matrix for T" — oo.

Furthermore, we need the following assumption on identification of the first step esti-

mator.

Assumption 4.2. The characteristic polynomaial of the unconditional covariance matriz,
H, has an algebraic multiplicity of 1. Furthermore, the eigenvalues are sorted from small-
est to largest, \y > Ay > ... > A\, > 0 and each eigenvector is normalized such that the

first non-zero element of V; is positive foriv=1,...,p.

Assumption is novel in the (variance) targeting literature and is needed to ensure
identification of the first step estimator: We assume that the unconditional eigenvalues
are simple, i.e., that the characteristic polynomial of the unconditional covariance matrix
has an algebraic multiplicity of one. This is needed for two reasons: First, in the case
of repeated eigenvalues, the associated eigenvectors are not uniquely determined and the
parameters in the first step estimator are not uniquely identified, and hence the first step
estimator is not consistent. Second, it is a requirement for A and v to be continuously
differentiable (see Theorem 1 of Magnus, 1985), which is needed to apply the mean-value
theorem when considering the asymptotic distribution of the estimator. The second part
of Assumption [4.2] imposes an identifying normalization on the first step estimator and
ensures a unique identification of the unconditional eigenvalues and -vectors. This is
needed since the ordering of the eigenvalues is not fixed and the sign of the eigenvectors

is unidentified without imposing a normalization.

Remark 4.1 (Consequences of failure of Assumption . When the first part of As-
sumption [4.3 is violated, that is, the case of repeated eigenvalues, the eigenvectors can
only be identified up to an orthogonal transformation. Furthermore, Ledoit and Wolf
(2004)) present simulation evidence that the estimates of \; tend to be under-/overstated,
when eigenvalues are repeated. It should be noted, and as emphasized by Jolliffe (2002)
(Section 2.4), that repeated eigenvalues are a problem that (paraphrasing slightly) “arise
in theory, but are relatively uncommon in practice”, and we note that assumptions sim-

ilar to our Assumption [{.9 are commonly made in both the statistics and econometrics
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literature, see e.g., Ait-Sahalia and Xiu (2019) and references therein. Anderson (1963),
FEaton and Tyler (1991), and Jolliffe (2002) (Section 3.7) discuss methods for testing of

repeated eigenvalues.

We also assume that the dynamic parameters of the model are identified and that the

true parameter vector is a subset of the parameter space.
Assumption 4.3. The true parameter vector Héi) € 00 with ©9 compact.

Assumption 4.4. For k¥ € KO if x® £ /{éi), then Ai (70, k) # /\i,t(yo,mg)) (almost
surely).

Assumptions 4.344.4] are standard for (multivariate) GARCH models, see e.g., Comte
and Lieberman (2003) or Hafner and Preminger (2009a). Moreover, the normalization
imposed on the first step estimator ensures that the eigenvalues and -vectors of the first
step estimator are uniquely identified. Assumption [£.4] is high-level, and Assumption
3.4 and 3.5 of Hetland, Pedersen, and Rahbek (2020) provide sufficient and primitive
conditions under which it holds. Most importantly, the matrix 2p x p [Ag, By] must have
full rank p.

These assumptions lead us to the following theorem from Hetland, Pedersen, and
Rahbek (2020) (Theorem 3.2) on strong consistency of the STE.

Theorem 4.1. Under Assumptions as T — 00, the ST estimator is consistent,

9 23 g0,

Next, we show that the estimator is asymptotically normal. To do so, we need two

additional assumptions on existence of moments and the true parameter vector.

|* < o0,

Assumption 4.5. The process {X;}iez has finite fourth order moments, E||X;

Assumption is required to ensure that the first step estimator, vT' (% — %), con-
verges to a Gaussian distribution with a finite variance. This assumption is common in
the variance targeting literature and is also needed when reparameterizing the moment
estimator in terms of the spectral decomposition. In fact, the moment requirement is not
needed in the probability analysis of the profiled log-likelihood function, but it is needed
in the sense that the second step estimator depends on convergence of 4.. Lemma
in Appendix [C] can be used to check the moment condition in Assumption [4.5 Based
on the simulations included in Appendix [D] the moment conditions for consistency and

asymptotic normality are sufficient and necessary.

Assumption 4.6. 63 is in the interior of O
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Assumption is standard in the literature, and is a technical requirement to ensure
that the mean-value theorem can be applied on the optimality condition for the profiled
log-likelihood function.

This leads us to the next theorem on asymptotic normality of the estimator for the

7’th rotated return,

Theorem 4.2. Under Assumptions for T — oo
VT (é@ - eg“) BN (o, zg“) ,
where Zéi) 1s the asymptotic covariance matrix, given by,

5 _ ( Lpp+1) 0p(p+1)xp+1) ) (0 L) —(Jél))_'l(K(()l))j ' (4.1)

_(Jéi))—lKéi) _(Jél))—l (1)y—1

exe p+1xp(p+1) _(JO )

where Jéi) and Kéi) are defined in (A.12) and Q(()i) is given in (B.22)).

In the derivation of the asymptotic distribution of the first step (and consequently
the second step) estimator, we restate the moment estimator as the average of the con-
ditional eigenvalues. However, as vec(H) = V2vec(+ ST Aé{fztngéff) is in terms of
A;, and not the vectorized eigenvalues, \;, we restate the dynamics of the conditional
eigenvalues in as a (restricted) BEKK(p?, 1,1, 1) model for A;. This parametrization
is present in Q(()i) in (B.22). In doing so, 4 — 7o is shown to (asymptotically) be a mar-
tingale difference, allowing us to use a central limit theorem for martingale differences on

DPRONW )
VT (@ — % %) jointly to show normality and find the expression for Q”. The

proof of joint normality of v/T (é(i) — HSi)) applies the mean-value theorem on the optimal-
ity condition of the second step estimator, stacked with the moment estimator from step

one, and Lemmata in Appendix [B] verify that the mean-value theorem can be
applied.

Remark 4.2 (Fixed initial values). Assumption assumes that the process is strictly
stationary, implying that the process { X ez is initiated in the invariant distribution or
in the infinite past. In practice the observed process (in the likelihood function) is initiated
in some fized values, Xo and Hy, which by definition makes the process non-stationary.
However, Lemmata[B.4] and[B.10 in Appendiz[B verifies that the choice of initial values are

asymptotically irrelevant for both consistency and asymptotic normality of the estimator.

In (very) large portfolios, practitioners may prefer a “diagonal” specification of the
model, in which both A and B are restricted to be diagonal, to reduce dimensionality
of the model. In this case the parameter vector is k¥ = [a;,b;]’, and the lemmata
in the appendix can easily be modified such that the estimator is still consistent and

asymptotically normal by Theorems 4.174.2]
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In applications, the asymptotic variance matrix for the stepwise estimator may be

approximated using plug-in sample estimators. That is,

T 7 i T 7 i
PO R Gl P _ 100 09) o
r . Tzaﬁ(i)ﬁﬁa(i)' ’ T T Ok ’ (42)
p+1xp+1 t=1 0(8) —h(®) p+1xp+p t=1 v 9 =h(2)

DV®2 (VeC(XtXt) — VeC(ﬁ))

T ‘71’ ® (5\1[p — ﬁ)+ (vec(XtXt) — Vec(ﬁ))
. 1

ng) = ?Z@tdﬂt where @ = :

exe _ ex1 . . . X

t=1 Vi@ (Al — H)* <V€C(XtXt) — VGC(H))

o (o)

Ok (®)

() =4
(4.3)

where (S\i[p —H )™ denotes the Penrose-Moore pseudo-inverse of Xilp — Hfori= 1,...,p
and D is defined in Lemma The expressions in — converge almost surely to
their population counterparts due to the ergodic theorem. Note that we may substitute
the estimators by their true value, as we have established strong consistency of 8. This
makes estimation of the asymptotic covariance matrix only slightly more cumbersome
than that of the well-known “sandwich” covariance matrix estimator from joint QMLE.

Once we know the asymptotic distribution of é(i), it is possible to derive the asymptotic
distribution of the original parameters of the model in (2.9), o) = [wy, @i, ..., iy, by)'
using the delta method.

Corollary 1 (Limiting distribution of ¢ = [w;, a1, ... Wi, b)), Under Assumption
for T — o0,

2 i)\ D i) (i)
VI(69 — ¢") = N(0, 055 ¢5”)
fori=1,...,p with Zg) given in (4.1) and,

(1= bo)I{i} — A), Ope —X) —Aoy

; Dp®
fé) a 006" - Opxp Opxpz Ip Opxa (44)
xXe i i
p 9(1):06) 01><p lep2 01><p 1

where I{i} is a 1 X p vector of zeros, apart from a “1” in the i’th column and A; is the

i’th row of A.

Note that we present the asymptotic theory in terms of #®) rather than 6, following
Francq and Zakoian (2016]) and their notation for an equation-by-equation estimator of
various MGARCH models. The theorems listed above could easily be restated in terms of

0, as the asymptotic results hold simultaneously due to the orthogonality of the conditional
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univariate log-likelihood functions, but we refrain from doing so for two reasons: First, the
present formulation is coherent with the step-wise approach of the estimator. Second, this
presentation makes it straightforward to parallelize estimation, computing the asymptotic
variance matrix in each iteration, which speeds up the estimation procedure.

As already emphasized, the STE reduces the risk of numerical issues in estimation
compared to the QML estimator, and in the context of the A-GARCH model, the ST
estimator is closely related to the variance targeting estimator: Because the profiled
log-likelihood consists of p orthogonal terms, the STE and VTE of the A-GARCH are
theoretically equivalent, and in practice is expected to produce similar estimates and
standard errors. Note however, that we expect the STE to have a smaller computational

burden, as it minimizes the log-likelihood function over a smaller parameter space.

Remark 4.3 (Variance targeting estimator of the A-GARCH). An alternative to the
stepwise estimation of the \-GARCH 1is the variance targeting (VT) estimator, in which
all kK = [kY', ... kW) are estimated jointly. This estimator still relies on the first step
estimator of 4 in (3.2), and we denote the full VT estimator 6 = [/, R']. Because of the
orthogonal structure of the log-likelihood function, consistency and asymptotic normality of

the VT estimator of the \-GARCH can be derived using similar techniques as in Appendiz
[Al and [B.

5 EMPIRICAL ILLUSTRATIONS

In the following we compare the empirical performance of the ST estimator to that of
the joint QML estimator. First, we consider the relative efficiency of the two estimators
in a simulation setting for different portfolio sizes. This exercise lets us compare the
(empirical) efficiency of the STE against the QMLE. Second, we consider the out-of-sample
performance of the the two estimation methods in a recursive value-at-risk application
for portfolios of p = 25 assets. The empirical fit is assessed using the likelihood ratio
tests of Christoffersen (1998)). In both these exercises, we also consider the computational
complexity (i.e., time spent on estimating the model) of the two methods. Finally, we

briefly summarize the results.

5.1 RELATIVE EFFICIENCY: STE vs. QMLE

We now compare the relative efficiency and the time complexity of the STE against the
joint QMLE. This is done for the diagonal model of dimension p, where we simulate a
data-generating process N = 399 times with Ay = 0.05],, By = 0.85],, such that the
process has finite fourth order moments. The unconditional eigenvalues are specified as
M= (p+1—1)/10 for i = 1,...,p and the eigenvectors are constructed using rotation

matrices with all rotation parameters ¢o; = 0.5 for i = 1,...,p(p — 1)/2 (see Remark
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. The innovations, Z;, are drawn iid from a standard normal distribution, and each
path of the simulated process has T' = 2000 observations. The model has p(p — 1)/2+ 3p
parameters, and the STE procedure estimates p(p + 1)/2 parameters in the first step,
and the remaining 2p parameters sequentially for each rotated return. The QMLE on the
other hand estimates all p(p — 1)/2 + 3p parameters simultaneously.

In comparing the two estimators, we employ the same methodology as Francq and
Zakoian (2016) who use the quadratic form T(J — o) Z(9 — 9,) as a measure of ac-
curacy of an estimator U, where T is the (numerically) approximated information ma-
trix and the parameter vector is constructed identically for both estimators with ¥ =
[vec(H)', diag(A)’, diag(B)']'. Because Z is computationally demanding to compute in
higher dimensions, we instead use the simulated information matrix, which is obtained
as T = var(ﬁgMLE — ) & & 27]:[:1(7%1\@15 — ﬁo)(ﬁgMLE — ) forn=1,..., N, where

Uonpp 18 the QMLE parameter vector for the n’th simulated path. The relative efficiency

is then computed as,

(Dsre — 00)Z(VsrE — Vo)

RE = — ) |
(Yomre —Y0)Z(Vomre — Vo)

where Ygrp = % 22;1 égT p with @Q v e defined analogously. By this definition, if RE <
1, the ST estimator is relatively more efficient than the QML estimator.

TABLE 5.1: Relative efficiency: QMLE vs. STE.

Dimension, p # parameters Time (s), QMLE Time (s), STE RE

2 7 12.82 0.69 2.59
4 18 52.93 1.36 1.42
6 33 161.70 1.92 2.05
8 52 358.16 2.74 2.06
10 75 505.75 3.76 1.13
12 102 546.40 4.86 0.11
15 150 617.31 6.41 0.01
20 250 765.87 10.03 0.00
50 1,375 2,987.88 33.00 0.03
100 5,250 15,775.08 141.27 0.04
200 20,500 N/A 618.29 N/A
500 126,250 N/A 408479  N/A

For the case p = 200 and p = 500 the QMLE failed to converge.
The time complexity and RE is the average over N = 399 simulations.
All simulations/estimations are done using a single core.

The (average) computation times and the relative efficiency for the two estimators are
contained in Table 5.1} For the larger systems, p > 20, the computation time for QMLE
is very big, on average 50 minutes for p = 50 and 260 minutes for p = 100, whereas STE

remains feasible in all but the p = 500 case, in which the computation time is roughly
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one hour. Considering the relative efficiency of the two estimators, the QMLE performs
favorably for p < 10, after which its performance deteriorate drastically compared to the
STE. For portfolios larger than 10 assets, the STE is preferred.

Here, estimations are initiated in ¢;,;; = ¥¢ — 0.025. However, one could argue that
initiating both estimators in ¥;,;; # ¥y gives the joint QMLE a disadvantage, as it per-
forms numerical optimization over a much larger parameter space. We therefore repeat
the exercise, initiating in 9¥;,; = 9. This yields almost identical results (available upon
request) and leads to the same conclusion, namely that the STE is relatively more efficient
than joint QMLE for systems larger than p > 10 assets, and that it always has a lower
computational complexity than joint QMLE.

5.2 AN APPLICATION IN RISK MANAGEMENT

We now turn our attention to the empirical performance of the STE of the A-GARCH,
and compare it to the joint QML estimator. The out-of-sample performance is assessed
by considering the conditional 5% value-at-risk (VaR) for five different medium-sized

portfolios consisting of p = 25 assets from the SP100 index.

METHODOLOGY AND DATA

We consider the out-of-sample performance by considering the conditional 5% value-at-
risk at 1 and 5-day horizons for five different portfolios. The first of the five portfolios is
equally weighted while the weights of the remaining portfolios are drawn randomly such
that the second and third portfolios are long-only, with the third portfolio 50% geared.
The fourth and fifth portfolios are long-short portfolios. The constituents of the portfolios
are drawn randomly from the SP100 index and can, along with their weighting, be found
in Appendix [E]

The ST and the QML estimators are fitted on a (rolling window) sample of T =
1200 daily observations, with the initial sample starting on December 28th 2010, ending
on December 29th 2015. The out-of-sample consists of 3 years of data from December
30th 2015 to December 31st 2018, leading to 7 = 756 out-of-sample observations for
the 1-day forecast and 7 = 189 observations for the 5-day (non-overlapping) forecasts.
The out-of-sample forecasts are computed using a filtered historical simulation in which
we draw innovations 7¢d with replacement from the standardized residuals, Z,, see e.g.,
Christoffersen (2009).

Recall that the conditional VaR at risk level « for the h-period return of portfolio i,
denoted VaR; () is defined as,

Py i+h|t < —VaRi’h(oz)) =, (5.1)
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where P, is the conditional distribution of the ex ante h-period return of portfolio i, R! +hlhe

We define the (unconditional) “hit” variable for portfolio i as,
[ti = 1{Ri+h\t > —VaRijh(a)}, (5.2)

such that the unconditional coverage for portfolio ¢ is w; = % >or_, It. Similarly, we define
the conditional hit variable as Ij;, | = 1{I} = 1|I{_, = 1}, denoting two hits in a row.
When assessing the adequacy of the VaR forecasts we consider the three likelihood ratio
(LR) tests proposed by Christoffersen (1998)). The first LR test examines the hypothesis
that the unconditional coverage is correct, E[I{] = «, but fails to account for potential

clustering in the VaR hits. This is rectified by the second test, in which IZ‘ i1

state Markov chain, and we test the hypothesis of independence between hits. However,

follows a two-

this test does not test for correct coverage, and as a consequence, we also consider the
third test of correct conditional coverage, which lets If‘ ., follow the two-state Markov
chain, and tests it against the null of independence between hits and correct coverage.
The tests are denoted LR,,., LR;,q and LR,. respectively.

OUT-OF-SAMPLE RESULTS

The results of the out-of-sample exercise is given in Table Importantly, the STE
procedure is roughly 57 times faster than the QMLE. We note that the estimated A-
GARCH (on average) has finite second order moments but not fourth order moments.
Intuitively, this means that both estimators are consistent, but only the QML estimator
has a limiting Gaussian distribution.

The two estimation methods have a similar performance based on unconditional cov-
erage and the LR-tests: In general, the unconditional coverage is slightly different from
the hypothesized 5% and most of the LR-tests do not reject. Similar results are found for
the 1 and 5-day 1% VaR (not reported here). The rejected LR-tests relate to the equally
weighted portfolio P;.

In general, the VaR estimates produced by the two estimation methods are similar, but
not identical: Consider Figure which plots the estimated VaR for the two estimation
methods along with the realized return of portfolio P,;. As shown, the VaR estimates are,
for the majority of the sample, very similar, but the QML estimator sometimes produce
more extreme VaR estimates than the STE. We note, however, that while the two VaR
estimates at times differ, the unconditional and conditional hit sequences are almost
identical, and based on the LR-test in Table [5.2] none of the estimation methods seem
to dominate the other empirically. We therefore conclude that the estimation procedures
seem to yield similar results, with the STE having the clear advantage that it is much

faster in practice.ﬂ

2As an alternative empirical exercise, we also consider the one-step ahead minimum-variance portfolio
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TABLE 5.2: Empirical exercise: 95% VaR at 1 and 5-day forecast horizons.

1-day 5-day
STE QMLE STE QMLE
Py Ut 0.044 0.038 0.048 0.048
LR, 0.413 0.126 0.880 0.880
LR;nq 0.013 0.910 0.427 0.056
LR, 0.033 0.309 0.721 0.160
Py e 0.046 0.040 0.053 0.058
LR, 0.636 0.178 0.856 0.614
LR;pnq 0.093 0.478 0.090 0.136
LR, 0.218 0.313 0.234 0.290
P; 3 0.042 0.038 0.053 0.058
LR, 0.321 0.126 0.856 0.614
LR;pnq 0.050 0.910 0.537 0.136
LR, 0.089 0.309 0.813 0.290
Py Ty 0.065 0.052 0.074 0.069
LR,. 0.073 0.842 0.155 0.261
LRing 0.307 0.409 0.078 0.269
LR, 0.119 0.697 0.077 0.288
P e 0.065 0.050 0.058 0.053
LR, 0.073 0.973 0.614 0.856
LR;nq 0.453 0.449 0.243 0.290
LR, 0.152 0.751 0.446 0.562
STE QMLE
Time complexity 9.1 526.5

P; refers to the i’th portfolio, with 7; being the unconditional hit ratio ¢ = 1,...,5. LRy, LR;,q and
LR, are the asymptotic p-values for the LR test for unconditional coverage, independence and
conditional coverage respectively. The time complexity is given in seconds and is computed using a

single core for one out-of-sample iteration.
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FIGURE 5.1: 1-day 95% VaR for portfolio P

o 2t o ‘.:'.'.'s .'-\,-,3,. = i ‘.,'-_i ‘:"‘V"""-" j:-f-.v‘u " ,.‘.;_' ” _.,,...:. LS

2016 2017 2018 2019

Note: STE and QMLE denote the estimated 1-day 5% VaR, P, denotes the realized return.

5.3 BRIEF SUMMARY OF NUMERICAL EXERCISES

The simulation evidence in Section [5.1] indicates that not only is the STE relatively more
efficient than QMLE in cross-sections of more than p > 10 assets, it is also much more
time efficient. This is verified in by the empirical study in Section [5.2l One potential
explanation is that the A-GARCH is a non-linear function of the parameters in v through
Y, 1. By using a stepwise estimator, in which ~ is estimated using a closed form estimator,
we mitigate the potential issues due to non-linearity, which seem to cause issues for large
p in the QML estimator.

In regards to the asymptotic results in Theorems the simulation study in
Appendix [D] suggests that the estimator is consistent in the case of finite second order
moments of X;. Furthermore, the simulations indicate that the asymptotic normality of
the STE holds when X; has finite fourth moments. Hence, the moment requirements
in Assumption and appear to be sufficient and necessary for consistency and
asymptotic normality of the STE.

for p € (5,10, 25,50), where we find that the STE yields portfolios with a lower ex post variance compared
to the QML estimator as p increases, such that the STE outperforms QMLE for portfolios of p > 25.
These results are not reported for brevity, but are available upon request.
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6 EXTENSIONS AND CONCLUDING REMARKS

We have derived asymptotic properties of the spectral targeting estimator (STE) for the A-
GARCH, an extended version of the multivariate orthogonal GARCH (O-GARCH). This
two-step estimator is consistent under finite second order moments, while it has a limiting
Gaussian distribution when fourth order moments are finite. Simulations indicate that
these moment conditions are sufficient and necessary. Moreover, we compare the empirical
performance of the STE to that of the quasi-maximum likelihood estimator (QMLE)
for five portfolios of 25 assets. The STE dominates QMLE in terms of computational
complexity, being up to 57 times faster in estimation, while both estimators produce
similar out-of-sample forecasts. Finally, simulations indicate that in portfolios of more
than 10 assets, the stepwise estimator is relatively more efficient than QMLE. The STE
is therefore well suited for practitioners as it alleviates numerical problems and speeds up
numerical optimization, while being easy to implement.

We note that while the STE delivered promising results in this exposition, the first step
(sample) estimator may not be well-behaved when the ratio p/T approaches one. This is
discussed in e.g., Ledoit and Wolf (2004, 2012)), who derive shrinkage estimators for the
sample covariance matrix, minimizing the estimation error. An extension could therefore
consider the asymptotic analysis of a spectral targeting estimator where the first step
estimator is based on shrinkage. Another extension would be to consider spectral targeting
estimation with infinite fourth order moments, in a similar fashion to the exposition in
Pedersen (2016) who consider the variance targeting estimator of the extended constant
conditional correlation GARCH model.

APPENDIX

A  PROOFS

Recall the log-likelihood function for the ¢’th equation,

T

i i 1 ( i
Ly (3, m0) = 7 D10 (. 69), (A1)

t=1

2
1 (v, k@) = log( iy (7, £@)) + —2

>\i,t(77 "“J(i)) ’
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which has first and second order derivatives,

(@) () 2 (9 - (H) (O (9
ol (9 ): 1_yz,t( ) 1 ' a)\z,t(e )+2yz,t(9 ')ayz,t(e )7 (A.3)
o6 Ait(0D) | X (09)) g0 Ai(0D) 5ol
90t 9% Xit(0D) | X (00) 590 9p)
(YO ) 1 9Xa(09) ONk(0)
Ait(00) A2, (00) e 0%
2, (i) , NON 0]
2 (a y(l,;f(e()) yi,t(e(z) ayz,t((e) )ayz,t(f) )) 1()
06 9" Bl o0\t At (09)
O\ t(e(i)) Dy t(e(i)) O\ t(e(i)) 9y t(e(i)) Yi t(e(i))
—9 AN AN AN AN (A.4)
o0 o) o0 9o ) AL(00)

forn,m=1,....,p(p+1)+ 1.

Throughout the proofs, we let L\” (6@) (l,gi)(ﬁ(i))) denote the log-likelihood function
(-contribution) initiated in the infinite past, and we let Lgf,)l(O(")) (lt(ll)l(é’(’))) denote the
log-likelihood function (-contribution) initiated in a fixed Xy and Hy (with Hy positive

definite),

T

L, (v, k%) = D 10 (v, 50, (A.5)

t=1
yz‘%t (7)

lt(,lf)L<% Kv(i)) = IOgO\i,t,h(% /f(i)» + ma

(A.6)
where \;;(0®) and \;;;,(0) is defined analogously. Because \;;(0®) and \;,(6%) are

defined for the same strictly stationary and ergodic sequence, { X}z, we may write,
At (09) = A n(07) = 0 (X0 (07) = Aign(6)), (A7)

for t > 1.

The structure of the main proofs and the accompanying lemmata follow that of Ped-
ersen and Rahbek (2014) (proof of Theorems 4.1-4.2 and Lemmata B.1-B.11). In order to
make the proofs readable, most steps rely on lemmata stated and proved in Appendix [B]
In the following, we let the letters K and ¢ denote generic constants, whose value can vary
along the text, but always satisfy K > 0 and 0 < ¢ < 1. Furthermore, let Hy; := Ht(Q((f)),
Vo = V(65) and Agy == A, (63).



76

A.1 PROOF OF CONSISTENCY

Initially, observe that by the ergodic theorem (Theorem 20.3 of Jacod and Protter (2012)),
along with Assumption the sample estimator is strongly consistent, H %% H,, for
T — oo. Since )\ is assumed to be simple, we may use the continuous mapping theorem
(Theorem 17.5 of Jacod and Protter (2012))) to establish strong consistency of the first

stage estimation,

A= o a.s. (A.8)

U — vy a.s. (A.9)

We now show that 4 is consistent. The proof follows that of Theorem 4.1 in Pedersen
and Rahbek (2014).
For any € > 0, it holds almost surely for large T,

i ~ (i i g -
E[li )(’Yo, £ < (70, @) + H By Lemma [B.2]
€
(’YOa ) < LTh(’Y, ) + 5 By Lemma@
€
DA <IRG4S By @),
(A p) < (Vafi())-i-% By Lemma [B.4]
; €
(’Yoa Féo ) [ (’707 Ké))] + = By Lemma [B.2].
5

That is, for any € > 0,
B[l (0. #9)] < B[ (0, 56)] + e,

and by Lemma along with standard arguments for two-step estimators (Newey and
McFadden, 1994)), it follows that for T — oo, (¥ %3 /i((f). Hence, the two-step estimator
is strongly consistent, 8@ %3 90, O

A.2 PROOF OF ASYMPTOTIC NORMALITY

Compared to asymptotic theory for the joint QMLE of multivariate GARCH models
additional difficulties arise from the fact that STE is a multi-step estimator. Conversely,
the proof is simplified by the additional assumption of E||X;||* < co and the fact that we
treat individual {y;}+cz separately.

The proof of asymptotic normality is based on an application of the mean-value the-

orem on the optimality condition of the score vector, ) = Héi) along with Assumption
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and @3).
@) (p(@) 27 (@) (G
p+1x1 a/{(z) 3/1(’)36’(1)/ 0
ang“)h(e((]i)) D0 ~ (i 7 i) /n(i ~

= —5r @) (RO — k) + KD 0D) G - 0), (A.10)
where
OLi(08") _ OLin(0) 70 g0y = LLrn(0) K (50 = TLEO)

ok® Ik TR Y POF ROk 0 Tk I POEN, )

Here k@ = [az, ..., aip, b, v = [N, 0], and 8% is on the line between 65 and .

J}i) is finite and invertible with probability approaching one (Lemma and
and 0 ©3 9@ (Theorem [4.1). Hence, by Lemma [B.10, (A.10) can be rewritten as,

~ (i i i)/ p6 -1 8L(i) 0(1‘) i) /A6 -1 i) A A
VI (50— o)) = = (909" VL) - (5009)) " KPEOVT G0 +0,(0)
which we rewrite for the (joint) parameter vector of equation i,

v amw Yo Bew o Ogen ) (VTG0
RO =y )\ 0O) K (00 (77 (00) ) \vTEe e )

Ok ()

The asymptotic normality then follows from Lemma together with Slutsky’s theorem,
VT (09 - 60") B N (0,3,

with

exe

so _ [ Ly O\ o [ Deeny  — ()G A1l
0o - (4)y—1 .- (¢) (%)y—1 0 )\—1 ) ( : )
—(o )T Ky () Opt1xp(p+1) —(")

where Q) is defined in Lemma [B.6] and J&(6®) “3 ), K{(60) %3 K by Lemma
[B.8 with

9°1" (99)
Ok

, 21(0) (p(i)
0 _ |0 0Y)
Jo' =E Ok k)’

p+ixp+l p+1xp2+p

(%)

W):ag)] L (A12)

]
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A.3 PROOF OoF COROLLARY [1I

The asymptotic distribution of the vector ¢ = [w;, @, . .. , @ip, b;]" can be found using
the delta method, for which we need the partial derivative of ¢*) with respect to the

parameter vector 0,

(1_bﬂ,i)ﬂ{i}_f46,i 01><p2 —)\6 _)\D,i
= Opxp Opspz Iy Opxs (A.13)

01><]7 01><p2 O1><p 1

o _ 9%

Yo = (i)’
pt2xe o0 9(1.):9(()2')

where I{i} is a 1 X p vector of zeros, apart from a 1 in the ¢’th column and A; is the ¢’

row of A. Hence, the asymptotic distribution of ¢ is,
0 i)y D i) ()
VT —6) 5 N0, "5 ). (A.14)

[]

B LEMMATA

B.1 LEMMATA FOR THE PROOF OF CONSISTENCY

Lemma B.1 (Finite expectation of likelihood contributions). Under Assumptions
441

E { sup
9 ee(

190, Mﬂ < K.

where 11" (v, k%) is defined in (A.2)).

Proof. Notice that the 7th conditional eigenvalue may be rewritten as an ARCH(o0)

process,

M _wz+Zawyﬂ L(09) + b (09) Zbl (wz+2%y]t - '>>'

Using p(B) < 1 (By Assumption and Lemma 4.1 of Ling and McAleer (2003))), along
with Theorem 9.2 of Jacod and Protter (2012),

E[ sup {log(Ai,t(Q(i)))’}gE[ sup | A (09 } Z (1+ E||X|]?) <
9 ce () 0 ce ()
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Furthermore,
E { L H < <K (B.1)
sup . S osup || = A4, :
oo | Ait(0D) ool | Wi
E[ sup |yit(6(i))‘} < E{ sup \(v;’(e%xt)?\} < KE||X,||? < K. (B.2)
p() o) FOP=10)

This, along with the triangle inequality, means that the log-likelihood contribution for

the i'th rotated return is then bounded by a constant by Assumption [4.1]

Lemma B.2 (Uniform convergence of likelihood function). Under Assumptions 4./

y?t(e(i))

)

/\i,t(e(i))

sup

E { sup
o) co ()

() ce®)

() o)

[]

sup | LY (v, 67 — B[ (v, s®)]| %% 0,
00 o)

where Lg)(e(i)) is the log-likelihood function for the i’th rotated return and lt(i)(0<i>) is the
log-likelihood contribution for the i’th rotated return at time t, stated in (A.1) and (A.2).

Proof. Follows from Lemma and the uniform law of large numbers (Theorem A.2.2.
of White (1994)) O

Lemma B.3 (Likelihood uniquely minimized). Under Assumptions
B (o0, 5| < oo,
and if K # /i(()i),
B (0,500 > B (30, 7))

where 17 (y, k) is defined in (A.2).

Proof. The first statement follows directly from Lemma [B.I} For the second statement,
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consider

ElL (0, KN = E[I (0, £5)]

[ Xit(Y0, £9) 2 1 1
=F |log — . | T yi,t(%) oy i
(Ai,t(%a ff(())) it (70, k) it (70, ’fé ))

] | 1 1 Nia (Y0, 58
o) (Az‘,t(%,/f(z)) Ai,t(’)/m’i((f))) " (Al}t(%,ﬁ(l))

65t (70 ) K“(()i)

_)\z ) )\z t(ﬁ)/07 "{(()l))
=F|——"—<—-1-1o —_— < >0,
_)‘z‘,t(%a K@) ¢ (Ai,t(%, KO) 1~

which uses y; (7)) = )\%2(70, riéi))z@t, where z;; is iid with unit variance. Notice that

logx < x—1for x > 0, and that logz = x—1 only if z = 1. This inequality is strict unless
Xt (v0,657)
Ai ¢ (v0,6()

Lemma B.4 (Asymptotic irrelevance of initial values). Under Assumptions

= 1, which is ruled out, as it violates Assumption on identification. O

S}

.S.

LY (0, 69) — LY, (3, 60)| %5 0,

sup
MOPrSo)

where L\ (y, k) is defined in (A1) and Lg,)l(fy, k) is defined in (A.5).

Proof. We want to show that the initial values are asymptotically irrelevant. As in the

proof of Theorem 4.1 in Pedersen (2016), we use the triangle inequality as follows,

sup |28 (30, 1) = L3, (3,9) | <

k() erc (@)

sup [ (20,57) = LP(3,60) |+ sup |15 80) = LT (3,6 (B3)
k(D ek k(D@

In line with the aforementioned proof, we apply the mean-value theorem to the first term

of (3,

(i) (i) @ (s () & RS Aly(v, kD)
sup 1Ly (0, £) — Ly’ (7, 57)| < Z (% — 70,j):7 Z sup T |
PAOY=y ¢ O =1 —1 0D LY x (@) '}/j

(B.4)

where £ is chosen to be a compact subset of (0, 00)? such that (I, — A — B)A € (0, 00)?
and bounded away from zero on L x V, with )\ in the interior of £. An expression for
Oly(7y, k) /90 can be found in along with derivatives of \;;(6) in (B.23)-(B.25)
in Lemma . Notice also that Elsup,c .y [|0y7(7)/07]|] < KE||Xy|[>. By Assumption
and p(B) < 1 (follows Assumption see Lemma 4.1 in Ling and McAleer (2003))
SUDg(i) ¢ £ i |ONi(00)/07;] < oo. This, along with sup e sypsxcm |1/ A (kD) < K,
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ensure that £/ [Supg(i)eixvx,cm 81,@ (v, kD) /0, \] < 00. By the ergodic theorem and ((A.8)-

(A.9) we find that, sup,.)cxco) ’Lg) (Y0, &) — Lg) (4, k)| 3 0.
Next, consider the second term of (B.3)),
‘ ‘ 1 &

sup (L5, 50) = L3 60)| < K2 D7 sup [BAvo(, 59) = Aiga(4, )|+
H(Z)EK:('L) t=1 K/('L)EK:(Z)
1 1 1
=) I sup 2 [% Ao (35 £9D) = Ao (3, £ A—” <
r tzl k@) ek I Aign (7, D) ( () ) 0 )) Aig (7, @)

1 T
K=Y o'+ 1XP) (B.5)
t=1

by logz < o — 1 for 2 > 1 along with (A.7), (B.1) and sup. .. [V Xy < K[| Xy]].
Additionally, ' ' (see e.g., p.616 of Francq
and ZakoTan (2004) or p.611 of Francq, Horvath, and Zakoian (2011))), along with

and the compactness of K® for T — oo,

T

1 ¢
Kf Z sup  [bi(Nio(F, k) = Niop(3, 6| < K= Z P as. (B.6)
— ek ®
Hence,
. . T
sup |23, 50) — L) (4 50)| < K Z A+IXIP)  as
kel —

For any ¢ > 0, we use Markov’s inequality and Assumption [4.1]
N O EIX
S P> 0 < 3 S o
t=1 t=1
Next, by the Borel-Cantelli lemma, ¢!||X;||? “3 0, and finally, by Cesaro’s mean theorem
1 o g s
T Z [ X7 =0
t=1

we conclude that the initial values are asymptotically irrelevant for consistency of the

estimator. O
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B.2 LEMMATA FOR THE PROOF OF ASYMPTOTIC NORMALITY

Lemma B.5 (Rewriting the two-step estimator in vector form). Under Assumptions

for T — oo, the two-step estimator can be written jointly as,

Y ="
VT (M‘ﬁ(%)) -

Ak ()

D(Iz — Ay — Bo) " (L2 — Bo) (M) ®*vec( 2,2, — 1)
o | Vo ® Qonly = Ho) Vi (1,2 — Ao — Bo) ™ (1 — Bo) (M) vee( 2,7 — 1)
Z R i + 0p(1).
= VL@ (Noply — Ho) PV (Ie — Ao — Bo) (I — Bo) (A2 vee( 2,2, — 1)

1 (05
— . S 22, —1
)\i,t(e((;)) k() ( bt )

35~

(B.7)

where ()% is the Moore-Penrose inverse, D is p x p? with all elements zero, apart from

one element on each row, which is d; ;i (j_1, =1 for j=1,...,p and A and B are given

Proof. In rewriting the estimator in vector form, we partly follow Pedersen and Rahbek
(2014) (proof of Lemma B.8) and rewrite vec(H) — vec(Hp) in terms of the GARCH
parameters. The remainder of the proof is distinctly different, as we have to recast the
vector of dynamic eigenvalues, );, in a BEKK(p?, 1,1, 1) parameterization, and state the
first step estimator in terms of 4 — 4o rather than vec(H) — vec(Hy).

First, consider the moment estimator of the unconditional covariance matrix,
1
= 5 Y XiX[ = Z Hy\ 22, Z)(Hy)?) Z Vols[2 2 ZINP VY.
t=1
Recall that Y, = VX, and define A = %Zthl Yo Yo, = %Ethl 1/QZtZ’A(l)/f, such that,

vec(A) = (V1) ®2vec < ) = vec ( ZAl/QZtZ Al/z)

T

- (% Z(Aé{f)mvec(ZtZt' ) + vec ( ZAOt>> - (B.g)

t=1

Next, we need to rewrite the conditional eigenvalues in a “vec”-reparameterization. That
is, we first write the dynamics of Ag; to be nested in the BEKK-GARCH, and then we

apply the vec-operator to obtain the vec-parameterization of the conditional eigenvalues.
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Hence,

p2
Aoy =C+ Z Ai,oyo,t—ﬂ/o/,t_lA/m + BI,OAO,t—lBLm (B.9)

=1

with C'= (Ag — Zfil A oMo Ao + Bl,OAOBLo)a and A; are restricted parameter matrices,

e.g., for the bivariate case,

S IR (D IR Vo R (S L
0 0 0 0 Vaz 0 0 an

and Bj is
B, = BY2. (B.11)
The vec-reparameterization is therefore,
vec(Noy) = (L2 — Ay — Bo)vec(/\o) + Agvec(Yo,t,lYO’J_l) + Bovec(Aoyt,l), (B.12)

where
p2
A=A B=B{ (B.13)
i=1

We now use this reparameterzation of the model to rewrite vec (% 23:1 AO,t> as follows,

T T T
1 ~ - ~ 1 ~ 1
vec (T ;l Ao,t) = (Izﬂ — Ao — Bo) Ao + Agvec (T ;1 Yo,t—lyol,t—1> + Bovec (T ;1 Ao,t—1>

T T
~ - < 1 ~ 1
= (]pz — AO - B()) AO + A()VGC <T ; Y(),tif()/ﬂt) + B()VQC <T ; A(),t)
1/~ ~
+ = (Ao(vee(Yoo¥g ) = vee(Yor¥y ) + Bo(vee(Aog) = vee(Aor)) )

Collecting terms, and noting that A = %Z; Yo, Yy, yields,

T
1 ~ ~ ~ ~ ~ ~
vec (f E AO,t) = (Ip2 — B0)71<[p2 — AO — Bo)VGC(A0> + ([p2 — Bo)ileVGC(A)
t=1

1 - ~ .
+ (I = Bo) ™ (Ao(vee(Yoo¥y ) — vee(Yor ¥ r) + Bo(vec(Ano) = vee(Aoz)) )

where (1,2 — By) is invertible since B is diagonal with p(By) = p(By) < 1. Insert this into
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(B.8) and rearrange,

T
. N N\ 1
vec(A) — vec(Ag) = <1p2 Ay - BO) (1p2 - BO) = D (A vec( Z2) — 1)

t=1

1 - oN-1 /. -
= (B = Ao = Bo)  (As(vee(Yoo¥g ) — vee(YorYi ) + Bo(vee(Aoo) — vee(Aox))

By Markov’s inequality it holds that for € > 0,

P (’ )%gPQ = Ao = Bo)™" (Aolvee(YooYn) = vee(Yor¥)) + Bolvec(hog) — vee(Aor))) || > )

_ KE|IXiIP

—0
Te ’

as T — oo. This yields,

N

vec(A) — vec(Ag) =(I2 — Ay — By) (1,2 — By)= ! Z 1/2 2vec(Z:Z; — 1) + 0,(1).

t=1

Recall that vec(H) — vec(Hy) = V&2 <Vec([\) - VeC(A0)>, and we find that,

VT (vec(H) — vec(Hy)) =
1

T
Vi (L» — Ay — Bo) (L2 — By) ﬁ > (AP vec(ZZ) — 1) + 0,(1). (B.14)
t=1

As the model is parameterized in terms of the eigenvalues and -vectors, we now restate
in terms of A and v. Notice that A — Ay = D(V])®? <Vec(lf[) - VeC(H0)>, where
D is a p x p? matrix of zeros, apart from p elements, d; i+(i—1)p = Lfor e =1,... p, such
that Dvec(A) = A, and we find that,

1

T 1/2 2vec(Z,Z; — 1) + 0,(1).

Mﬂ

\/T(S\—)\Q) :D(Ip2 —AO—BO)_ e —B()
t:1

(B.15)

Next, since v does not have a closed form solution as a function of H, we apply the

mean-value theorem, and use the following result from Magnus (1985) (Theorem 1),

ov;

U =V'® (M, — H)T B.1
Sroel) = Vi © (il = H)*. (5.16)

where (A\;I, — H)* is the Moore-Penrose (pseudo-) inverse of (A\;I, — H). From this, we
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can apply the mean-value theorem to the j’'th eigenvector,

VI(V; = Voy) = Vi, @ (Mol — Ho) VT (vec(H) — vec(H,))
+ (Vo ® (Mojlp — Hy)" — ‘7j’ ® (S\jlp — ]:IO)JF)\/T(V%(I{I) — vec(Hy))

(. S

=op(1)
= Vi, ® (Noylp — Ho)'VT(vec(H) — vec(Ho)) +0,(1),  j=1,....p,
(B.17)

where H = VAV” is on the line between Hy and H. Hence, by (B.14) and (B.17),

VT (0 —vg) =
Vol,l ® (/\O,llp - I_[O)—~_‘/()®2(1p2 - AO - B())_lup2 - BO)\/LT Z?:l (A(l),/t2>®2vec(ZtZz{ - Ip)
; + 0,(1).
Vor ® (Aoplp — Ho) V5™ (I — Ag — Bo) ™' (12 — BO)\/LT ZtT=1(Aé,/t2)®2VGC(ZtZtI — 1)
(B.18)
Finally, note that
o (0y) L o)
—_— = — . — o 1). B.1
a0 g o Y 1
Hence, by (B.15)), (B.18)) and (B.19)), we conclude that (B.7]) holds. O

Lemma B.6 (Joint normality of parameter vector). Under Assumptions -@ for
T — o0,

oLy (60)
oK)

VT (ﬁ " 70) B N (0,0, (B.20)

with Q(()i) defined in (B.22)).

Proof. Similar to the variance targeting literature (e.g., Pedersen and Rahbek (2014))
proof of Lemma B.8 and B.9), we use that (B.7)) is a martingale difference sequence
(asymptotically) to show convergence in distribution. From (B.7)), define

(V)
N (9((;)) = y2,t(9(() )) )
exe (
0

Vs, (05

S
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which has elements,

Via(05)) = D(V]) P20 (A7) %2,

px1
XO,IFO(A(l),/tZ)®25t

V2 (05)) = : :

P XO,pFO(Aé,/t2>®2€t

By = - — LDl )

(p+1)x1 )\i,t(Q((f)) Ok '

where we use the following definitions,

e = vec(Z Z, — I,),
Lo = ()% (e = A= Bo)| (12 — Bo),
Xo,i = Vi @ (Mol — Ho)™,
Notice that
E[6057)] = 0y (B21)
since Z; is #id with E[Z,Z]] = I,.

Next, consider the covariance matrix,

)
1
WO =B VOO = B || (@) %k % || (B.22)
(Qs) (W) s
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with

®2
Q)| = D(V)®r (A1/2> cep (M) TGP0,

XoaDo(Ag/D)®2ee, (M) Thxh s . xoaTo(Ag) el (Agi) 2T,
0,22 : . : )
XouLo (M) 22eel (A P DXt s -+ XowLo(Ao)®2eie) (gl Thxh,
i 1 Nl Nal8) o
0,33 )\?t(e(z)) a’{(z) 8/<;(Z')' 1,t )
0, = DT (M) e (1A= . ST, )

®2 1 s
), = D(V)®r (A1/2> & O (6
‘ Xo,lro(A(l)(tZ)@St ;
Oy = : (1—22),
Xo,pFO(A(I),/f)@Qgt

which are p x p, pP> x p?, p+1xp+ 1, px p%, p x p+ 1 and p* x p + 1 respectively.
To show that yt(Héi)) is square integrable, we verify that all elements of Q(()i) are finite.

By independence of Z; and Ag,

Blional) < x5 |[| (32)7 ] £ 11
Blionaal < 55 ||| (882) || £ 1=

and using the euclidean matrix norm, ||A|| = y/tr(A’A) along with tr(A® B) = tr(A)tr(B)
(for A and B square),

2| ()

by Assumption [£.5] Moreover,

} E [tr (Agy)?] = <Z)\” ) < K < o0,

Ellee]l?] < EIZ:|"] + K < o0,
as E[||Z,|1"] < KE[||X,||"]. Hence E [Hszgﬁlu] < ooand E [Hgggzu} < 0. Next,
E |00 l] < K < o,

by Assumption 4.5 Finally, E [||ng>12||}, E [|ng?13||} and E [||ng>23||] are finite by the
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Cauchy-Schwarz inequality.
Because yt(()((f)) is a square integrable ergodic martingale difference sequence, we can

invoke the central limit theorem for martingale differences, see e.g., Brown (1971)), imply-
ing that (B.20]) holds. O

Lemma B.7 (Finite expectation of second order derivative). Under Assumptions

]<oo.

Proof. The second order derivative of [;;(0")) is given in (A.4)), and we note that in order
921" (09)
a0 o)’

9217 (09)

E 960900

sup
0() @)

to show that £ |:Sup0(i)€®(i) } < 00, if suffices to verify that,

r 2 (g() 2 i
Y (0) 1 92),,(0)
L. B |supgircow |3, @) xer @) satioad || < OO
[ . . Yit (09) (z) Ayii(09) yi . (0) 1
2. B _Sup"(z)ee(” ( 0(’)60(’) o) + a0 9689 At (0) < 00,

it 9(2) ) Oy, t(G(”)

89<Z) 89(1) +

Xt (09) By, t(9(1))> it (0)

- < X0
200 86 A7,(00D) H ’

3. F SUPg() e () (

y2,009) 1 ox(09) a1 (00)
At (0D) A2, (0)) 59 a0

4. K SUDPg () e ) H < 00,

for n,m=1,....,p(p+ 1) + p+ 1. Inequalities 1.-3. are finite by Assumption . The

last inequality requires finite 2 4+ s moments for s > 0, as,

(9D 1
E [ sup 8)\”((?) ) . H < K.
pcom | 90 i (00)

To see this, recall that the process for the eigenvalues can be written as,

zt—zbl wz Zamyjt — 1 Z) ))

=0 j=1

with w; = (1 — b))\ — Z§=1 a;;jA; and 09 = [v, az,. .. , @ip, b;)". The derivatives of the

eigenvalues are,

Nia(69) _ dwi(1=b)"" -y vy’
7 - +2 bia; B.23
Ve e lz;; 7Yjt—1—1( )87 (B.23)
g (09) w1 =0)"" 0
7 B ' B.24
da dag; ;byﬂ -8, (B.24)
8)\1 ‘9(1) 0wl 1-— bl -1 e B ;
51()- - (ab : YD W a0, (B.25)

=1 j=1
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fork=1,...,p(p+1)andi,j=1,...,p+1. By Assumptionalong with the inequality
z/(1+z) < 2° for s € (0,1) for all z > 0, for all interior §%) € O,

1 a)\it(e(i)) 1 zawy]t - 1(9(1))
sup . ; < sup |[K+K - ,
pircow [Aid(0®) 0 o) e Z K+Z] 1 zawyj 21 (09)
< sup K—I—KZZblS ijﬂ (09 | < K, (B.26)
O 10) P
Y2, _1(61) av! (9
using supg o) |yt—1| = supgireon |2Vi(00) X 2L (0 DX, | < supgocen | K2,
due to the orthonormahty of V;. Similarly,
1 O\ (09 1 & blagys L)
pcow |Ait(0)  ay; 6o aij 4~ K +b%y]t 1—1(09)
< sup |K+ KZbéSaijﬁflfl(Q(i)) <K, (B.27)
0() @) =0 ’

L oA (09 _
Ai(09)  Ob; |~

sup
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li J L blaijys, 1 (09)
b; —1 ] lbzaljy]zt—l—l(‘g(l))

<K, (B.28)
PIO=10)

< sup K—i—KZZlel ijt 1 (6D)
=1 j=1

such that (B.26))-(B.28]) are finite when { X}z is stationary, ergodic and has finite frac-
tional moments. Hence the last inequality holds under Assumptions 4.0 O

Lemma B.8 (Uniform convergence of second order derivative). Under Assumptions
[4.0], for T — 0,

sup

oreo | 00DI0W 900

2L(i) (3) 2709 (p(3) as
9L (" )_E[az GNP

. L0 . : N . .
Proof. Since % is a function of (X;, X;_1,...) and 0@ it is strictly stationary and
ergodic. The result then follows by Lemma[B.7 and the uniform law of large numbers for

stationary and ergodic processes, see Theorem A.2.2 of White (1994). O]

Lemma B.9 (Non-singular Jéi)). Under Assumption Jéi), given in (A.12)), s

non-singular.

Proof. Jéi) is identical to the Hessian of a univariate (extended) GARCH model (for the
rotated returns). The non-singularity of Jéi) therefore follows from Berkes, Horvath, and
Kokoszka (2003)) Lemma 5.7.

O
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Lemma B.10 (Asymptotic irrelevance of (fixed) initial values). Under Assumptions

4.6,
T (i) (@) (@)
ol ( ) OLa(07) | b
_ - =0 B.29
\/_ 2:: ( okt Ok ( )
form=1,....;p+1, and
T D) (i (@) (p(i
1 27 (p(i) 321 Q)
sup —Z Ol (6 ) A ) 20, (B.30)
orcow |11 8606 9606y

formom=1,... ,p(p+1)+p+1.

Proof. Consider first (B.29)) concerning the elements of the score vector. By (A.3), the
Yiil = supyeq [V (1) X| < K| X4,

triangle inequality and supgu ce)

1 () o)
ft on? on?

XT: 1 aAi,tw D)1 ()
VT & af@ﬁ? Min(0) ok
ZH N05) 1 N6
“)) ok Nienl6) Okl

forn=1,...,p+ 1. Following Francq, Horvath, and Zakoian (2011)) (p. 649),

MNit(09) 8>\i7t,h(6’("'))’ B

Su . -
soene | 060 a0
ob; : : 0 (Mi0(09) = Aion(09))
sup  |—= (Mio(09) = N\ o n(09)) + bt ’ ML < K¢, (B3l
G(i)eg(i) 8(97(11) ( o) onl )) ! 8(97(11) ¢ ( )

as both b — 0 and 9bt/0b; — 0 for t — oco. Furthermore, notice that

1

w; wy

1 1 ‘
= < sup

- - < K. B.32
Xit(0O) X n(0D) ] ™ pircom ( )

sup
FIOPT=10)

Using (B.31)-(B.32)), we find that can be bounded as,

al () algz) ‘9((31) 1 T . )
( %) 0 )>'§Kﬁ;¢(1+||xt|l).

kD kD

As 21 ¢f — (1—¢) it holds that KT—/23°" | ¢, — 0 for T — oo, and by the Markov
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inequality for € > 0,

( Z (1 -+ [1X:[1%) >§5_1(1+EHXtH T;

as F||X;||* < oo by Assumption . This proves the first statement of the lemma.
Next, we consider the requirement in (B.30)). The second order derivative of the log-
likelihood function is given in (A.4)), and to show that the expression in (B.30]) converges

to zero in probability we need three additional results. First,

PN (09) 2N (09)]

i 909900 9o 9pl)
9} . ‘ 0 (Nio(09) = Xion(6))
up | —— (Mio(0D) = Nign(89)) 4 bt —"2 AL
soreow | 969900 j (Riol0) = Xioa(0) + 969 96"
bt 0 (Nip(0D) — Xion(6D)) 0%3WMWU—MmW%)<Kt
6% a6%) 6% 6% =R
(B.33)

for n,m=1,...,p(p+ 1)+ p+ 1. Second, by (B.26)-(B.28),

1 (9 1 (9@
sup _ hiall )'SK, sup il )‘SK. (B.34)
pco | Nid(0W) 86,(5) oreo | Nitn(0D) 897(f)
Third,
o 1 1 ‘
u - —_ - g
9(i>eg<i> Xit(0@) XN (0®)
1 ) )
su (N (09 = N\ (69 —‘ < K¢'. B.35
e(i)eg@ )\zt(e(z))< ,t( ) ,t,h( )))\i,t,h(e(z)) = ¢ ( )

Hence, by (B.31)-(B.35) along with the triangle inequality, (B.30)) can be bounded as,

T i ; 2700 (9 T
L& (0 00) I e9) I
sup  |— . - — = . gk—§¢t1+x2+x4,
peow | T ;<aefﬁae,@ 06.) 99 Ular (HIGIF+ )

which by Markov’s inequality converges to zero in probability,

1 T
P (KTqut L+ 11X+ 11X > s) <e! (K(HE[IlXtH |+ EN1X0I) Z )
t=1

’ﬂ |

which concludes the proof, and we conclude that the (fixed) initial values used in the

estimation do not matter for 7" — oo.
]
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C STATIONARITY, ERGODICITY AND EXISTENCE OF

MOMENTS

The following two lemmata provide sufficient and necessary conditions for strict station-
arity, ergodicity, and finite moments for the multivariate GARCH model and are both
stated without proofs. They were originally stated in the context of the extended CCC
model but are also applicable in the present model, as the A-GARCH, conditional on the
eigenvectors, is an extended CCC model for the rotated returns.

Rewrite the process of the eigenvalues as a stochastic recurrence equation,
A=W+ A1,

where A4, ; = A diag (ZtQ_QI) + B is an id p X p sequence for t € Z.

Lemma C.1 (Francq and Zakolan (2019) Theorem 10.6). A necessary and sufficient
condition for the existence of a unique, non-anticipative, strictly stationary and ergodic

solution to the process (X; : t € Z) isy < 0, with v defined as the top Lyapunov coefficient,
. t
v = lim 3 B [log|| TT;-, Aill]

Notice that Lemma only ensures the existence of fractional moments, F||X;||® <
00, 0 < s < 1. We next restate a result from Pedersen (2017) (Proposition 2.1), which

contain necessary and sufficient conditions for finite (non-fractional) moments.

Lemma C.2 (Pedersen (2017)) Proposition 2.1). Let (X; : t € Z) denote a strictly station-
ary and ergodic process. Then E [||Xt®2||k] < o0, k€ N if and only if p (E [ ?k]) < 1.

D SIMULATION STUDY

This appendix illustrates the theoretical results through simulations: we simulate the
large-sample distribution of the STE in three cases: In the first, we illustrate the sufficiency
of finite fourth order moments, and show that both steps of the STE are consistent and
asymptotically normal when F||X;||* < oco. The second case considers the distribution
of the STE when the data-generating process (DGP) does not admit finite fourth order
moments, but rather has finite second order moments, E||X¢||? < oo, E||Xi||* = o0,
indicating that the STE should be consistent, but have a non-normal limiting distribution.
Finally, the third simulation considers the STE when the DGP only admits a finite mean,

Bl X|| < 0o, E||X,||F = 0o for k = 2,4.
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~ Density ~ Density
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FIGURE D.1: Densities of estimated parameters when E||X;||* < oo. The solid line is
the estimated density, and the grey dashed line is the normal distribution.

D.1 CAseE 1: THE DGP SATISFIES THE SUFFICIENT CONDITION FOR
ASYMPTOTIC NORMALITY

Consider the bivariate A-GARCH with Gaussian innovations,
X, =VN?Z,, niid N(0,I), A, =diag(\), A=W+ AY2+Bx_1, (D.1)

with parameters

0.89  0.45 1.5 033 0
Vo = W, = P . By=050,, (D2
0 <—0.45 O.89> 0 <0.46> 0 ( 0 0.25> 0= 0z, (D2)

such that p(E[A diag(Z}) + B|®?) = max (a}E[z},]) <1 for i = 1,2. For Z, iid N(0, I5)
this corresponds to max(a;) < 1/v/3, and by Lemma (with £ = 2), the stationary
solution of the process has finite fourth order moments, and the moment restrictions of
Theorem [.2] are satisfied.

We simulate N = 10.000 realizations of — with 7" = 10.000 observations,
and estimate W and A using STE. Figure contains standardized densities of w; and
ai1. The figure suggests that the STE is indeed consistent and asymptotically normal, in
line with the findings in Theorem [£.2]

D.2 CAsk 2: THE DGP SATISFIES THE SUFFICIENT CONDITION FOR
CONSISTENCY

Next, we consider the case where the DGP has finite second order moments, E||X;||* < oo

but does not admit finite fourth order moments, E||X;||* = co. We consider (D.1]), with
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parameters

0.89 045 1.5 0.60 0
Vy = . Wy = , Ag= , Bo = 02x2, D.3
’ (—0.45 0.89) ’ <0.46> ’ ( 0 0.55) 0= 0wz (D)

such that p(E[Ay diag(Z}) + Bo]) = max (af;) < 1 for i = 1,2. By Lemma (with
k = 1), the stationary solution of the process admits finite second order moments, and the
moment restrictions for asymptotic normality (Theorem are not satisfied. However,
by Theorem [£.1], the estimator should be consistent.

~ Density Density
L —— T2y ) —— NG=34 0.15F — 1'"%@(, ) — — N(s=3.03)
0.10 I

0.10F

0.05} i
i 0.05

1 L L L L L L L L L L
-20 -10 0 10

FIGURE D.2: Densities of estimated parameters when E||X;||* < oo. The solid line is
the estimated density, and the grey dashed line is the normal distribution.

We simulate N = 10.000 realizations of and with 7" = 10.000 observations,
and estimate W and A using STE. Figure contains standardized densities of w; and
a11. The figure suggests that in this case, the estimator is indeed consistent, but it is not
asymptotically normal. Surprisingly, the density of w; seem to behave almost like a normal
distribution, albeit with a heavy left tail, whereas that of a; is clearly non-normal. This
is similar to the findings of Pedersen and Rahbek (2014), who consider variance-targeting
in the BEKK-model, and we conclude that E||X;|[* < oo is a necessary condition for the

joint normality of the ST estimator.

D.3 CASE 3: THE DGP DOES NOT SATISFY THE SUFFICIENT
CONDITION FOR CONSISTENCY

Finally, we consider the case where the DGP only admits a finite mean, F||X;|| < oc.

Here we set parameter matrices to

0.89  0.45 L5 101 0
Vy = W= Ay = . By=0s0. (DA
’ <—0.45 0.89) ’ <0.46> ’ ( 0 0.90) b
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As max(ag ;) < /2 for i = 1,2 the DGP is strictly stationary, ergodic and has a finite
mean, but does not admit any higher order moments (by Lemma . As before, we
simulate N = 10.000 realizations of and with T" = 10.000 observations,
and estimate W and A using STE. Figure contains standardized densities of w;
and aq;. Clearly, the estimator is neither consistent nor asymptotically normal when

E||X:||* = oo, and we conclude that the moment condition in Theorem is indeed
necessary for consistency of the estimator.

Density _ Density

[ —— T -wy ) — = NGs=12) | —1"%(@~ay) —— N
0.075 0.10
0.050 [

I 0.05
0.025F

7 ~
. R, . ‘ I ‘

FEETI R L S S S R SO S AN S S )
-100  -75 -50 -25 -20 -15 -10 -5 0

FIGURE D.3: Densities of estimated parameters when E||X;||* < co. The solid line is
the estimated density, and the grey dashed line is the normal distribution.



96

E EMPIRICAL EXERCISE: PORTFOLIO CONSTITUENTS
AND WEIGHTS

TABLE E.1: Portfolio constituents and weights.

Bloomberg ticker | Company name Portfolio weights
P P P3 Py Ps

DIS US Equity Walt Disney Co. 0.040 0.016 0.010 0.068 - 0.347
HD US Equity Home Depot 0.040 0.002 0.085 -0.082 -0.099
ABT US Equity Abbott 0.040 0.042 0.071 -0.195 - 1.099
CVX US Equity CV Sciences 0.040 0.066 0.007 -0.038 -1.243
EXC US Equity Exelon 0.040 0.038 0.057 0.137 0.671
MCD US Equity McDonalds 0.040 0.044 0.048 -0.257 -0.122
MMM US Equity | 3M 0.040 0.001 0.101 - 0.282 0.318
AAPL US Equity | Apple 0.040 0.045 0.086 0.159 0.621
UNH US Equity United Health Group 0.040 0.086 0.072 -0.118 -0.210
TXN US Equity Texas Instruments 0.040 0.078 0.066 0.118 - 0.342
JPM US Equity JPMorgan Chase 0.040 0.067 0.113 0.138 - 0.856
IBM US Equity IBM 0.040 0.010 0.118 0.255 0.760
DVN US Equity Devon Energy 0.040 0.082 0.040 - 0.059 0.861
GD US Equity General Dynamics 0.040 0.078 0.029 -0.083 0.606
CPB US Equity Campbell Soup Company 0.040 0.015 0.095 0.180 0.970
PEP US Equity PepsiCo 0.040 0.058 0.008 0.156 0.383
MRK US Equity Merck & Co. 0.040 0.002 0.043 0.090 0.507
NKE US Equity NantKwest 0.040 0.011 0.008 0.183 -0.794
COST US Equity | Costco 0.040 0.029 0.038 0.084 0.692
T US Equity AT&T 0.040 0.014 0.008 0.269 - 0.429
RF US Equity Regions Financial Corporation | 0.040 0.069 0.035 -0.098 - 0.160
SLB US Equity Schlumberger 0.040 0.075 0.094 0.140 - 0.468
PG US Equity Procter & Gamble 0.040 0.032 0.108 0.265 0.177
HON US Equity Honeywell 0.040 0.029 0.094 -0.097 0.410
HPQ US Equity Hewlett-Packard 0.040 0.010 0.067 0.066 0.195




97

Chapter 3

Bootstrap-Based Inference and Testing in

Multivariate Dynamic Conditional
Eigenvalue GARCH Models

ABSTRACT

We study fixed-design bootstrap for quasi-maximum likelihood estimation of mul-
tivariate GARCH processes. Specifically, we extend the univariate bootstrap of
Cavaliere, Pedersen, and Rahbek (2018) to the Dynamic Conditional Eigenvalue
GARCH model of Hetland, Pedersen, and Rahbek (2020). We show, under fairly
mild conditions, that the bootstrap Wald test statistic is consistent, conditional
on the original data. The theoretically investigated fixed-design bootstrap is con-
trasted to a recursive bootstrap, and the asymptotic test statistic. Through Monte
Carlo simulations, we find evidence that the fixed-design bootstrap is superior to
the recursive bootstrap and the asymptotic test in small samples. In larger samples,
both bootstrap designs and the asymptotic test share properties, as expected from
the asymptotic theory. An empirical application illustrates the empirical merits of
the bootstrap in multivariate GARCH models. The appealing theoretical proper-
ties, along with the excellent finite sample properties, suggest that the fixed-design
bootstrap is an important tool for small sample inference in multivariate GARCH

models.

KEYwWORDS: Multivariate GARCH, fixed-design bootstrap, fixed regressor boot-
strap, hypothesis testing.
JEL: C32, C58.
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1 INTRODUCTION

Multivariate GARCH models are a popular choice for modeling the conditional covariance
matrix of financial returns. They are typically applied in the context of Markowitz type
optimization procedures (see e.g., Engle, Ledoit, and Wolf, [2019)) and for the estimation
of market risk models, such as value-at-risk and expected shortfall (see e.g., Francq and
Zakotan, 2020)). In both cases, inference is an integral part of empirical applications of
multivariate GARCH models.

In small samples, inference based on asymptotic distributions may lead to an incorrect
nominal size. As well known, see e.g., Cavaliere, Nielsen, and Rahbek (2017)), Cavaliere,
Pedersen, and Rahbek (2018), and Cavaliere et al. (2020), such small sample issues can
be corrected by the bootstrap. The bootstrap is a simulation-based approach in which
we generate new samples of the data and the test statistic of interest, and use these to
compute finite-sample critical values.

This paper extends the univariate fixed-design (or fixed volatility) bootstrap of Cava-
liere, Pedersen, and Rahbek (2018) of ARCH(q)-type models to the multivariate Dynamic
Conditional Eigenvalue GARCH (A\-GARCH) model. The A-GARCH was introduced in
Hetland, Pedersen, and Rahbek (2020)) as a generalized autoregressive score model (Creal,
Koopman, and Lucas, 2011}, 2013)) for the conditional eigenvalues, and the authors es-
tablish full asymptotic theory of the quasi-maximum likelihood estimator (QMLE). The
A-GARCH is closely related to the GO-GARCH of Weide (2002) (see also Lanne and
Saikkonen, [2007, Fan, Wang, and Yao, 2008 and Boswijk and Weide, 2011)), as discussed
in detail in Hetland, Pedersen, and Rahbek (2020). A general introduction to multivari-
ate GARCH models can be found in e.g., Bauwens, Laurent, and Rombouts (2006) and
Silvennoinen and Terdsvirta (2009). For a treatment of stochastic properties along with
estimation of multivariate GARCH models, see Francq and Zakoian (2019)) (chapter 10).

To our knowledge, we are the first to consider fixed-design bootstrap for multivari-
ate GARCH processes in the context of full QMLE, and we explore the theoretical and
numerical properties of this bootstrap. Within the realm of GARCH models, the fixed-
design bootstrap is one of two popular residual bootstrap methods, the other being the
recursive bootstrap: the recursive bootstrap generates new data recursively using the es-
timated dynamics, whereas the fixed-design bootstrap keeps lagged variables fixed at the
(observed) sample values. That is, the recursive bootstrap generates new paths for the
conditional eigenvalues in each simulation, whereas the fixed-design bootstrap keeps these
fixed across all simulations, such that the only source of variation is the re-sampling of
standardized residuals.

The fixed-design bootstrap has previously been studied in a univariate (G)ARCH
context: Shimizu (2010) considers a one-step Newton-Raphson estimator, while Cavaliere,
Pedersen, and Rahbek (2018) consider likelihood based tests for a class of ARCH(q)
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models. Beutner, Heinemann, and Smeekes (2020) study a fixed-design bootstrap in
the context of two-step estimation of value-at-risk, based on univariate GARCH models,
while Cavaliere et al. (2020) consider a shrinkage-based fixed-design bootstrap for testing
hypotheses on the boundary of the parameter space (see also Cavaliere, Nielsen, and
Rahbek (2017)). Recursive bootstrap methods, in the context of univariate GARCH
models, have been studied in e.g., Hall and Yao (2003)), Pascual, Romo, and Ruiz (20006),
Hidalgo and Zaffaroni (2007)) and Jeong (2017). Considering multivariate GARCH models,
Francq, Horvath, and Zakoian (2014 apply the one-step Newton-Raphson fixed-design
methodology from Shimizu (2010) in variance targeting estimation of the CCC-GARCH,
while Hetland, Pedersen, and Rahbek (2020)) use a recursive bootstrap to test parameter
restrictions in the A-GARCH. In contrast, our exposition is a complete asymptotic analysis
based on the QMLE.

We provide a full asymptotic analysis of the fixed-design bootstrap for the A-GARCH
model, and show that the bootstrap Wald test statistic is consistent. That is, we establish
validity of the bootstrap Wald test statistic and show that the bootstrap mimics the cor-
rect asymptotic distribution under both the null and alternative hypotheses. While the
theoretical exposition assumes stationarity, ergodicity and finite fourth order moments
of the return vector, our simulations imply that only a finite mean of the return process
(in addition to finite fourth order moments for the residuals) are necessary for bootstrap
consistency. Furthermore, our simulations indicate that the fixed-design bootstrap has
excellent nominal coverage compared with both the recursive bootstrap and the asymp-
totic test statistic in small samples. As expected from the asymptotic theory, all three

statistics perform comparably for larger sample sizes.

The remainder of the paper is as follows. Section [2| introduces the A-GARCH, stochastic
properties and estimation by QMLE. Section |3| present the fixed-design bootstrap, imple-
mentation and theoretical results, and Section {4 contain Monte Carlo simulations, while
Section [b] considers a small empirical application. Finally, Section [6] concludes. All proofs

can be found in Appendix [A]

1.1 NOTATION

We denote by R,R,, R, the real, positive real and strictly positive real numbers re-
spectively. The absolute value of a € R is denoted |a|. For p,n € N, I, denotes the
(p % p) identity matrix and 0,x, denotes a n x p matrix of zeros. The trace of a square
matrix is denoted tr(A), and the determinant det(A). For a p—dimensional vector x,
diag(z) = diag((z;)Y_,) is a diagonal matrix with = on the diagonal. Denote by p(A) the
spectral radius of any square matrix A, i.e., p(A) = max{|\;| : \; is an eigenvalue of A}.

We use || - || as a matrix norm. Elements of matrices or vectors are denoted by lower case
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letters, e.g., a;; is the (7, j)'th element of the matrix A. In the context of the Hadamard
product, we let X®? = X ® X for the vector X. Let P* and E* denote probability and ex-
pectation conditional on the original sample. Furthermore, gp denotes weak convergence
in probability, i.e., X7, w—;p X means that, as the sample size T' diverges, the cumulative
distribution function G of X7 conditional on the original data, converges in probability
to the cumulative distribution function G of X at all continuity points of G. Moreover,
for some sequence X7 computed from the bootstrap data, X7. p—*>p X or X7 — X = o05(1),
mean that for any ¢ > 0, P*(||X% — X|| > ¢) & 0 for T — oco. Similarly, X = O,(1) in
probability, means that, for any € > 0, there exists some constant M > 0 such that, for
large T', P(P*(||X}|| > M) < ¢) is arbitrarily close to one.

2 THE A-GARCH MODEL | PROPERTIES AND

ESTIMATION

We now present the A-GARCH model. Let X; be a p x 1 vector of asset returns,

X, =VAZ, (2.1)
Ay = diag((Ai4)i-1), (2.2)
)\t == (Al,t; ey Apﬂf), - W + AY;?% + B)\t—la (23)
for t = 1,...,7. The innovations, Z;, are i.i.d.(0,1,) and 6 is a vector of parameters

(to be specified). Here, V is an orthonormal matrix, VV' = V'V = [, and we let
Y; = V' X, denote the orthogonalized returns which have conditional covariance A;. Let
W be a p x 1 vector of strictly positive elements, w; > 0 for ¢ = 1,...,p, and let A
and B be p x p with non-negative entries, «;;, 3;; > 0 for 4,7 = 1,...,p. Furthermore,
the (constant conditional) eigenvectors V' are parametrized by the p(p —1)/2 dimensional
vector ¢ = 12, ..., dp-1)p| - Specifically, we parameterize V' as a series of Givens rotation
matrices (see also Pinheiro and Bates (1996) and Hetland, Pedersen, and Rahbek, 2020)

v=ve) =[[ I RG.j:0) (2.0

i=1 j=i+1

where R(i,7; ¢) is a (p X p) matrix with elements

(R (2,55 )i = [0, 3 9)5 = cos(ij), [R (2,55 0)lig = =R, 7; 9)]ji = sin(¢y;).

Before we discuss estimation of the A-GARCH, we briefly state a condition for strict
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stationarity and ergodicity of the process in (2.1)-(2.3]).

Remark 2.1 (Stationarity and ergodicity). As detailed in Theorem 3.1 of Hetland, Ped-
ersen, and Rahbek (2020), the \-GARCH is strictly stationary and ergodic if and only if
the top Lyapunov exponent, v, defined as

T
y=lim T7'F <log 1T A diag((z7)7-,) + BH) , (2.5)
t=1
1s strictly negative, v < 0.

In the following, we consider QMLE based on the Gaussian probability density func-

tion, which has log-likelihood, up to a constant,

Le(8) = 7 S 1(6), (2.6
1(6) = log(det(A,(9))) + Y/ (0)A; (0)Y;(6). 2.7

The parameters of the model are given by 6 = [W’' vec(A),vec(B)', ¢'|' which has di-
mension dg = p + 2p* + p(p — 1)/2. Note that Ay and Yy(0) = V'(6) X, are fixed in the
statistical analysis.

The QMLE, 67, is defined as,

Or = arg min Lr(6), (2.8)
where © is the parameter space,
@:@WX@AX@BX@¢, (29)

with O C RZ, 04 CRY 05 C R and ©, C RPP-D/2,
To investigate the stochastic properties of the QMLE we make the following assump-
tion on the parameter space © in (2.9).

Assumption 2.1. The true value of the parameter vector 6y = [Wy, vec(Ap)’, vec(By)', ¢p)
belongs to ©. Moreover, assume that Oy = [wr,wy|P for some 0 < wp < wy < o0,
4 = [0,ay]”’ for some ay < oo and Op € R]f such that sup,..geo, P(B) < 1, and
Q4 = [0, ¢/2JPP~ /2,

In particular, Assumption [2.1implies that © is compact, and ensures that the rotation
parameters in ¢ are identified. We also make the following assumption about the data-

generating process, {X; }iez.

Assumption 2.2. The process defined in (2.1)-(2.3)) is strictly stationary and ergodic
with E||X||® < oo for some s > 0.
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Next, we state an assumption ensuring that the log-likelihood function is well-defined

for 6 € O, along with a low-level identifying assumption.

Assumption 2.3. The i.i.d. innovations, Z;, has finite second order moments, E||Z;||? <

00.
Assumption 2.4. The (p x p?) parameter matriz [Ag, Bo| has full rank p.

We now have the following result on consistency for the QMLE from Hetland, Peder-
sen, and Rahbek (2020) (Theorem 3.2).

Theorem 2.1 (Consistency of QMLE). Suppose that Assumptions hold, then for
T — oo, the QMLE in (2.8)) is strongly consistent,

07 “5 0.

In order to show that the estimator is asymptotically normal, we make the following

additional assumptions.

Assumption 2.5. 6, is an interior point of ©, and the matriz Ay has a row with a unique

entry.

Assumption 2.6. The data-generating process satisfies E||Z;||* < oo and E||X4||*** < oo
for s > 0.

The moment requirements in Assumption [2.6| are sufficient conditions to ensure that
the derivatives of the log-likelihood function in — are well-behaved in the limit.

We are now ready to state the following theorem from Hetland, Pedersen, and Rahbek
(2020) (Theorem 3.3) which establishes asymptotic normality of the QMLE.

Theorem 2.2 (Asymptotic normality of QMLE). Suppose that Assumptions hold.
Then, for T — oo, the QMLE in (2.8)) is asymptotically normal,

VT (07 — 6,) 3 N(0,%),

=
o)
=
&
—~
5
N

0006’

, T _ [0
with ¥ = J-'WVJ~', where J = E [— (6) Ol

9:00} andV = F [azt(e

Proofs of Theorem [2.1] and Theorem [2.2] are given in Hetland, Pedersen, and Rahbek
(2020). Some additional comments on the assumptions. Assumptions ensure that
the A-GARCH are uniquely identified, and that the QML estimator is well-defined and
attains a unique minimum. The restrictions on ©4, namely that all rotation parameters
are restricted to the interval [0, 7/2] ensure that the eigenvalues cannot permute and has

a fixed order. Assumption on strict stationarity and ergodicity is needed to invoke a
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law of large numbers for the estimator. Finally, Assumptions [2.5H2.6| are needed to ensure
that jT is invertible and VT is finite for T — oo.

In practice, we use the sample counterparts of J and V,

S 0%1,(9) Oy — 715 20 210 (210

and note that f)T = jT’l‘A/TjT’I = )

Remark 2.2 (Moment requirement for QML estimation). A simulation study in Het-
land, Pedersen, and Rahbek (2020) indicates that the moment condition for X, outlined
in Assumption above, may not be necessary, and that stationarity and ergodicity of

the process in (2.1)-([2.3), in addition to E||Z||* < oo, is sufficient and necessary for
asymptotic normality of the QML estimator.

In the following, we are interested in testing a hypothesis of the form,
Hy:RO=r (2.11)

where R is k x dy of full rank, r is k x 1, and dy > k > 1, and k denotes the number of
restrictions. Both R and r are known.
The hypothesis given in (2.11)) can be tested using a standard Wald test, based on the

statistic,
Wr = T(ROr — ) (REpR) ™ (Rbp — 1), (2.12)
where 27 are defined in Theorem . Under Hy, Theorem implies that,
Wr 3 (k) (2.13)

where x?(k) denotes a chi-squared distribution with k degrees of freedom.

Alternatives to the Wald test statistic include the likelihood ratio (LR) and the La-
grange multiplier (LM) test statistics both of which are also based on the log-likelihood
function. However, additional considerations are needed for the probability analysis of
the LR and LM test statistics. In particular, both require the analysis of the estimator
under the null hypothesis, complicating the theoretical exposition. In contrast, the Wald
statistic only requires the analysis of the alternative (unrestricted) estimator. We conjec-
ture, however, that the theory presented in this paper can, with relative ease, be extended
to also cover the LR and LM statistics, by employing e.g., the exposition in Cavaliere,
Nielsen, and Rahbek (2017) or Cavaliere et al. (2020). Recall that the Wald, LR and LM
statistics are asymptotically equivalent, and the choice of test statistic therefore does not

matter for 7" — 0.
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Notice, that the theory presented here is not valid for testing hypotheses on the bound-
ary of the parameter space, examples of which include testing for no-ARCH (A4g = By = 0)
or no eigenvalue spillovers (4y = diag(ao;), By = diag(b;)) for i = 1,...,p). Bootstrap-
based testing for no-ARCH in a univariate setup is covered in Cavaliere, Nielsen, and Rah-
bek (2017) and Cavaliere et al. (2020)), while Pedersen (2017)) considers (non-bootstrap)
testing for no volatility spill-overs in the extended CCC-GARCH. Extending our theory to
allow for parameters on the boundary considerably complicates the exposition, and is left
for future work. We can, however, test if the eigenvalues are integrated (p(Ao+ By) = 1),

which is highly useful when forecasting the conditional covariance matrix.

3 THE FIXED-DESIGN BOOTSTRAP

We now introduce the fixed-design bootstrap algorithm for the multivariate A-GARCH,
motivated by Cavaliere, Pedersen, and Rahbek (2018). The key feature of the fixed-design
bootstrap is that the conditional eigenvalues, \;, are kept fixed, and are not random,
conditional on the original data. Therefore, the re-sampled residuals serve as the only
source of variation in the fixed-design bootstrap. This is in contrast to the recursive
bootstrap, in which both the eigenvalues and innovations are generated recursively by
drawing from the standardized estimated residuals.

The estimated residuals are given by,

A

Zy = N P00V (07) X, (3.1)

and can be obtained after computing the QMLE in (2.8)). Similar to Francq and Zakoian
(2016), and analogously to the literature on univariate bootstrap inference in GARCH
models (see e.g., Cavaliere, Nielsen, and Rahbek, 2017, Cavaliere, Pedersen, and Rahbek,

2018, or Cavaliere et al., 2020), we standardize the residuals as,
Z; =02, - 2), (3.2)

where Z = LS°0  Z, and Q= 230 (20— 2) (2, — Z).

Algorithm 1 (Fixed-design bootstrap). The fized-design bootstrap can be outlined as

follows:

1. Generate the bootstrap series {X;}L | as X} = XA//A\;/QZE, where Z} are drawn inde-

pendently with replacement from the standardized residuals, {Z:YT_, in (3.2).

2. Compute the bootstrap QQMLE,

07 = arg min L%.(0), (3.3)
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with

- % Y log(det(Ay(0))) + XV (O)A(O)V ()X (3.4)

3. Compute the bootstrap Wald test statistic, defined as,

Wiy, = T(67 — 0r)' R (RETR) ™ R(07 — br), (3.5)
where,
- 1y 2 A 021 ( (9* L ( 9* 8[* 9*)
* _ px—1ysx px—1 *
i o= g Z T =T Z .

4. Repeat steps 1.-3. b = 1,...,B times. The p% critical value can then be com-

puted as the (1 — p)%’th quantile of the empirical cumulative distribution function
of {WY*“,I;}I;B:P

Notice that the bootstrap log-likelihood function in differs from the log-likelihood
function in (2.6)-(2.7) since A;(6) is a function of X; and not X;. The bootstrap p-
value, defined as p* = 1 — P*(Wy, < z) (where P*(W7, < ) is the cumulative dis-
tribution function of W7, conditional on the original data), can be approximated as
Py = %25:1 I{W;, > Wr}, noting that pj =% p* for B — oo, see also Cavaliere,
Pedersen, and Rahbek (2018]).

We now present a theorem on consistency of the bootstrap, which verifies that Al-
gorithm (1| correctly mimics the (first order) asymptotic distribution of the fixed-design
Wald test statistic under both the null and alternative.

Theorem 3.1 (Bootstrap consistency). Suppose that Assumptions are satisfied,
and in addition E||X;||* < oco. Then, under the null hypothesis, Hy: RO =r, asT — oo,
Wi w—;p x2(k). Moreover, under the alternative, Ha : RO # r, W2 w—;p x2(k). That is,
Wi = O,(1), and the bootstrap Wald test is consistent.

The proof of bootstrap consistency of the Wald test follows that of Cavaliere, Pedersen,
and Rahbek (2018), and can be outlined as follows. First, we show that the bootstrap
estimator, é} is consistent for 6y, conditional on the original data. Then, we show that the
bootstrap estimator, for T — 0o, converges weakly in probability, that is /7T (é} —éT) 51,
N(0,Y). Finally, we show that the bootstrap estimator of 3, f)}, is consistent under the
null and alternative hypotheses.

Throughout, we use Lemma [A.8 which verifies that a law of large numbers holds for
the standardized residuals, such that 7-' )| E* [2¢,)F 2 Blzi,)f for k=1,...,4. Note

also that in several lemmata, we invoke the bootstrap version of Markov’s inequality,
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P*(||X*]]? > ¢) < E*[||X/||*]/&?, for e > 0, X* € R. This can potentially be relaxed
by verifying the validity of a bootstrap law of large numbers using the (bootstrap) char-
acteristic function as done in Cavaliere, Nielsen, and Rahbek (2017) (proof of Lemma
B.3), which may lead to lesser moment requirements. We investigate this numerically
in Section {4, where we find that X; (and by extension X;) need only have a finite first
moment along with finite fourth moments of the innovations, Z;, for the bootstrap Wald
test to be consistent.

Before moving on to the numerical exercises, we present the recursive bootstrap. In the
simulations below, we contrast the empirical performance of the fixed-design bootstrap

to that of the recursive bootstrap, and to the asymptotic test statistic.
Algorithm 2 (Recursive bootstrap). The recursive bootstrap can be outlined as follows:

1. Generate the bootstrap series { X} }L | as X} = XA/./A\;/QZ;‘, where Z} are drawn inde-
pendently with replacement from the standardized residuals, {Z:YT_, in (3.2).

2. Estimate the parameters in 0 using the bootstrap QMLE,

0% = arg reneiél L%.(0), (3.6)
with
L}(0) = %Z log(det(A}())) + X;V(O)AT 1 (0)V(0) X (3.7)

t=1

3. Compute the bootstrap Wald test as,

Wiy, = T(05 — 07) R'(RER)) T R(0% — 0r), (3.8)
where,
. e G d21x(0%) AL (6%) Olx (6%
* _ pR—1yrx 7x—1 t\VT
M= Jr Vedr =1 Z 0000 =1 Z 00 00

4. Repeat steps 1.-3. b=1,..., B times. The p% critical value can then be computed as
the 1—p% ’th quantile of the empirical cumulative distribution function of{Wib}f:l.

As already emphasized, the main difference between fixed-design bootstrap in Al-
gorithm [I] and the recursive bootstrap in Algorithm [2, is that the recursive bootstrap
has an additional source of variation stemming from the recursively updated eigenval-
ues in addition to the re-sampled innovations. That is, A\f(#) is a (recursive) function of

past bootstrap innovations through X} ;. It is important to note that the asymptotic
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properties of the recursive bootstrap in Algorithm [2] have not yet been established for
multivariate GARCH models.

4 MONTE CARLO STUDY

In this section we investigate the finite sample performance of the fixed-design Wald test
statistic, which we compare to the recursive bootstrap Wald test statistic outlined in
Algorithm [2] and the asymptotic test statistic in (2.13). We compare the empirical size
and power of the test, i.e., the empirical rejection probabilities (ERPs) when the null
hypothesis is respectively true and false.

We consider four different data-generating processes for the bivariate A-GARCH model.
Each of the four data-generating processes relax the assumptions needed to verify the con-
sistency of the bootstrap. We find that while finite fourth order moments of the return
process are sufficient (by Theorem , they do not seem necessary for consistency of
the fixed-design Wald test. Rather, we conjecture that finite first order moments along
with finite forth order moments of the innovations are sufficient for consistency of the
fixed-design bootstrap Wald test. Furthermore, we find that the same result hold for the
recursive bootstrap outlined in Algorithm 2]

For simplicity, we consider a restricted version of the model, which does not allow for
spill-overs between the conditional eigenvalues. That is, Ag and By are diagonal. The

data-generating process is,

cos(0.50)  sin(0.50)
—sin(0.50) cos(0.50)

A o A0,1,15 . 0.10 + ap1 y(%,l’t,l + 0.80 )\071’15_1 (4 2)
0,t — — . .
Ao 0.05 4 0.10 425, + 0.85 Mooy 1

X, = VoA 2o, Vo= ( ) , Aoy = diag(Aos), (4.1)

The parameter vector of the data-generating process is 6y = [0.50, 0.10, 0.05, ag 1, 0.10, 0.80,
with ¢ = 1,...,T. The innovations, Z;, are drawn 2:d from either a standard bivariate
normal distribution or a standardized bivariate Student’s ¢ distribution. We vary the value
of ap; throughout the experiments such that the process has finite fourth, second, and
first order moments, while the remaining parameters are kept fixed in the data-generating
process. We use Theorem 3.1 of Hetland, Pedersen, and Rahbek (2020) to ensure that
E||Xi||* < oo for k € (1,2,4).

We consider four different scenarios,
Cy: with ag; = 0.15 and Z; itd N(0, I3) such that E||X;||* < oo.

Cy: with ag; = 0.18 and Z; itd N (0, I3) such that E||X¢||* < oo and E||X;||* = cc.

0.85),
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Cs: with ag; = 0.20 and Z; #id N(0,Iy) such that E||X;|| < oo, E||X;|]* = oo and
Bl X||* = o0.

Cy: with ag; = 0.20 and Z; 4id t,(0, Iy) with v = 4.7 such that E||Xy|| < oo, E||X||* =
oo and E||X;||* = co. Furthermore, E||Z;||* < oo while E||Z;||® = .

That is, in the first scenario, the data-generating process satisfies the sufficient and
necessary conditions outlined in Theorem for consistency of the bootstrap Wald test.
In the remaining cases, we examine the performance of the bootstrap when the sufficient
condition, E||X;||* < oo, is violated. In Cy we consider the performance of the bootstrap
when Z; is drawn from a standardized ¢, distribution with v = 4.7 degrees of freedom,
satisfying the necessary condition of E||Z||* < co from Assumption [2.6]

Throughout, we use N = 1000 Monte Carlo replications and B = 399 bootstrap
repetitions to approximate the distribution of the Wald statistics. We consider samples
sizes of T' € (250, 500, 1000, 2000). All tests are at the nominal 10% significance level.

TABLE 4.1: Empirical rejection probabilities, power and size studies.

Size Power
Fixed Recursive Asymptotic Fixed Recursive Asymptotic
T Cy: E||Xi||* < oo, Zy ~ N(0,1,)
250 0.115 0.165 0.128 0.117 0.167 0.131
500 0.088 0.085 0.091 0.233 0.230 0.245
1000 0.087 0.078 0.078 0.525 0.522 0.517
2000 0.093 0.085 0.079 0.805 0.809 0.793
Co: B||X:|]? < 0o, E||X;||* = 00, Z; ~ N(0,1I,)
250 0.105 0.143 0.128 0.205 0.253 0.239
500 0.092 0.087 0.094 0.542 0.521 0.549
1000 0.094 0.087 0.083 0.850 0.848 0.851
2000 0.095 0.099 0.092 0.992 0.989 0.990
Cs: B||Xy|| < o0, E||X¢||* = o0, E||X¢||* = o0, Z; ~ N(0, L)

250 0.103 0.149 0.125 0.289 0.345 0.345
500 0.099 0.091 0.104 0.727 0.691 0.736
1000 0.093 0.093 0.090 0.957 0.960 0.955
2000 0.095 0.095 0.089 1.000 1.000 1.000

Cy: B||Xi]]| < o0, E||Xi||? = o0, E||Xi||* = o0, Z; ~ ,(0,1,), v =4.7
250 0.128 0.190 0.174 0.108 0.185 0.171
500 0.138 0.134 0.165 0.254 0.265 0.357
1000 0.097 0.098 0.108 0.873 0.872 0.897
2000 0.115 0.112 0.127 0.618 0.621 0.690

“Fixed” refers to the fixed-design bootstrap, “recursive” to the recursive bootstrap and “asymptotic” to
the asymptotic test. All tests are at the nominal 10% significance level.

The first three columns of Table |4.1| contain the ERPs under the null hypothesis. Here,

we test if the parameter a; is equal to the true parameter, ag, in all four scenarios, Cj,
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1 =1,...,4. We find that the fixed-design bootstrap overall has a good coverage compared
to the recursive bootstrap and the asymptotic test statistic, and indeed works very well
for the short samples. Especially so when compared with the recursive bootstrap, which
has remarkably bad coverage for T = 250 (even worse than the asymptotic test). As
already noted, the moment requirement outlined in Theorem appears to be sufficient,
but not necessary for consistency of the bootstrap. Rather both the recursive and fixed-
design bootstrap appear to be consistent for case C; where only the mean of the process
is finite, F||X;|| < oo. Remarkably, the fixed-design bootstrap is by far preferred to
the other tests in the scenario Cy (with heavy-tailed innovations). We argue that this
scenario is the most realistic, as the innovations from multivariate GARCH models based
on financial time series are often heavy-tailed (see e.g., Bauwens, Laurent, and Rombouts,
2006, Section 3).

Columns 4-6 of Table[d.T contain the ERPs under the alternative. In these simulations,
the null hypothesis is kept fixed through the different scenarios, C;, i = 1,...,4, and
the tested hypothesis is Hy : a; = 0.10 (# ao1). As expected, the empirical power
is monotonically increasing increasing as the true ao; get further away from the null
hypothesis. The power of the tests is also increasing in 7. We note that there are no
substantial difference in power across the different tests.

Summing up, we find that the fixed-design bootstrap outperforms the recursive boot-
strap and the asymptotic test for the samples of T' = 250, while the fixed-design bootstrap,
the recursive bootstrap and the asymptotic test statistic perform equally well for larger
samples, T' € (500, 1000, 2000). In terms of power, all three tests perform similarly

across all simulations.

5  EMPIRICAL ILLUSTRATION

We now consider a brief empirical illustration, based on data for Coca Cola and Pepsi
(tickers “KO” and “PEP”). We consider a three-year period, from December 31st 2007
to December 31st 2010 (7" = 757), covering the height of the financial crisis.

The log-returns are shown in Figure [5.1 There are no signs of autocorrelation in the
returns, while the absolute values (not shown) of the returns are highly autocorrelated.
Furthermore, the unconditional marginal densities are heavy tailed and the two time series
are characterized by volatility clustering.

We are interested in testing the hypothesis that the conditional eigenvalues of the time
series are integrated, p(Ap+By) = 1, which has implications for forecasting the conditional
covariance matrix. For simplicity, we consider a diagonal version of the model, in which
A = diag(ay, as) and B = diag(by, by).

The estimated parameters from the A-GARCH are contained in Table 5.1 We find

that the process is asymptotically stationary and ergodic (albeit not significantly so,
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FI1GURE 5.1: Log-returns of Coca Cola and Pepsi
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TABLE 5.1: Estimated parameters - A-GARCH.

W diag(A)  diag(B) ¢ 1%
0.072 0.107 0.814 0.662 0.749
(0.044) (0.051) (0.087) 00-532177 (0.035)  (0.031)
0.186 0.166 0.796 "7 _0.749 0.662
(0.087) (0.041) (0.049) (0.031)  (0.035)
Lr(0r) —1,698.43 5 0101

(0.068)

Standard errors are given in parenthesis below the point estimates.

possibly due to the small sample size) based on the point estimate of the top Lyapunov
exponentﬂ The estimated conditional eigenvalues are given in Figure . We find that
the second eigenvalue, j\g,t, explains on average 90% of the variation in the data. From
the estimates of V we find that the first rotated return, ¢;; = V{Xh corresponds to a
long-short portfolio, while the second, @2 = 172’Xt, is a long-only portfolio. The estimated
residuals are given in Figure[5.3] along with histograms of the standardized residuals. We
find that while the residuals are characterized by a heavy-tailed density, they do not seem
to be autocorrelated in the absolute value, indicating a decent fit of the A-GARCH model.

We are interested in testing the hypothesis that the eigenvalues are (jointly) integrated,
that is,

Hoial—f-bl:l V CLQ—I—bQ:l,

a hypothesis with & = 2 restrictions. The Wald test statistic is Wy = 4.62, with a

bootstrap p-value of p* = 0.096. Hence, we cannot reject that the eigenvalues are indeed

'In practice, direct computation of v in (2.5) is numerically unstable, because the matrix product
converges to zero exponentially fast, and we therefore employ the QR method outlined in Dieci and Van
Vleck (1995) to compute the top Lyapunov exponent. See also Nielsen and Rahbek (2014).
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FIGURE 5.2: Estimated eigenvalues
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Note: The thick line in the histograms is a standard Gaussian reference.
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integrated. When testing the auxiliary hypotheses that a; +b; = 1 for i = 1,2 we also fail
to reject the null that \;; for i = 1,2 are integrated (bootstrap p-values of p* = 0.16 and
p* = 0.11 respectively).

6 EXTENSIONS AND CONCLUDING REMARKS

We extend the univariate fixed-design (or fixed volatility) bootstrap of Cavaliere, Peder-
sen, and Rahbek (2018)) of ARCH(q)-type models to the multivariate A-GARCH model of
Hetland, Pedersen, and Rahbek (2020). We consider the fixed-design bootstrap for mul-
tivariate GARCH processes in the context of full quasi-maximum likelihood estimation,
and we explore the theoretical and numerical properties this bootstrap. We show, under
mild assumptions, that the bootstrap Wald test statistic is consistent, conditional on the
original data. We contrast the theoretically investigated fixed-design bootstrap to that
of a recursive bootstrap, and the asymptotic test statistic, and find that the fixed-design
bootstrap provides excellent coverage. This is especially true for the smallest sample
size of T' = 250, where the fixed-design bootstrap dominates the recursive bootstrap and
asymptotic test statistic. In sample sizes of T' € (500, 1000, 2000) all three test statistics
perform roughly equivalent and have a correct nominal size, and comparable power, as
expected from the asymptotic theory.

We note that while the fixed-design bootstrap delivers promising results in this expo-
sition, the theory presented in this paper only holds for hypotheses in the interior of the
parameter space. That is, an interesting extension would be to extend the work of Cav-
aliere, Nielsen, and Rahbek (2017) and Cavaliere et al. (2020) to a multivariate setting.
This would allow us test hypotheses on the boundary of the parameter space, such as a
test for no-ARCH effects, or no eigenvalue spillovers. Another interesting extension would
be to examine if the moment requirement can be relaxed in the theoretical exposition. We
find that while finite fourth order moments of the return process is a sufficient condition
for bootstrap consistency, it does not appear to be necessary based on our Monte Carlo

simulations. Both of these extensions are left for future work.

APPENDIX

A TECHNICAL APPENDIX

The technical exposition builds on Cavaliere, Pedersen, and Rahbek (2018), who demon-
strate bootstrap consistency of the Wald test statistic for the univariate ARCH(q) model.
We extend their results to the multivariate A-GARCH, and most of our lemmata are

the multivariate analogous to theirs. Furthermore, the “classical” asymptotic theory pre-
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sented in Theorem are proved in Hetland, Pedersen, and Rahbek (2020).

The appendix is organized as follows, Section contains the proof for Theorem [3.1]
Sections and contains lemmata required to verify consistency (conditional on the
original sample) and weak convergence in probability of the bootstrap QML estimator
respectively. Section [A.4] verifies that the bootstrap Wald test is consistent conditionally
on the original data, and finally Section[A.5|contain lemmata for the (bootstrap) residuals.

Let the letters K and ¢ denote generic constants, whose value can vary along the text,
but always satisfy K > 0 and 0 < ¢ < 1. Furthermore, we let Ly(6) and I,(#) denote the
stationary and ergodic version of the log-likelihood function and -contribution, which are
initiated in the infinite past. This is in contrast to Ly () and [,(9), given in (2.6)-(2.7),

which are initiated in a fixed initial value Xy and Ag. Hence,

T
1 -
t=1
1,(0) = log det(A,(0)) + X[V (0)A;1(0)V'(0) X4, (A.2)
where A4(6) (and 5\”(9) , = 1,...,p) is defined analogously. With 1~\zt(9) = 8/;};9(1_9),
/~\w7t(9) = 889/\ ggf ,and A, kt(0) = 8gjé\(9tj(g(3k’ we apply the following bounds from Hetland,
Pedersen, and Rahbek (2020)) (Lemma A.7).
E | sup ||/~\t(9)1/~\i,t(9)\|’"] < 00, (A.3)
L 0€int®
B | s [1(0) A0 < o0 (A4
L 0€int®
£ | sup 180) Ko@) ] (A5
L 0€int®

for r > 0, and for 6 € intO,

S\i,t(g) w; + 22:1 az‘kyi,H(@ + 22:1 bik;‘k,t—l(e)
Nia(0) w2 ajkyl%t 1 (0) + > 2%y ik Aki—1(0)

wz Z‘“’“+Z—<K (A.6)

ajk

| /\

for i,j,k =1,...,dp. (A.3)-(A.6) holds under Assumptions
Since A;(6) and At(ﬁ) are defined for the same strictly stationary and ergodic sequence,

{Xt}tGNJ it hOldS,

sup [|A,(6) — Ay (8)[ = sup || B (Ao(8) — Ao)l| < ¢'K = 0, (A7)
0cO 0cO

since supgee |p(B)] < 1 is necessary for Assumption (Francq and Zakotan, 2019,
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Corollary 10.1), see also Hetland, Pedersen, and Rahbek (2020) (proof of Theorem 3.2).

Similar results also hold for the first and second derivatives of the eigenvalues,

kS . OBt - 3 .
sup HAz,t(Q) — Az,t(Q)H S sup 80 ()\0(6) — )\0) + sup Bt(/\071(9> — /\072')
0cO 0cO i 0cO
<¢'K 5o, (A.8)
. . 62Bt ~ 82 <5\0(9) - )\0)
N (0) — AN (0)]] < Ao(0) — A B!
sup |Aisa(0) = RsolO)l] < sup | 5o (Ra(6) = do) | sup | B'—-mp—2 4
8Bt (9 <:\0(0) - /\0) aBt 8 (:\0(0) - )\0)
o6, o0, A S ST T
<¢'K 5o, (A.9)

see e.g., Hetland (2020) (proof of Lemma B.10) and Francq and Zakoian (2012) (pp.204-
206).

A.1 PROOF OF THEOREM [3.1]

Proof. The starting point of the proof is a Taylor expansion around 6, for which we need
Theorems 2.1 along with lemma [A.T]

o, _ OLi(Or)  0*Li(0r)
dox1 o0 0000’

(05— 0r) + M2 (65.,00), (A.10)

where Mr(+) is a remainder term and dy is the size of the parameter vector, dy = p(p —

1)/2 + p+2p?. By Lemmata[A.3] Theorems [2.112.2 and the bootstrap version

of Slutsky’s lemma, it holds under the null (and alternative) that,

~ —1 ~
A AN Ly (0r) OL7(0r) w
VT (05 —07) = VT ( 000 S e N(0.D). (A11)

with ¥ = J'VJ~! where J and V defined in (A:24) in the proof of Lemma [A.7 The
bootstrap Wald test is,

Wi = T(5 — 67 R (RS5R)R(G5 — b7) 5, (k).

which is x?(k) distributed under both the null and the alternative by Lemma and the

bootstrap version of Slutsky’s lemma. ]
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A.2 (CONSISTENCY OF BOOTSTRAP ESTIMATOR

Lemma A.1. Under Assumptions @ the bootstrap QMLE in (2.8)) is consistent,

conditional on the original data. That is, for any e > 0,
P*(||65. — br]| > ) % 0.

Proof. We follow Cavaliere, Pedersen, and Rahbek (2018) (Lemma A.1) and Dovonon
and Gongalves (2017) (proof of Proposition 3.1), allowing for a slight modification to
account for the impact of fixed initial values. From Theorem we know that 6y =
arg mingeeo E[l;()] is unique, and recall that Ly(0) is defined in and Lp(6) in (AT).
For any & > 0, such that ||§ — || > ¢ there exists a § = d(¢) > 0 such that E[l,(0)] —
E[l,(6y)] > 6. Hence, with Ly (A7) < Ly(6) and Li(6%) < Lx(07), along with the union
bound,

P*(||03 — 0l| > €) < P*(E[l,(9)] — E[l(60)] + Lr(0r) — Lr(0r) + Lip(07) — Lip(05) > 6
< PY(E[l,(0)] — E[l,(6)] + Lr(6o) — Ly(07) + Li(07) — Li(0%) > 6)

<p (2 sup \E[1,0)] — Lr(6)] > 5/2) + P (2 sup | L (6) — L3(0)] > 5/2> .

S|

Notice here that P* <2 supgeo | E[l1(0)] — Lr(0)| > 5/2) is given when we condition on the

original sample, { X},

P (2 sup | E[(0)] — Le(6)] > 6/2) 1 {2333 (E[i,(6)] — Lo(9)] > 5/2} .

)
Hence, we need to verify the following two statements:
1. supgee |E[L:(0)] — Lr(6)] 5 0.
2. P*(supgee | Lr(0) — L3 (0)] > 6/2) 5 0.

Starting with 1., by the triangle inequality,

sup |E[l(6)) — Lr(9)] < sup |E[l:(6)) = Lr(0)] + sup |Lr(6) — Lz (6)],
where supyeg |E[l:(8)] — Lr(8)] % 0 holds trivially by an application of the uniform
law of large numbers for ergodic processes, using that © is compact and that E [l~t(«9)]
is continuous in #, along with the fact that if E||X;||**° < oo for § > 0, as assumed
in Assumption . Second, supgee |Lr(f) — Lr(A)| 2 0 is shown to hold by utilizing
(A.7) (see e.g., Hetland, Pedersen, and Rahbek, [2020, proof of Theorem 3.2, and Francq
and Zakoian, 2019, proof of Theorem 10.2). Finally, it is shown in Lemma that the

statement in 2. holds.
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Hence,
P*(|16% — 07]] > ) B 0.

[]

Lemma A.2. Suppose that Assumptions holds and in addition E||X:||* < oo,
then for e > 0,

p* <Sup |L5(0) — Lp(6)] > 5) 50
0cO

Proof. Notice that,

sup [ L (8) — Lr(0)] =sup
6cO 0cO

where we use that, E[supycg ||A;'(0)]]] < K by compactness of © and strict positivity
of W (see also Francq and Zakoian (2019)) proof of Theorem 10.8), and tr(Y;*(0)Y;”(0) —
Yi(0)Y/(0)) = 7, yi1(0) — y7.(6). By the bootstrap version of Markov’s inequality,

P* | sup | K
0O

ZZ?J yzt 0)| >

0cO

5>SK52 o sup( S3426) - oA >)

t=1 =1 t=1 =1
Ke?2E* s 1(§T f )+ y;i.(0)) + Lo (6) (A.12)
= = up | = = , .
T QESTHH‘”” Ui Tt

J/

A
where Cr(0) has T'(T — 1) terms, which contain all cross-products, all of the form,

v (0)y2,(0),  yi (0)yi(0), i (0)y0), yii(0)y(0),
yit—k(g)f (9)%2‘t a\Y) yi,t—k(e)yﬁ—q(g)7
) (

y,t q( )’ yzt k
Vie (007 40), Yit s Y (0)y5, - (0),

for i # j and k # ¢. All the terms in A are defined for the same \;_;(#) (a function
of Xy_1y) for 1 =0,...,t — 1, and constitute sample averages and autocovariance-type
functions. Under the assumption E||X;||* < oo, Lemma and the Cauchy-Schwarz
inequality, all terms of A have a finite probability limit, uniformly in 6 € ©.
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Hence,
1 p
P* | sup |K= 20)—y2,(0)] > | <
(s i3 3t - 200) <) <
1 1 & 1
Ke?—FE*|sup |~ (0) +y:,(0) + =Cr(0)]| = o0,(1), A13
T aeth:1;(yt() yii(0)) TT() p(1) (A.13)

see also Cavaliere, Pedersen, and Rahbek (2018) (proof of Lemma A.2) for a more rigorous
treatment of Cr(6).
O

A.3 ASYMPTOTIC NORMALITY OF BOOTSTRAP ESTIMATOR

Lemma A.3. Suppose Assumptions @ holds, and in addition E||X||* < oo, then

\/_aLaé >’“’*p N(0,V), (A.14)

where V =F [%%} s non-negative definite.

Proof. The #'th element of the score vector of the bootstrap log-likelihood contribution

is,

oLy ()
00,

= tr{A; () A (0) (L, — AT (O)Y7(0)Y;"(0))} + 2X7Si(0)V () A (0)Y/"(6)

= M;i(0) + Ni(0), (A.15)
where BY (9 =V'(0)5;(0)X; (Lemma A.2 of Hetland, Pedersen, and Rahbek, 2020) with
S;(0) skew-symmetric (S;(0) = —S;(0) and tr(S;(0)) = 0).

We show that the bootstrap score function converges weakly in probability by verifying

the following regularity conditions for the Lindeberg central limit theorem for triangular

t71:| =0

arrays,

1. With 7 = o(X],s=0,...,t), £ [—8@@(3”

« [oLx(07) ol (br)
2. TthlE [ B

Fa| Byv

3. For v € R% and any ¢ > 0, T-' Y, E*

2
0l (eT)> I P
INEXE) _> 0
( 20 ( U’idlta(gT) ‘>T1/2£) ’

where I(+) is the indicator function.
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Regarding 1., with E*[Z]] = 0 and E*[Z; Z}'] = I, (by LemmalA 8g]), it follows immediately
that

ol; (0r)
06,

E” Fia| =L" [tr{At_l(éT)At,i(éT)(fp—A YOr) A (07) Z 2 NP (0r))}

+ 2tr{Sy(07)V (00) A7 (B2)V' (Br) X7 X'

t— 1}:0

Next, turning to 2., we note that it suffices to show that 7°—* Zthl E* [( 0 >

_p
K < oo fori=1,...,dp. In light of (A.15), along with the Cauchy-Schwarz inequal-
ity, the variance of the score vector is finite if % Zt VB M (60)Y & K < oo and
LS EF[NL(6r)%) B K < .

Starting with L S E[MZ,(6r))],

* J—
t—1| —

1 o X
=SB M)
t=1

T

1 % I A A % r7x/

7 E E [trQ{Atl(eT)At,i(eT)( — Z; 27 HF 1} =
t=1
T p 32 (§ P \2

Iy et gy, S | B <o
= A(0r) k=1 A7 (6o)

by (A.3)), (A.7)-(A.8) and Lemma |A.8| along with the uniform law of large numbers for

stationary and ergodic sequences, along with the fact that by 2 0y and E [ ’;; (19(:; )} is

continuous at 6.
Turning to 7 Zthl E” [Nf,(éT)L

1 d * 2 /) £ 4 a
f tz:; E [Nt,i(eT) "T-;f—l} = f z;
E® [tr{vl<éT)Si(éT)V(éT)Azf_l(éT)Y;i*(éT)Y;i*/(éT)V/(éT)Si(éT)V(éT)At_l(éT)Y (07)Y,"(0r)}

<

T
K K * * N * N * N — *. 2 %k
Fio| = 7 B0, )Y, (Br)A7Y, (Br)| F]
t=1

T

1 * —1/) * (N *1 ()

= > KB [[IA7(6r)Y; ()Y, O
t=1

=Y KE (Zy;j%( )(Zy (6r) /22, ))

where we utilize that both supycg ||V (0)|] < K and supgeg ||Si(0)|] < K fori =1,...,dy,

Fials (A.16)
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as both matrices consist solely of trigonometrical functions. (A.16]) has terms of the form,

~

0 >k
ZE* *2 *2 ( ) p_)p E[Z?’tzit]E

1t ]t ]’t(QT)

Xi.t(60) e
Aje(0o) 7

by -, Lemma and the uniform law of large numbers for stationary and
ergodic sequences. The cross product, %ZL E* [Mt,i(éT)Nt,i(éT)’]i*,l} converges in
probability, conditional on the original sample, by the Cauchy-Schwarz inequality. The
matrix V' is non-negative definite by construction.

Turning to the Lindeberg condition in 3., we follow Francq, Horvath, and Zakoian
(2014) (proof of Theorem 4.1). That is, since the bootstrap sample, conditional on the

original data, is independent with finite fourth order moments, we have that,

Lo\ 2
E* <U’%) B K<oo for i=1,...,d.

Second, for T" — oo, the indicator function tends to zero,

i

Hence, each term of the Lindeberg condition tends to zero,

. 2
ol (0r)
E* 10 1
(U )
By Cesaros lemma, the average also tends to zero almost surely, and the Lindeberg con-

dition holds.

N

/i (0r)
00

(%

>€\/_>

0. (A.17)

al* (6

]

Lemma A.4. Under Assumptions [2.1H2.6 along with E||X,||* < oo, for e > 0, there

exists a 6 > 0 such that,
> 6) > 5) — 0.

p(p*<

Proof. By the triangle inequality,

0*Ly(6r) I 011(6o)
0000’ 0000’

0*Ly(br) a?zt 0o)
0006' D000’
0*Ly(br)  0*Ly(fr) N

9006’ 9006'

9Ly (0r) a?iT(éT)
0000 0000’

0006 0000

O L(br) [a?z;(eo)] H
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The first term tends to zero in probability by Lemma below. The second term
concerns the fixed initial values and tends to zero by —, see also Francq and
Zakoian (2012) (p. 204-206) and Hetland (2020)) (proof of Lemma B.10). The third term
tends to zero in probability by standard arguments (compact ©, the uniform law of large

numbers, continuity at 6y and consistency of éT) O]

Lemma A.5. Under Assumptions[2.1H2.6 along with E||X,||* < oo, for any e > 0 there

exists a 6 > 0 such that
> 5) > 5) — 0.

Proof. 1t suffices to show that the result holds element-wise, i.e.,
P <p* (

fori,j =1,...,dy. First, from Lemma A.4 of Hetland, Pedersen, and Rahbek (2020), the

(,t)’'th element of the Hessian matrix is (suppressing the dependency on 6),

0°Ly(0r)  0*Lr(0r)
9606" 600"

0*Ly(0r)  0*Lr(br)
80,00, 80,00,

> 6) > 5) — 0, (A.18)

0?Lr(0) _ l XT: —tr (AflA ATLA > T tr (Afll.& , > Ttr <A71/'\ A-TA -A*IYY’>
392'(993' T p— t I t Mg t A gty ety Lthy

—tr (A;lAtﬁi,jAglmgj + tr (A;lAt,iA;lAt,jA;%Yt’) — 2tr (S*;A;IAt’,-Ale;YO
+ 2tr ((Si,j + SiSj)leXtX;) + 2tr (V’ (SJ + S,Sj> VAt‘lYth’> — 2tr (SiA;IAt,jA;%Y;’)

+ 2tr (S;Agléjytyt’) ) : (A.19)

where S; is a skew-symmetric matrix, gz’ =V'S;V ==-V'SIV = —S; and S” = %.
J
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Hence,

0°Ly(0r)  9*Lr(0r)| _
90,00; 90,00,

£

/N

1 A7 Or) Aoy (Or)AT Or)Aes(Br) Ay (0r) (V) (Br)Y" (Br) — YiBr)Y] (6r)) )
= tr (ATHOr) e (Or) AT (Or) (%7 (0r) Y, () — Yi(0r)Y (Br)) )
o tr (A7 Or) Aea(Or) AT (Br) Aoy (Br)AT Or) (Y7 (Or)Y," (Or) = Y (0r)Y (Or) )
(BN (Or)Ani(Br) AT (Br) (Y7 (Br)Y; (Br) - Yi(Br)Y{ (0r)))
($1(0r) + Si(0r)8; ()07 (0r) (X7 X7 = X X))
V'(0r) (Si,j(éT) + Si(éT)Sj(éT)) V(0r) A (07) (Y] (0r) Y, (0r) — Yt(éT)Yt/(éT)))

Si(0r) A7 (Or) Ay (Or) Ay (Or)( t*(éT)Yt*'(éT)—Kf(éT)Yt'(éT)))

QD)

— 2tr
+ 2tr
+ 2tr

— 2tr

+ 2tr (A.20)

/‘\ /\/\/‘\/—\

S!(0r) A (07)S; (Or) (Y; (Or) Y, (0r) — Yt(éT)Yt/(éT))) ) :

Note that all terms of essentially are of the form Ktr(Y/* (7)Y (6r) — Yi(07)Y/(07)),

and recall that E[supgee ||A; 1(0)||] < K by compactness of © and strict positivity of W (see
also Francq and ZakoTan (2019)) proof of Theorem 10.8). Furthermore, supycg ||V (0)|| < K and
Supgee |15i(0)|] < K for i = 1,...,dy, as V and S; consist solely of trigonometrical functions.
This, in addition to —, allows us to evaluate up,

0*Ly(0r)  9*Lr(fr)
96,00, 96;00;

1 - A
K— Zzyz,t yzte)

t:1 i=1

<

(A.21)

Notice that (A.21)), is the same as (A.13) from the proof of Lemma which is shown to be

0,(1), conditional on the original sample, under the assumption E||X;||* < oo and using the

Cauchy-Schwarz inequality. This allows us to conclude that

T p
1 .
(‘K >yt 0r) — vl (br)| > 5) 20, (A.22)
t=1 i=1
and hence (A.18) holds for i,j =1,...,dy.
O

Lemma A.6. Suppose Assumptions[2.1H2.6 hold. Then,

9P L (0)
00,00,00,

sup
0O

< CF, where C = O, (1) in probability,

fori,j,k=1,...,dy.

Proof. The entire expression of the array of third order derivative is given in Hetland,
Pedersen, and Rahbek (2020) Lemma A.6, and all terms can be bounded stochastically.
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Specifically, all terms can be shown to be bounded by the same method as applied to the
terms #3 and #5 (pp. 38-39), which contain,

S

= AT OAk(O)AT O O OR OV OV Br)N () 23 2N BV (br)V (0)) =

t=1

vee(V/(0)V (0r))' (A" (67) 27 27 A (07) @ AT () Ark(9)AT (0) A5 ()AT (0)Av,i (6))vee(V' (B7)V (6)),

N[ =
MH

t

Il
-

where supgeg |[vec(V/(07)V(6))| < K, as it consists of rotations of trigonometric functions.
Next, A (07)2; 27 A (Or) @ A7 (0) Ak (0) A7 (B) Ay ;(0)A (8)Ars(8) consists of p X p

blocks, each of which are diagonal, with elements,

).\s,t,i (0>>\s,t,j (G)As,t,k (9)

1/2 o* 1/2
Nt (Or)z 2 M (Or) N0

for g,h,s = 1,...,p. Here supgeg | Ns.ri(0)Nsri(0)Aeri(6)/ X2 ,(8)] < K by for T —
o0, but such a property does not hold for )\g,/ (0r)z 251 2h A }l/f(QT)/)\st( 0) for g # h # s
without assuming E||X;||**, § > 0. This is because the numerator and denominator are
evaluated in 6 and 67 respectively. Hence, by Assumption

- Zsup N (Or) 22 zn N (Or) [ Asn(0)] B K < oo (A.23)
SS]

forg,h,s=1,... ,p. This can be applied to all terms of the array of third order derivatives,

7(0) *
W<C fore,7,k=1,...,dy. n

such that supycgq ‘

A.4 VALIDITY OF BOOTSTRAP WALD TEST

Lemma A.7. Suppose that Assumptions[2.1H2.6 along with E||X,||* < oo holds, then

~

AN )
Proof. Recall that ¥ = J~ 1V J~1 with

9%1,(6,)
0000

] and V =F

Al (0o) A1, (6,)
o0 00 ] (A.24)

with 1,(6) defined m (A.2)). Recall that, Jr = J and Vy % V by Theorem [2.2 . We
now show that JT Ly and VT — V. Notice that it is sufficient to show that for any
i,j=1,...,dg |Jz’j,T — Jij _>p 0 and |Vz‘j,T — Vil _>p



123

Hence, for any i,j = 1,...,dy,
. 2L (63) 8% L (0r) FLEO) || 15 5
Ty — J| = | = g < | —— L — — TV 16 — O] = o*(1
i3T 06,00, 7= 1"90,00, j| +sup aeiaejaeu 167 = Orl] = o5(1),
(A.25)
by Lemmata [A.1] [A.4] and [A.6]
Next, with Vi = T~V S0 (9 (A7) /96) (9l (67) /08") consider
Ve = VI < IV = VR + 1IVE = Vel + Ve = V]| (A.26)

In a fashion similar to the proof of Lemma [A.5] each term can be shown to converge
to zero in probability conditional on the original sample. That is, |[V; — V| p—*>p 0 by
E||X,||* < oo along with Lemma [A.1} |[V; — Vi|| £, 0 by Lemma |A 8/ and E||X?|| < oo.
Finally, ||Vz — V|| £ 0 by Theorem M (consistency). Hence, 3. p—*>p 3. O

A.5 LEMMATA FOR THE BOOTSTRAP RESIDUALS

Lemma A.8. Under Assumptions along with E||X;||* < oo,

E*(z;) 5 Elz), E'(Zz')5E22), E[5] BE[],

it
fori=1,...,p.

~ — ~ — / — ~
Proof. First, with Q, = %23:1 (Zt — Z) <Zt — Z) ,and Z = %Zle Zy,

Next, notice that the i'th standardized residual is,

p
2= 10535 — %),

J=1

where [/ ?],; is the (i,7)’th element of Q;'/?. The expectation, E* [2}], conditional on

the original data, is therefore

AP EES SEA Sy (Zm;%@,t - z») .

t=1 t=1

Jj=1
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Since Q. 5 I,,, it must also hold that Q22

except [z 12 |42+ — Zi)*, converge to zero in probability,

— I,. Hence, for T — oo all terms of E*[z;7],

B 12(2 A HETE Z)> + 0p(1)

T T
1 _ 1 _
Q24 ( E Ziy+ 2 +6 E 27 +4T E zi7tz§’+4? E zf’tzz> + 0,(1)
t=1 t=1

1
= [Qz_l/Q]?if Z Z;l,t + 0p(1) = E[th]
t=1

by repeated use of Lemma [A.9] along with E[Z] = 0 and E[Z,Z}] = I,,. O

Lemma A.9. Under Assumptions @ along with E||X||* < oo, for k =1,2,3,4, it
holds that

Proof. With z;; = z@t(GAT) = V;’(HAT)Xt/)\i,t(HAT), where V} is the 7'th column of V', we apply

the mean-value theorem around 6,

1 T R 1 T dy T
T Al =5 ) = Z
t=1 =1 " t=1

’“é

6, — 0.), (A.27)

where z;; = V/(00) Xt/ i +(6y) and 0 is on the line between 67 and 6, and

azf:t@):k( | av;(é)X_vx<é>xta&,t<é>/89j)k_l. (A25)

a0, Ne@) 00, T NL(0) Ni()

Notice here that by (A.§), along with E||X;||" < oo (for k = 1,2,3,4), implies that a

uniform law of large numbers hold,
] < Q.

T k
1 0z
T2
t=1
This, along with consistency of the estimator, ||67 — 6o|| = 0,(1), implies that the second
term of (A.27)) is 0,(1). Furthermore, %Zle zF, RS E|[zf,] by the law of large numbers

for 7id processes, under the assumption £ [zft] < oo implied by the moment assumption

32&(9)
00;

E |sup
9cO

sup
fcO
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for the vector of returns, E||X;||* < oco. Hence,

T

1 A 1

T Zzzk,t<9T) = T Zzzk,t + 0p(1) 5 E[szt]
t=1

t=1
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