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Abstract

It is well known that inference on the cointegrating relations in a vector autore-
gression (CVAR) is difficult in the presence of a near unit root. The test for a given
cointegration vector can have rejection probabilities under the null, which vary from
the nominal size to more than 90%. This paper formulates a CVAR model allowing
for many near unit roots and analyses the asymptotic properties of the Gaussian max-
imum likelihood estimator. Then a critical value adjustment suggested by McCloskey
for the test on the cointegrating relations is implemented, and it is found by simulation
that it eliminates size distortions and has reasonable power for moderate values of the
near unit root parameter. The findings are illustrated with an analysis of a number of
different bivariate DGPs.

Keywords: Long-run inference, test on cointegrating relations, likelihood inference,
vector autoregressive model, near unit roots, Bonferroni type adjusted quantiles.

JEL Classification: C32.

1 Introduction

Elliot (1998) and Cavanagh, Elliott and Stock (1995) investigated the test on a coefficient
of a cointegrating relation in the presence of a near unit root in a bivariate cointegrating
regression. They show convincingly that when inference on the coefficient is performed as if
the process has a unit root, then the size distortion is serious, see Figure 1 for a reproduction
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of their results. This paper analyses the p-dimensional cointegrated VAR model with r
cointegrating relations under local alternatives

Ayt = (aﬁl + T_lalcﬁi)yt—l + &ty t= 1a s 7Ta (]-)

where o, f are p X r and ¢ is i.i.d. N,(0,2). It is assumed that oy and f; are known
p X (p—r) matrices of rank p—r, and cis (p—r) X (p —r) and an unknown parameter, such
that the model allows for a whole matrix, ¢, of near unit roots. The matrix a3’ describes a
surface in the space of p x p matrices of dimension p? — (p — r)?. The properties of the test
() can be very bad, when the actual data generating process (DGP) is a slight perturbation
of the process generated by the model specified by af’. Thus, a model is formulated that
in some particular "directions", given by the matrix a;cf], has a small perturbation of the
order of T~! and (p — r)? extra parameters, ¢, that are used to describe the near unit roots.
A similar model could be suggested for near unit roots in the 7(2) model, see Di lorio, Fachin
and Lucchetti (2016), but this will not be attempted here.

The model defined by (1) contains as a special case the DGP analyzed by Elliot (1998).
The likelihood ratio test, ()g, for 8 equal to a given value, is derived assuming that ¢ = 0
and analyzed when in fact near unit roots are present.

The parameters «, 5, and {2 can be estimated consistently, but ¢ cannot, and this is what
causes the bad behaviour of Q3.

The matrix a8’ + T 1a;c83] has p* parameters, (a, 3, ¢) so that the Gaussian maximum
likelihood estimator in model (1) is least squares, and their limit distributions are found.
The main contribution, however, is a simulation study for the bivariate VAR with p = 2,
r = 1. It is shown that one of the methods introduced by McCloskey (2016, Theorem Bonf),
p. 17) for allowing the critical value for ()3 to depend on the estimator of ¢, gives a much
better solution to inference on (3, in the case of a near unit root. The results of McCloskey
(2016) also allow for multivariate parameters and for more complex adjustments, but in the
present paper we focus for the simulations on the case with p = 2 and » = 1, so there is only
one parameter in c.

The assumption that oy and 5, are known is satisfied under the null, in the DGP analyzed
by Elliot, see (25). This is of course convenient, because a1, 51 as free parameters, are not
estimable.

Let 0 denote the parameters «, § and Q. For a given n (here 5% or 10%), the quantile
cyo(c) is defined by P.g{¢ < ¢,¢(c)} = n. Simulations show that the quantile is increasing
in ¢, and solving the inequality for ¢, a 1 —n confidence interval, [0, c, 5(2)], is defined for
c. For given £ (here 90% or 95%) the quantile g¢g(c) is defined by P.o{@s < geo(c)} =&,
and McCloskey (2016) suggests replacing the critical value g¢ o(c), by the stochastic critical
value geo(c, 5(¢)). This method is explained and implemented by a simulation study, and it
is shown that it offers a solution to the problem of inference on  in the presence of a near
unit root.

2 The vector autoregressive model with near unit roots

The model is given by (1) and the following standard /(1) assumptions are made.

Assumption 1 [t is assumed that r < p, ¢ is (p — r) X (p — r), and that the equation

det(I,(1—2) —apf'z) =0
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has p — r roots equal to one, and the remaining roots are outside the unit circle, such that
leigen(I, + 'a)| < 1. Moreover Il = a8’ + T~ ayc] has rank p and

det(I,(1—2) —af'z — T 'aycBiz) =0

has all roots outside the unit circle.

In model (1) with cointegrating rank r and a; and ; known, the number of free parame-
ters in o and f3 is 2pr — 72 = p* — (p — r)%. Thus, allowing c to vary freely, there are (p —r)?
extra parameters, and the maximum likelihood estimators for IT = a3’ + T 'a;cf3] and Q
are found by regression of Ay, on 1;_1. The next theorem shows how the estimators for «, (3,
and ¢ are calculated from II.

For any p X m matrix of rank m < p, we use the notation a, to indicate a p x (p — m)
matrix of rank p — m, for which @/, a = 0, and the notation @ = a(a’'a) ™.

Theorem 1 In model (1) with oy and By known, the Gaussian mazximum likelihood estimator
of I1 = aff’ + T aycB] is the coefficient in a least squares regression of Ay, on y;_y. For j3
normalized on '3, = I, the maximum likelihood estimators are

a =118, (2)
B = (1) el T, (3)
¢=T(BI  ay) " (4)

For ¢ = 0, such that the rank of 11 is r, the test for a given value of 3 is

det(Sgo — So16(ﬁ/51_115)6,510)

Qs =Tlog T oo ;
det(Soo — So1 (B S17' )3 S10)

where the maximum likelihood estimatOfr’B 15 determined by reduced rank regression assuming
the rank is r.

2.1 Asymptotic distributions

The basic asymptotic result for the analysis of the estimators and the test statistic is that
o/, y; converges to an Ornstein-Uhlenbeck process. This technique was developed by Phillips
(1988), and Johansen (1996, Chapter 14) is used as a reference for details related to the
CVAR.

Under Assumption 1, the process given by (1) satisfies

T2 yira) = K(u),
where K is the Ornstein-Uhlenbeck process

K(u) = /0“ exp{a1¢f1C(u — s)}dW.(s),

C = B.(d/ B1)7 '/, and W, is Brownian motion generated by the cumulated &;.
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Theorem 2 The test Qp for a given value of 5, derived assuming ¢ = 0, see (5), satisfies

D
Qﬁ - X%p—r)r + B7 (6)

where the stochastic noncentrality parameter

1
B = tr{BiCcB B (ol 1) ( / KK’du) (Brow) L), )

is independent of the x? distribution and has expectation
1
E(B) = tr{p:d¢cB;C (/ (1 —v)exp(vrC)Q exp(vC"T')dv> C'}. (8)
0

Here ¢ = o/ a(a/Q ') ta/Q oy and 7 = aycfy, so it follows that E(B) = 0 if and only

2

(p—r)r- A
Let 8 be normalized as ', = I,.. The asymptotic distribution of the estimators, &, [3,

¢, see (2), (3) and (4), are given as

if 4Q o = 0, in which case Qg 2

TY2(G — @) 2Ny, (0,254 © Q), (9)
R b 1 -1
T8\ (B —B) =pLaL (/0 KK/dU) /0 K(dW.) ayy (/ay1) ™, (10)
1 1 -1
¢—c g(aial)lal/ (AWK’ </ KK'du) o By (11)
0 0

Note that the asymptotic distributions of 3 and ¢ given in (10) and (11) are not mixed
Gaussian, because o | W.(u) is not independent of K (u), which is generated by o/, &;. Note
also that both T3 (B — /) and ¢ have limit distributions that depend on the Dickey-Fuller
type distribution (fol KK'du)™* fol K(dW.)'.

Corollary 1 In the special case where r = p — 1, we choose oy so that ¢ > 0, and find

e?c — 1 — 26¢
E(B) = W"JC, (12)
where
6 = p1Cay, k= (1CAC" By, ¢ =aQ a7 ) Q.

3 Critical value adjustment for test on $ in the CVAR with near
unit roots

In this section the method of McCloskey (2016) is illustrated by a number of simulation
experiments. The simulations are performed with data generated by a bivariate model (1),
where p = 2 and r = 1. The direction a4 is chosen such that ¢ > 0. The test ()3 for a given
value of 3, is calculated assuming ¢ = 0, see (5). The simulations of Elliot (1998), see section
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(3.1), show that there may be serious size distortions of the test, depending on the value of
c and p, if the test is based on the quantiles from the asymptotic x*(1) distribution.

The method of McCloskey (2016, Theorem Bonf) consists in this case of replacing the
x%(1) critical value, with a stochastic critical value depending on ¢, in order to control the
rejection probability under the null hypothesis.

Let 6 = («a, 5,Q2) and let P,y denote the probability measure corresponding to the para-
meters ¢, . The method consists of finding the 1 quantile of ¢, see (4), as defined by

Peo(c < CQJ](C)) =1,
for n = 5% or 10%, say, and the § quantile g ¢(c) of Qg as defined by

PC,O(QB < q@,f(c)) = 57

for £ = 90% or 95%, say.

The suggestion of McCloskey (2016) in this case is to construct by simulation, for a given
6 and a grid of given of values ¢ € (cy,. .., ¢c,), the quantiles ¢y ,,(c;) and gg¢(c;). It turns out,
that both ¢, (c) and gp¢(c) are increasing in ¢, see Figure 3. Therefore, a solution ¢, 5(8)
can be found such that

P.o{¢ > cpoc)} = Pop{c < c;é(é)} =1-—n. (13)

This gives a 1 — 7 confidence interval [0, c;é(é)] for ¢, based on the estimator ¢. Note

that for ¢ < c;é(é) it holds that gy ¢(c) < qgﬁf(c;’é(é)), such that

1= &= Pp{Qs > de(c)} = PeolQs > a0.6{c, 5(0)}].

Hence, maximizing over 0 < ¢ < c;é(é), it is seen that

max  Pog[Qp > qoe{c,5(6)}] <1-¢.
0<e<e, 5(8) ’

McCloskey (2016) proved that under suitable conditions

1-¢—n<limsup sup P.yp[Qs> qef{c;é(é)}] <1-¢

T—o0 ogcgcn—}e(a)

Thus, the limiting rejection probability, for given 6, of the test on [, calculated as if
¢ = 0, but replacing the xZ(1) quantile by the stochastic quantile qg,g(c;}g(é)), lies between
1—¢—nand 1—E&.

Note that for the theoretical analysis of the method, the parameters (0, ¢, 2), are assumed
known in order to simulate the quantiles in the distribution of ¢ and (g, for a range of c
values, such that ¢ 3(¢) and the corrected quantile go¢(c,5(¢)) can be found. Tt obviously
simplify matters that in all the examples it turns out that cy¢(c) is approximately linear in
¢, and gg¢(c) is approximately quadratic in ¢, see Figure 3.

To implement the result in practice, however, one has of course to replace 6,€) by a

consistent estimator in the simulations.
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3.1 The simulation study of Elliot (1998)
The DGP is defined by the equations,

c
Y1t = (1 - T) Y1¢—1 T Ui, (14)
Yor = YY1r + U2 (15)

It is assumed that u; = (uy4, ug)" are i.i.d. No(0,€,) with

_(Llvr
Qu_(pl).

and the initial values are y19 = y20 = 0. The data yi,...,yr are generated from (14) and
(15), and the test statistic )3 for the hypothesis v = 0, is calculated using (5).

The DGP defined by (14) and (15) is contained in model (1) for p = 2. Note that
yor = V(1 — ¢/T)y1e—1 + Yyuir + ug: such that

() () () () oo

where the sign on «; has been chosen such that ¢ > 0. Finally €1; = uy; and e9; = w9y + Y1,

and therefore
0 1 p+
p+v 1+ 42y )

For ¢ = 0, the process y; = (y1¢, yo2¢)" is 1(1) and Yy — yor is stationary, and if ¢/T is
close to zero, y; has a near unit root.

Applying Corollary 1 to the DGP (14)-(15), the expectation of the test statistic Qs is
found to be
e —1+42¢ p?

E =p-—1
(@s)=p—1+ 1 -

(17)

which increases approximately linearly in c.
Based on N = 1000 simulations of errors u;,...,up, T = 100, the data yi,...,yr, are
constructed from the DGP for each combination of the parameters

(v,¢,p) € [—0.5:(0.01) : 0.5] x [1: (1) :20] x [-0.9:(0.1) : 0.9],

where [a : (b) : ¢] indicates the interval from a to ¢ with step b. Based on each simulation, ¢
and the test (g for v = 0 are calculated.

Figure 1 shows the rejection probabilities of the test s as a function of (c,p), using
the asymptotic critical value, x345(1) = 3.84, for a nominal rejection probability of 5%.
The rejection probability increases with |p| and with ¢. When ¢ = 10 (corresponding to an
autoregressive coefficient of ¢/T" = 0.9) and |p| = 0.7, the size of the test Qs is around 50%,
as found in Elliott (1998). The results are analogous across models with an unrestricted
constant term, or with a constant restricted to the cointegrating space. In the paper by
Elliot (1998) a number of tests are analyzed, and it was found that they were quite similar
in their performance and similar to the above likelihood ratio test ()3 from the CVAR with
rank equal to 1.



Cointegration and near unit roots 7

3.2 Redoing the simulations with adjusted quantiles for )3

Data are simulated as above and first the rank test statistic, @Q,, see Johansen (1996, Chapter
11) for rank equal to 1, is calculated. The rejection probabilities for @, are given in Figure
2 and they show that for ¢ = 20, the hypothesis that the rank is 1, is practically certain to
be rejected. If ¢ = 8, the probability of rejecting that the rank is 1 is around 50%, so that
plotting the rejection probabilities for 0 < ¢ < 10, covers the relevant values, see Figure 4.

For n = 5% and 10%, the quantiles ¢, (c) of ¢ are reported in Figure 3 as a function of c.
The quantiles ¢, (c) are nearly linear in ¢, and they are approximated by

577(0) = ay + byc,

where the coefficients (a,, b,) depend on 7, which is used to construct the upper confidence
limit in (13) as

&, 1 (e) = (¢ — ay)b, .

For £ = 90% and 95%, the quantiles ¢,¢(c) of Qs are reported in Figure 3 as function of
c for four values of p. It is seen that for given p, the quantiles g,¢(c) are quadratic in ¢, for
relevant values of ¢, and hence they can be approximated by

qﬁi(C) = foe T gpec+ hp,§C27 (18)

where the coefficients (f,¢, gp¢, hpe) depend on p and . The modified critical value is then
constructed replacing (c, p) by (&, '(¢),p) in (18), and thus one finds the adjusted critical
value

Gpen(C) = foe + 9pe(E— an)byt + hye((& = ay)b,')? (19)
which depends on estimated values, ¢ and p, and on discretionary values, £ and 7.

For (¢,m) = (95%,5%), the rejection frequency of s, the test for v = 0, is calculated
using the adjusted critical value in (19) and reported as a function of ¢ for four values of p
in Figure 4 together with the unadjusted rejection probabilities. In all cases the rejection
frequency is in a neighborhood of the nominal size of 5%; hence the procedure is able to
eliminate size-distortions almost completely for ¢ < 5. The power of the test is shown in
Figure 5 for values of |y| < 1/2. It is seen that the better rejection probabilities in Figure
4 are achieved together with a reasonable power, again for ¢ < 5, where the probability
of rejecting the hypothesis of » = 1 is around 30%. Notice that the test becomes slightly
biased, that is, the power function is not flat around the null v = 0.

3.3 A few examples of other DGP

Four other data generating processes are defined in Table 1, to investigate the role of different

choices of a; and (; for the results on improving the rejection probabilities for test on [
under the null and alternative. The DGPs all have o = —f = (—1,1)’/2. The vectors a4
and (3; are chosen to investigate different positions of the near unit root in the DGP.

The choice of DGP turns out to be important also for the test, @), for r = 1. In fact the
probability of rejecting r = 1 is around 50% for DGP 1 if ¢ = 4, for DGP 2 if ¢ = 20,whereas
for DGP 3 and 4 the 50% value value is 8.

The rejection probabilities in Figure 6 are plotted for ¢ < 10, to cover the most relevant
values.
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Four DGPs allowing for near unit roots, 2 = I,

1 1 _1 1
1. ( 14—|—C/T 41—|—C/T ) 3. <1 i 1 )
1+c¢/T —3+¢/T 1+c¢/T —3+¢/T

Table 1: Four different DGPs given by a« = —5 = (—1,1)’/2 which are the basis for the
simulations of rejection probabilities for the adjusted test for 5 = (—1,1)"/2. The positions
of ¢/T give the different o and f; .

The results are summarized in Figures 6 and 7. It is seen that the conclusions from the
study of the DGP analyzed by Elliot seem to be valid also for other DGPs. For moderate
values of ¢, the adjusted test has a rejection probability in a neighborhood of the nominal
size 5%, and the power curve looks reasonable for ¢ < 5, although the test is slightly biased,
except for DGP 1. For this DGP, a; = 3; = (1,1), Q = I, such that o/ *a = 0, which
means that the asymptotic distribution of Q4 is x*(1), see Theorem 2, despite the near unit
root. It is seen from Figure 6, there is only moderate distortion of the rejection probability
in this case and in Figure 7, the power curve is symmetric around v = 0, so the test is
approximately unbiased.

4 Conclusion

It has been demonstrated that for the DGP analyzed by Elliot (1998), it is possible to apply
the method of McCloskey (2016) to adjust the critical value in such a way that the rejection
probabilities of the test for 3, are reasonably close to the nominal values for relevant values
of ¢, that is, for which ¢ < 5. By simulating the power of the test for 3, it is seen that for
¢ <5, the test has a reasonable power, even though the test is slightly biased.

Some other DGPs have been investigated and similar results found. What remains to
be done, of course, is to investigate by simulations if the values of £, 7 can be tuned to give
a specified rejection probability under the null taking into account the power. What also
remains to be done, is to see if the assumption that a; and [, are known, is helpful in
applications.
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6 Appendix

Proof of Theorem 1. The product moments of Ay;, 1,1, and &; are denoted

T T T
Spy=T"1 Z Ye—1Yy_1, Sio=T7" Z Y1 AY,_4, Spe=T"" Z Yi_1E}-
=1 =1 =1

The maximum likelihood estimator of II is II = 50151_11, and O = Soo — 80151_11510. From
II=af + T wes),
it follows, post-multiplying by 1, and using the normalization 5’3, = I,., that
o= ﬂﬁu,
which shows (2). Pre-multiplying instead by o/, it follows, inserting & = II5;, that
O/uﬂ = O/uééﬁl = O/uﬂﬁuﬁla

which proves (3). Inserting the estimates it is found that

A

II=af +T  aes) =18y (o T8 ) ol T+ T eyé). (20)
Next IT is decomposed using
I =11 (o4 1181 ) "y T+ an (BT ey ) 2B, (21)

which is proved by premultiplying (21) by o}, and B!, Subtracting (20) and (21) and
multiplying by &) and f;, it is seen that

(BT an) ™ = ¢/T,

which proves (4). If ¢ = 0, the maximum likelihood estimator 3 can be determined by
reduced rank regression, see Johansen (1996, Chapter 6). [ ]

Proof of Theorem 2. Proof of (6) and (7): The limit results for the product moments are
given first, using the normalization matrix Cp = (8, T~2a),

: B B'SuB  TV2BSnar \ b [ Xps 0
CrSnCr = < T2/ S T Snay - 0 fol KK'du |’ (22)

T23'S D [ Nrxp(0,Q2® Xg5)
1/2 v _ le rxp\Y BB
recise= (s ) (any ™) =



Cointegration and near unit roots

The test for a known value of 3 is given in (5). It is convenient for the derivation of the
limit distribution of g, to normalize 3 on the matrix a(8'«)~!, such that f'a(f'a)™t = I,
and define 0 = (8 o1 )7' 8’ (6 — B). This gives the representation

B—B=a(Ba) B3 ~-B)+B8B) (B~ B)=all.

The proof can be found in Elliot (1998), and is just sketched here. The estimator for ¢ for
known «, 2 and ¢ = 0, is given by the equation

T = (o, T Sy ) (/) Sic + o/, T~ 1511 Brcal)aq,

where ag = Q 'a(o/Q'a)~. The limit distribution of 76 follows from (22) and (23) as
follows. Because T~1a/, 5113 L, 0 it follows that

o, T71S Brea = o/, TS (e (BLa) ' B + B(d/B) ) Brec)

1
D, (/ KK’du) (BLa) B Bical,
0

and from o/, S}, A fol K(dW.), it is seen that

)2 (/01 KK’du) (/ K(dW.) (/ KK du) (BLai)” 1ﬁj_ﬁlca1> ag =1,

say. Conditional on K, the distribution of U is Gaussian with variance (¢/Q7'a)™' ®
(fol KK'du)™' and mean (8 «) )™ 8 Bicc/jaq. The information about 6 satisfies

1
—T 219 = tr{Q  a(dh) o/, Sy1as (dF)a'} 5 tr{a’Q_la(dH)’/ KK'du(de)},
0

and inserting U for (df) determines the asymptotic distribution of ()3. Conditional on K,
this has a noncentral x*((p — r)r) distribution with noncentrality parameter

1
B = tr{(La.) Bl 51 [ KKdu)
0
where ( = o/Q 7 a(a/Q o) ta/Q Ly, which proves (7). The marginal distribution is there-
fore a noncentral y? distribution with a stochastic noncentrality parameter, which is inde-

pendent of the x? distribution, as shown by Elliot (1998).
Proof of (8): For T = a;cf] it is seen that

Etr{(BLay) ' B BidCcBBL(e/ B1)7 /01 KK'du}
— Btr{pdCcBlC /0 1 < /0 " exp(rC(u — s))dW(s)) ( /0 " AW (1) exp(C'7 (u — t))) duC'}

— tr{B1dCcB.C /0 1 < /O " exp(rCu — 5))Qexp(C (1 — s))ds) duC"}

= tr{B:1d(cB,C (/01(1 —v) exp(vTC)Q exp(vC"T')dv) C'},

10



Cointegration and near unit roots

which proves (8). Note that this expression is zero if and only if ( = 0, or o}Q o = 0, in
which case the asymptotic distribution of Q4 is x?.

Proof of (9) and (10):
It follows that IT = S, S1' can be expressed as

=af +T rayefy + S5y (24)
= af + T anefy + T-VHTY28,Cr) (CpSnCr) ™ (B, T Y2a, )
=af + T agcfy + T2 Mg + T Mopa!,

where, using (22) and (23),

Myr 2 M; = Ny (0,551 © Q), (25)
-1

1 1
Mop 2 My = / AW K’ ( / KK’du) . (26)
0 0

From & = ﬂﬁu, and using the normalization 5'8;, = I, such that o = II5;, it is seen
that

TV2(& — ) = TVA(I — )11 = (Mypf' + T2 Mora! )i = My = My,
which proves (9). From 3’ = (¢ 1181, ) '/ II follows that
T(B - ﬁ)lﬁL = T(O/uﬂﬁu)flah(ﬂ - aﬁl)ﬁl
= (O/uﬂﬁu)flalu(TlnMnﬂ, + Mard!, )L
L (ol af'Bru) el Mea!, By = (@) tal, Maa!, By

where TY2M,78'8, =0, oy, arc; = 0 and ', = I,. This proves (10).
Proof of (11): To analyse the limit of the estimator, define

AT = (T 1/205 CYJ_) and BT (T—l/QB’ 51_)7

and write ) R
¢=T(BI o)™t = (B, Br(ALTUBy) t ALay) ™
The expansion (24), and the limits (25) and (26) are then applied to give the limit results
TV (TT 25 = I, + O(T ) + Op(T ),
T126/(T)BL = 0+ O(T /) + Op(T~/?),
o/ (TIHBT Y2 = 04 O(T~V?) + My,
o (TS, = 0+ o' arcfiB1 + o/, Mapd B, .

Thus

N I 0
A (T By 2 r
r(TT) Br = ( My ojoncBlB1 + o), Moo, B1 )

/ - -1 4 D I, 0 o /
Br(AL(TH)By) tAL = (0,51) < M1 aLalcﬁlﬁL—l—OlezalﬁL) (0,c1)

=B ( arepifL + O/LMzoélﬁl)

11



Cointegration and near unit roots

Thus, multiplying by ] and «; and inverting, it is seen that because (5, and o}«  are
(p—r) x (p—r) of full rank,

¢ = (B, Br(AyTTB)  Aray) ™ 2 8181 (, ancBi L + o Mad, B1) "o ] ™"
= (%041) (alalcﬁﬁi + O‘J_M205J_6J_)(615J_) !
=c+ (o o) e/ Mo, B (B1BL) T,

which proves (11). |

Proof of Corollary 1. Proof of (12): If r = p — 1, the expression (8) can be reduced as
follows. For 7 = a;¢f3]

(7C)? = care(B1Can)BiC = e(f1Can)anch C = edrC,
for § = f{Cay, and in general for n > 0, it is seen that
(7C)"* = (ed)"7C.

Therefore, using (1/CcB) = f1d TR a(a/Q o) ta/Q 17,
1
E(B) = tr{Q 'a(a/Q o) td/Q 17O (/ (1 —v)exp(vrC)Q exp(vC”T')dv> C'r'}.
0

The integral can be calculated by the expansion

[e.e]

1IN " n+l 't m+11)m
7C exp(vrC)Qexp(vC'T)C'T" = H;ZO H(TC’) Q(C'rt") m!
n+m
_ Z vc5 I — eXp(2vc6)c2/€0410417
ol

nm—

where k = 5{CQC" ;. This allows the integral to be calculated

1
C (/ (1 —v)exp(vrC)Q exp(vC”T')dv) c'r’
0

! —1-2
- (/ (1— v)exp(22;c5)dv) Aropal = WC&C Koy o
0
Therefore
e?d — 1 —2¢h e
FE(B)= — — “— Iﬂfl /971 -1 /Qfl — (266 —1-92
(B) 20)? R a(dQ )T d'Q ag = (e c0)— e

where ¢ = o{Q ta(a/Q7 o) ta/Q 7 ay. ]

12



Cointegration and near unit roots

Figure 1: Rejection frequency of the test Qs for v = 0 using the x*(1)o95 quantile as a
function of ¢ and p; N = 1000 simulations of 7" = 100 observations from the DGP (14) and
(15).
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Cointegration and near unit roots

5% test on rank

1 T T T

0 | | | | | | | | |

0 2 4 6 8 10 12 14 16 18
C

Figure 2: Rejection frequency of the test @, for r = 1 using Table 15.1 in Johansen (1996)
as a function of ¢; N = 1000 simulations of 7' = 100 observations from the DGP (14) and
(15).
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5% quantile of &

10% quantile of &
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Figure 3: Quantiles and fitted values in the distributions of ¢ and (g as a function of ¢ for
different values of p; N = 1000 simulations of 7" = 100 observations from the DGP (14) and
(15).



08¢

06}

047

027

087

06}

Cointegration and near unit roots 16
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Figure 4: Rejection frequency of the test Qs for v = 0 using the x?(1)o.95 quantile (unad-
justed) and the adjusted quantile in (19) for & = 95% and n = 5%, as a function of ¢ for
different values of p; N = 1000 simulations of 7" = 100 observations from the DGP (14) and

(15).
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Figure 5: Rejection frequency of the test Qs for v = 0 using the x?(1)o.95 quantile (unad-
justed) and the adjusted quantile in (19) for £ = 95% and n = 5%, as a function of ~ for
different values of ¢ and p; N = 1000 simulations of 7" = 100 observations from the DGP
(14) and (15).
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5% test on 3, DGP 1 5% test on 3, DGP 2
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Figure 6: Rejection frequency of the test Qs for v = 0 using the x?(1)o.95 quantile (unad-
justed) and the adjusted quantile in (19) & = 95% and 1 = 5%, as a function of ¢; N = 1000
simulations of 7' = 100 observations from the DGPs in Table 1.
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5% test on 3, DGP 1 5% test on 3, DGP 2
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Figure 7: Rejection frequency of the test Qs for v = 0 using the x?(1)p.05 quantile (unad-
justed) and the adjusted quantile in (19) for £ = 95% and n = 5%, as a function of ~ for
different values of ¢; N = 1000 simulations of 7" = 100 observations from the DGPs in Table
1.
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