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Abstract: We show tightness of a general M-estimator for multiple linear regression in time
series. The positive criterion function for the M-estimator is assumed lower semi-continuous
and sufficiently large for large argument. Particular cases are the Huber-skip and quantile
regression. Tightness requires an assumption on the frequency of small regressors. We show
that this is satisfied for a variety of deterministic and stochastic regressors, including stationary
an random walks regressors. The results are obtained using a detailed analysis of the condition
on the regressors combined with some recent martingale results.
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1 Introduction and summary

We show tightness for a class of regression M-estimators, where the objective function can be
non-monotonic and non-continuous. A prominent example of an estimator with a non-convex
objective functions is the skip estimator suggested by Huber (1964), where each observation
contributes to the objective function through a criterion function, which is quadratic in the
central part and horizontal otherwise. The tightness result addresses a difficulty which is often
met in asymptotic analysis of problems, where the objective function is non-convex. A very
common solution is to assume a compact parameter space. Such an assumption circumvents the
problem through a condition on the unknown parameter and it is therefore rarely satisfactory
from an applied viewpoint. Instead, our result only requires an assumption that can be justified
by inspecting the observed regressors and the objective function.
We consider the multiple linear regression and use the notation

Yi = W+ 200+ g, i=1,...,n, (1.1)

see (2.1) for assumptions on regressors and error term. The M-estimator for the parameter
(4, )" is the minimizer of the objective function

1 n
Ro(p0) = = plyi = p = a7,0), (1.2)
=1
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for some criterion function p. M-estimators were originally introduced for location problems by
Huber (1964) but later extended to regression models, see Maronna, Martin, and Yohai (2006),
Huber and Ronchetti (2009), or Jureckovd, Sen, and Picek (2012) for recent monographs on
the topic. The class of M-estimators considered includes the Huber-skip estimator, which has a
non-convex criterion function, as well as quantile regression estimators, in particular the least
absolute deviation, and least squares estimator, which all have a convex criterion function.

The asymptotic theory of the regression M-estimator is well understood for nice criterion
functions p. Maronna, Martin, and Yohai (2006, §10.9) provide an asymptotic theory for regres-
sion M-estimators and show existence and uniqueness for the case of a convex, differentiable
criterion function. Chen and Wu (1988) give two results on tightness (and consistency) for
more general criterion functions. In both cases the criterion function p(u) is continuous, non-
decreasing in v > 0 and non-increasing for v < 0. Their Theorem 1 shows tightness of ji and
& in the regression y; = p+ zja+¢;, when (y;, 2;) are i.i.d. and Ep(y; — p — xjcv) has a unique
minimum. Their Theorem 4 shows tightness when z; is deterministic and satisfies a condition
on the frequency of small regressors.

In this paper we generalize the result of Chen and Wu (1988). We assume p is semi-
continuous and nonnegative with a minimum at zero and greater than p, > 0 for large values
of the argument. We also need an extra condition on the expected criterion function h(v),
which is assumed to take a value below p, somewhere in the central part of the distribution of
the error term. The only condition to the regressors is a condition on the frequency of small
regressors, which is weaker than the condition of Chen and Wu (1988), albeit stronger than the
conditions for the tightness of least square estimators. The latter illustrates the price we pay
by leaving the least squares criterion. The condition is related to a condition for deterministic
regressor used by Davies (1990) for S-estimators. Our condition is, however, formulated in
a slightly different way, which seems to be easier to check for particular regressors. Indeed,
we check the condition for a few situations. We give a number of examples with deterministic
regressors to illustrate the condition. We also show that the condition is satisfied for stationary
regressors and for random walk regressors.

It is worth noting that the innovations are neither required to have a zero expectation
nor a continuous density. Thus, the results apply both when the innovations follow a non-
contaminated reference distribution with density fy, say, and when they are contaminated so
that they follow a mixture distribution with density (1 — €)fy + €f;, say. For simplicity we
will, however, require that the innovations are identically distributed. This assumption could
potentially be relaxed as the proofs use martingale techniques rather than results designed for
an i.i.d. situation. All proofs are given in the appendix.

2 Model, assumptions and main result

We define the model and some notation and then give the assumptions and the tightness result.

2.1 Formulation of the multiple regression model

To define the multiple regression model we consider a filtration F;, and errors ¢;, i = 1,...,n,
and assume ¢; is F; measurable and independent of F;_; and i.i.d. The model is defined by
the equations

yi = 1+ a0+ g, i=1,...,n. (2.1)



The m-dimensional regressors x,; may be deterministic, stationary or even stochastically or
deterministically trending. If z,,; is stochastic, we assume that it is adapted to F;_;.

This notation is chosen to cover a number of cases. The leading case is y; = p + zia + ¢,
where the regressors do not depend on n, but in y; = u + alg<r,) + &, the regressor 1<)
depends on n. If the regressors are (1,7), we normalize the regressor as (1,i/n) and consider
y; = i+ afi/n) + ¢;, and if z; is a random walk we consider y; = u + a(z;/n'/?) +¢;.

An M-estimator (j1,&’)’ is a minimizer of

1< )
Ro(p o) = = plyi = o — a7,0). (22)
=1

Special criterion functions are the Huber-skip defined by p(u) = min(u?, ¢?)/2, and the Hu-
ber estimator defined by the convex function p(u) = iu*lju<e + c(lu — ¢| + 3¢)Lju>0)-
The formulation also covers least squares regression, p(u) = u?/2, and quantile regression,
p(u) = —(1 = p)ul(yco) + pul(yso), for some 0 < p < 1. In particular for p = 1/2 we get the
least absolute deviation. Note that the two Huber estimators require that the scale is known,
whereas this is not a requirement for least squares and quantile regression. Finally if f is the
density of the errors then p(u) = —Inf(u) gives the maximum likelihood estimators.

2.2 The assumptions and the result on tightness

For the tightness result, we need a condition on the frequency of small regressors, see Assump-
tion 1(i7i). This is related to the assumptions of Chen and Wu (1988) and Davies (1990), see
Section 3, where we also discuss how to check the condition in some specific situations.

The proof relies on a bound on the supremum of a family of martingales indexed by a
continuous parameter in a compact set, which is evaluated using a recent martingale result,
see Lemma 4.1 or Johansen and Nielsen (2016, Lemma 5.2). The proof requires a moment
condition that depends on the dimension of the regressors, see Assumption 1(iic). We refrain
from exploring the heterogeneity allowed by the martingale theory and require i.i.d. innovations
for specificity in Assumption 1(7).

The required assumptions on the criterion function p are modest. It must exceed a threshold
for large values of u, see (itb), but it need not rise monotonically from the origin. Lower
semi-continuity in (iia) is used to ensure the existence of a minimizer on a compact set, and
continuity is needed to find a measurable minimizer. The value of pu, is chosen so the shifted
criterion function p(e; — u,) has expectation less than p(u.).

For the formulation of the assumptions and results we use the notation

_ ]- m—+1 _ H -1 - /
zm—<xm>€R , 6_(04)’ Yp=n lemzm

Assumption 1 (i) Let F;,i = 1,...,n be a filtration and assume &; is measurable with respect
to F; and independent of F;_1 and i.i.d. with variance o?.
(17) The Criterion function satisfies p(u) > 0, p(0) = 0 and the conditions

(a) p is lower semi-continuous so that liminf, ., p(v) > p(u) for allu € R;

(b) Let 0 < h(v) = E{p(e; —v)} < 00, and let p,,u. € R exist so that

0<h(p,)<p,= inf p(u);

| >us|



(c) E{p(g; — p,)}* < oo for some r € N so that 2" > m + 1 = dim z,;.
(7i1) Frequency of small regressors. Define

F.(a) = sup F,5(a) = supn~ Zl (12! ,5|<a)- (2.3)
16]=1 16]=1

Suppose
(@) lim(qn)—(0,00) P[supjsjz1 { Frns(a) — Fns(0)} > €] — 0 for all € > 0;
(b) a0 <& <1 exists such that lim, ., P{F,(0) > &} =

We give some remarks on Assumption 1.

Remark 2.1 Assumption 1(iiib) implies that ¥, = n~" 37| 2,2, is positive definite, because
if 3,0 =0, then 2,0 =0 fori=1,...,n, and F,;(0) = 1.

Remark 2.2 Assumption 1(iiia,b) implies that ., is bounded away from zero in large samples.
We prove this by noting that

88,0 >nt Z 5,2m27/1¢51(|z;i5\>a) > a’n! Z L2t oj>a) = a*{1 — F,s5(a)}.

i=1 i=1
Adding and subtracting F,5(0) and taking supremum over § gives the further bound

83,0 > a?[1 — sup F,5(0) — sup{F,s(a) — Fs5(0)}] > a*(1—e—&) >0
|5]=1 |5]=1

with large probability for large n, for e <1 — & chosen according to Assumption 1(iiia,b).

Remark 2.3 In some situations we get an inverse of the result in Remark 2.2. If the regressors
are deterministic and bounded and X, the smallest eigenvalue of > | (x;—Z)(x; —T)', satisfies
liminf,, ..o A, > 0 then a > 0, £ < 1 exist so that F,(a) < & and the Assumption 1(iiib)
is satisfied, see Chen and Wu (1988, Lemma 6). The argument depends critically on the
boundedness of the regressors.

Remark 2.4 If F,(a) = op(1) as (a,n) — (0,00) then Assumption 1(iii) is satisfied, because
Fos(a) — F5(0) < F,(a). To be precise, it suffices that for all e > 0,1 > 0 there exist ag,ng > 0
such that

P{F.(a) >n} <e  fora<ap,n > n. (2.4)

Chen and Wu (1988, Theorem 4) assume the regressors are deterministic and that F,(a) = o(1)
as (a,n) — (0, 00).

Remark 2.5 If Assumption 1(iiia,b) are satisfied and the regressors are deterministic, it holds
that lim sup(, ,)_.(0,00) Fn(@) < &, see Davies (1990). We return to this issue in Section 3.1 and
Ezxample 3.5.

0,00

We now give the main result on the evaluation of the objective function and the result on
tightness.



Theorem 2.1 Tightness. Under Assumption 1, we can for all € > 0 find B,ng > 0, and a
set C,, with P(C,) > 1 — € for n > ng, such that on C,, a minimizer 5 of R,(5) exists on the
set (B :|B| < B) and any minimizer satisfies

13| < B.

Theorem 2.2 Measurability. Under Assumption 1, and if p is continuous, a measurable
minimizer 5 of R,(B) exists and satisfies

8] = Op(1).

3 The assumption to the frequency of small regressors

In this section, we illustrate Assumption 1(iii) concerning the frequency of small regressors
through some examples. We relate it to the quantity A, (£) of Davies (1990), who considered
S-estimators for fixed regressors, and to a condition in Chen and Wu (1988). We show that our
condition is satisfied for a number of different regressors including random walks and stationary
processes with a boundedness condition on a conditional density.

3.1 Relation to conditions in the literature

Chen and Wu (1988, Theorem /) show in the regression y; = p+ ax; +¢;, that (i, &) —
(g, ap) a.s. under the following conditions. The regressors are deterministic, the criterion
function is bounded, 0 < p(o0) = p(—o0) < o0, and F,(a) — 0 as (a,n) — (0, 00), noting that
F,, is deterministic when the regressors are deterministic. These conditions are relaxed in this
paper, albeit we only consider weak consistency. We allow quite general time series regressors,
drop the condition p(c0) = p(—o0) < 0o, and give a weaker Assumption 1(7ii).

Davies (1990) considers S-estimators rather than M-estimators and proves tightness for
symmetric density f and deterministic regressors. He defines for 0 < £ < 1

. . /
An(§) o in | mmin max |2nid (3.1)
where S are subsets of the indices ¢« = 1,...,n. It is a consequence of his Theorem 3, that if
liminf,, .., A, (§) > 0 for some £ > 0, then the S-estimator for § is consistent. If ¢ = 0 then
An(0) =0, and for £ = 1 then A, (1) = minjsj—1 max;<i<, |2,,;0].
We next give a result that compares the condition liminf, ., A, () > 0 with Assumption
1(i7ib) that imsup(, ,)—(0.00) Fn(a) < &, and show that A, (&) is almost the inverse of F,(a),
see Remark 2.5.

Theorem 3.1 Let the regressors be deterministic.
(1) For 0 < ¢ <1,

{Fnla) > int(n)/n} C{Au(§) < a} C{F,(a) = int(ng)/n}.

(i1) The condition liminf, ., A (&) > 0 for some 0 < £ < 1 is equivalent to the condition
that there exists 0 < £ < 1 for which limsup, ,,)_.(0.00) Fn(a) < §.



Figure 1: Illustration of F,,5 in the dummy variable case

3.2 Regression with deterministic regressors

In the following we give some examples of simple regressors and show that Assumption 1(ii7)
is satisfied. We apply a simple evaluation given in the next result.

Lemma 3.1 For any 0 <c¢<1/2, 0| <7/2

L2014 ). (3.2)

| —sinf + xcosf| < c = <
cos

We consider first the regression y; = p + ali<mm) + &, and then the regressions y; =
p+ a(i/n)? + ¢;, for different q.

Example 3.1 The regression y; = p + ali<ry) + & for some 0 < 7 < 1. We show that
Zni = {1, 1<)} satisfies Assumption 1(iii). We use a geometric proof illustrated by Figure 1.
The regressors take values in the points (1,0) and (1,1) with frequency 1 —7 and T, respectively.
The direction § = (—sinf, cos @) for @ = w/4 is illustrated with a diameter. The radial through
(1,1) is the orthogonal complement with angle 0. The two parallel lines at a distance of a to
the radial indicate which points are counted towards Fys(a). Thus, by varying 0, and thereby
turning the diameter, we see that if a is sufficiently small, 0 < a < 1/2 say, then F,(a) =
Sup|si=1 Fns(@) = max(7,1—7). In particular F,,;(a)— Fu5(0) = 0 and F},(0) = max(r,1-7) <1
so that Assumption 1(iii) is satisfied. However, since F,(0) > 0, the assumption F,(a) — 0,
(a,n) — (0,00), used by Chen and Wu (1988), is not satisfied, see also Remark 2.4.

Example 3.2 The regression y; = p + a(i/n)? + ¢;, with ¢ > 0. In terms of Figure 1,
the points z,; = {1, (i/n)?} are spaced on the line between the points (1,0) and (1,1). For
large n, their distribution can be described by the density ¢ *z'/7' x € [0,1]. For |§'zy| =
| —sinf + (i/n)?cosf| < a, cos > 0, the basic inequality is in all cases

_a—i—smﬁg(i/n)qga%—smq (3.3)

cos 0 cos



This describes an interval fori of length n{(a-+sin 6)Y/7—(—a+sin 0)'/7} /(cos 0)*/7 forsin > a.

For q = 1, the density ¢~ 2%/~ is uniform on [0, 1], and we can use the inequality, see (3.2),
that (cos )~ < 2/(1 — a). It follows that the length of the interval is bounded by 2na/ cos <
4na/(1 — a), such that F,(a) < 4a/(1 —a) — 0, for (a,n) — (0,00), and Assumption 1(iii) is
satisfied.

For q¢ > 1, the density ¢~ *z*/%~! has most mass close to x = 0 and the largest number of
points in the interval we find for 0 small. The smallest value is found for (sinf—a)/ cos = n=1,
such that sinf) —a = O(n™9), and cos® = (1 — a®)2{1 + O(n=9)}. It follows that F,(a) <
c{2a/(1 — a®)Y2}Y1 — 0, for (a,n) — (0, 00).

Finally if 0 < q < 1 the density gives most mass to points close to 1, so we choose an
interval using sin@ close to /4, that is (sin@ + a)/cos® = 1. This implies sinf = 1/v/2 —
a+o(a) and cos = {1 — (1/v/2 — a)?}*?{1 + o(a)} = 1/v2 + o(a). This gives the bound
Fo(a) < c{(1/vV2)V7 = (1/V2 = 20)/7}/(1/v/2)/7 — 0, for (a,n) — (0,00).

Example 3.3 The regression y; = p+ «(i/n)? + ¢;, with —1/2 < q < 0. The density of the
points is now |q| "' 2'/%7! on the interval [1, 0o[. This has most mass close to x = 1 and again we
should choose 8 close to w/4 such that (sinf—a)/ cos® = 1. This implies sinf = 1/v/24a+o(a)
and cos§ = {1—(1/v/2+a)?}*/*{14+0(a)} = 1/v/2+0(a). In this case the interval fori becomes

a4+ sinf —a + sinf

V<<
cosf A cosf

n( )i = n{1 + o(a)}

and we find an upper bound of the form F,(a) < c{(1/v/2)V1—(2a+1/+/2)"} /(1/v/2)7 — 0,
for (a,n) — (0, 00).

In Examples 3.1, 3.2, and 3.3, the normalization is such that n=* 3" 22, = O(1). Thus
for ¢ > —1/2 we have

n n 1
nty an=nty (ifn)* - / u¥du = (1+2q)7".
i=1 i=1 0

In these cases the regression is y; = p1+a(i/n)?+¢; and Theorem 2.1 proves tightness of (f, &).

In Theorem 2.1, Assumption 1(7ii, a) to F, is a sufficient condition for tightness of 3. The
necessity of Assumption 1(4i, a) for tightness of 3 depends on the choice of criterion function.
For a least squares criterion it is not necessary. For a Huber-skip criterion it is also not
necessary. We give an example.

Example 3.4 Let p be the Huber-skip function and let z,; = (1, 1(;=n))’, such that

n n—1
D plei—p—alg—n) = Y plei — 1) + plen — p— o),
=1 =1

which shows that &(u) = €, — u. Inserting this we find the objective function for the Huber-
skip location problem (with n — 1 observations). It follows from Theorem 2.1, that [i is tight,
such that also & = €, — [1 is tight. On the other hand we find for 0 < a < 1, the function
Fo(a) =n"'3>""  I(sj<a) = (n —1)/n — 1, for (a,n) — (0,00).

Example 3.5 In the regression z,; = (1,1),i < n/4 and z,; = (1,27"), n/4 < i < n we find
F,(0) =int(n/4)/n — 1/4 and Assumption 1(iiib) is satisfied, but 1im g n)—(0,00) SUP|s|=1 1 Fns (@) —
Fo5(0)} = 3/4 so Assumption 1(iiia) is not satisfied. However, im sup, ,)_(0,00) Fnla) < & =
3/4, so the condition of Davies is satisfied.



3.3 Regression with multiple stochastic regressors

For this case we give two examples, where in first example z,,; is a random walk normalized
by n~%? and in the second a stationary process. In these cases, we give a condition on the
density for Assumption 1(iii) to be satisfied.

Theorem 3.2 (Random walk regressor) Let z,; = (1,n~2x})" where x; is a multivariate ran-
dom walk x; = Y7 n; and n; are i.id. (0,®) of dimension m. Assume the density of
vz /(17 ®y)? is bounded uniformly in |y| =1 andi=1,...,n

Then F,(a) = op(1), for (a,n) — (0,00), such that Assumption 1(iii) holds.

Theorem 3.3 (Stationary regressor) Let z,; = z; = (1, 2)" where x; is stationary of dimension
m. Let the conditional density of v'z; given G;_1 = o(x1,...,x;,_1) be bounded uniformly in
(x1,...,@i—1,x;) and |y| =1, v € R™.

Then F,(a) = op(1), for (a,n) — (0,00), such that Assumption 1(iii) holds.

Theorems 3.2 and 3.3 involve conditions to certain conditional densities. These are satisfied
in a variety of situations. We give some simple examples.

Example 3.6 The assumption on the conditional density in Theorem 3.2 is satisfied for a
random walk with normal innovations. Indeed if n; are independent normal N, (0, @) with
positive definite covariance ®, then v'z;/(iv'®)/? is N(0,1) for any || = 1.

Example 3.7 The assumption on the conditional density in Theorem 3.3 is satisfied for a
stationary autoregressive process x; with Gaussian innovations. Indeed, if v; = ax;—1 +n,; with
n; i.i.d. N, (0, ®) with positive definite variance ®, then v'z; given Gi_1 is N(v ax;_1, 7' ®v).
The conditional density is bounded in the mean, while the variance ' ®~ is finite and bounded
away from zero when |y| = 1.

4 On the supremum of families of martingales

We will need some results bounding the supremum of a family of martingales indexed by a
parameter in a compact set of R™. These results build on the following result taken from
Johansen and Nielsen (2016) concerning the maximum of finitely many martingales.

Lemma 4.1 (Johansen and Nielsen 2016, Theorem 5.2) Let F; be an increasing sequence of
o-fields and let u,y; be F; adapted with E(u?,) < oo, r € N, £ =1,...,L, i =1,...,n, and
let ¢ and X\ be positive real numbers defined by

L = 0O(n"), (4.1)
max E( max ZEZ w2 = 0O(nf). (4.2)

1<q<r C1<U<L =
Then, if v is chosen such that
(i) : ¢ < 2v, (i) : ¢+ A <2,
it holds that .
max | Z(Um — Ei1unei)| = op(n”). (4.3)
=1

1<¢<L



We prove a similar result for a family of martingales with a parameter x € R™"! which
lies in the intersection of a compact subset K and a ball B(rg, Bn~?) centered in kg and with
radius Bn~?. This result is applied in the proof of Theorem 3.3 for stationary regressors.

Theorem 4.1 Let F; be an increasing sequence of o-fields while IC is a compact subset of
R™L. Consider a family of F; measurable random variables wu,;(k) with E|u,;(k)] < oo for
k € K, and normalized by un;(ko) = 0 for some kg € K. We define the martingales

n

My (k) = {un(r) — Equni(k)}  fork € K. (4.4)

=1

Choose B > 0 and r such that 2" > 3+ m, and F;_1-measurable random variables A,;(k), such
that, for all1 <p <2" and ¢ >0 and Kk € IC,

Ei_1 sup Ui (K) — uni(R)|P < ’I”L_(bAm'(li). (4.5)
REB(k,Bn=?)NK

Let n, v satisfy either of
Casel: n=0,v>1/2, Case2: 0<n<1/2,v=1/2.

Suppose
n Y E{  sup Ay(r)} <C. (4.6)

i—1 KEB(Kko,Bn=1)NK

Then it holds
sup | M, (k)| = op(n”). (4.7)

KEB(ko,Bn=")NK

Lemma 4.1 is also used to prove the next result concerning a special class of martingales
needed in the proof of Theorem 2.1.

Theorem 4.2 Letu; be an F; martingale difference sequence while z,; € R™*! is F;_ adapted,
where m € N. Choose v > 1/2 and r so that m+1 < v2". Let EY " | |u;|* = O(n). Then

sup | Z uil(s,,,—0)| = op(n").
Note that in Theorem 4.1, Assumption (4.5) implies that for ¢ > 0, E;_1|uni(k) — uni(R)[P
is smooth in (k, k), whereas in Theorem 4.2 we find
Eic1|uil(ss,,—0) — uil(g/zni:0)|p = Ls7,,=0) — 1(5'2ﬂ,i:0)|pE|Ui|p,

which is not smooth in (9, 5) The analysis in Theorem 4.2 of this situation is made possible
by the very explicit dependence on 9, which is analyzed in Lemma A.1.



5 Conclusion and discussion

We have investigated tightness for M-estimators for the multiple regression model with sto-
chastic regressors and unrestricted parameters. The leading case of a robust M-estimator is the
Huber-skip proposed by Huber in (1964). As an assumption for the main result on tightness
(Theorem 2.1) we introduced a condition on the frequency of small regressors to show that
the objective function is uniformly bounded away from zero for large parameter values. This
applies for random regressors. It is weaker than the condition given by Chen and Wu (1988) for
deterministic regressors. It is related to the condition of Davies (1990) for S-estimators with
deterministic regressors. This condition is not so easy to check in specific examples, but it is
verified for some deterministic regressors and stochastic regressors that are either stationary
or random walks.

A Appendix
We have here collected all the proofs of the results in the previous sections.

Proof of Theorem 3.1.  With |#| < 7/2 we have cosf > 0. Writing tanf = y and
(—sinf,cosl) = (—y,1)/4/1+ 42, noting 0 < ¢ < 1/2, the inequality is therefore equivalent

to
lz—y| <ev/1+9y2<1/2/1 442 < 1/2(1 4+ |y|),

using /1 +y? < 1+ |y|. Further, using first the triangle inequality and then the above in-
equalities shows
L+ lyl <1+ 2|+ |y -z <1+ |z +1/2(1 + [yl),

so that (1 + |y|) < 2(1 + |z|), and hence 1/cosf = /1 + y? as bounded by first 1 + |y| and
then 2(1 + [z]). =

A.1 Proof of tightness

Proof of Theorem 2.1. (a) Behavior of the criterion function for large |3|. Using y; =
Bozni + €; we find

!/

p(yi — 2,:8) = plei — (10— o) — (@ — o)} = plei — 2,,(8 — B.) — 1.},
where
6* - (:U’O + oy O‘{))/‘

Assumption 1(izb) shows that pu,,u. € R exists so that h, = h(u,) = Ep(e; — p,) < p, =
inf > u.| p(u). We then give a condition for p{e; — 2,;,(8 — B,) — i, } to be greater than p, for
large |f — (,|. Define the direction § = (5 — 3,)/|8 — B.|, and length A\ = |8 — 5,], so that
B .= A5, 18] = 1, and 2,(8 — 5.) = 2.

Then, for |¢;| < A and |2;0] > a, and A > (A + |u.| + |p,])/a,

Hence p(e; — 2,,(8 — B.) — p,) > p, for |2/,6] > a and large A, but not uniformly in 9.

10



(b) A set C,, with large probability. We define m; = p(e; — p,) — h. and the martingale

Mo(8) =07y milge so)=n" ) mi—n" Y milgu s
=1 =1 =1

Assumption 1(iic) implies that the first term is op(1) by the Law of Large Numbers for mar-
tingales, and the second term is op(1) uniformly in 0 by Theorem 4.2 used with v = 1.

Next we find by the Law of Large Numbers that n='Y" | 1c,>4) — P(|le1| > A), which
is small for large A. Moreover, Plsups_1{Fns(a) — Fns(0)} > €] — 0 while, for some § < 1,
P{sups—; Fns(0) > £} — 0 by Assumption 1(i3i). Collecting these results, we define below
sets C,, with large probability. That is, for all €, > 0 there exists Ay, ag, ng > 0 such that for
all A > Ag,n > ng, a < ag the sets C,, defined by the inequalities

;}1:121 | M, (0)] < n, (A1)

n! Z L >4y < 1, (A.2)
F,(0) = sup F5(0) <¢, (A.3)
sup{ Frs(a) — F5(0)} <. (A4)

|6]=1

have probability P(C,,) > 1 —e.
(¢) Reformulation of R,(5) — R.(B.). We note that R,,(8) — R,(5,) does not depend on
the terms with 2/.0 = 0, and therefore define

ni

Rn(ﬁ) = nil Z p(gl - )\Z;de - /’L*)l(\zl .61>0) 5
=1

such that R,(8) — Rn(8,) = Ru(8) — Ru(B.).

(d) Lower bound for R,(8) on C, for large |5 — A,| uniformly in 6. Delete terms for which
leil > Aor|z/,0] < aandtake |f—B,| =X > (A+u.+]|p,])/a, so that p(e; — Az),0 — i) > p,
by item (a). Then,

Ry(B) =0 " plei = M6 — ) e ey Lgznisa) = 20" D Letea) (5 ml>a)-
=1

i=1

Use that for sets A and B, 1,5 > 1 — 15c — 1gc so that

Ro(B) 2 pA1=n"")  L(eyza) — Fus(a)}.

i=1
Now, on the set C,, use (A.2) and (A.4) so that

Ru(B) = pAl —n— Fus(a)}

>pfl—n— Esl\lzpl{F"é(a) — Fi5(0)} — Fs(0)] > p,{1 — Fs5(0) — 2}

11



(e) Upper bound for R,(B,) on C,. Using m; = p(e; — p,) — hs we find

Ro(B.) =" {p(ei = i) = he + Yzt s150) = Ma(0) + han™ > 1 5150)-
i=1

i=1

Recall the definition of F},5(0) and use (A.1) to get

R.(B,) <n+hnt Z Lz 51500 = 1+ haf1 — F5(0)}.

i=1
(f) Combine (d) and (e) to get a uniform positive lower bound for R:(5) — R:(5,).
R,(B) — Ru(B.) = p{l— Fus(0) — 20} — hu{l — Fr5(0)} —
= =020, +1) + pA1 = Fus(0)}(1 = h/p,).

The bound (A.3) to F,5(0) < F,(0) < ¢ < 1 then shows that, uniformly in |4 = 1 and
|6 = 8. > (A+u. + |w.])/a = By, say, then

Ru(B) — Ru(B,) = —n(2p, + 1) + p, (1 = §)(1 = hi/p,).

By Assumption 1(ib), 1 — h,/p, > 0, such that the lower bound is positive when n < p, (1 —
(1 = hi/p,)/(2p, +1). Thus, infig_p |>5, Ra(B) > Rn(B,) but R,(8,) > infiz_s, <p, Rn(fS)

on C,.

(g) Existence of minimizer. The objective function is lower semi-continuous on the compact
(I8 — B.| < By) by Assumption 1(iia), and therefore attains its minimum, and any minimizer
is in the set (|5] < B) for B = By + |5,].- =

Proof of Theorem 2.2. If further p is continuous we can apply the argument of Jennrich
(1969) and construct a measurable minimizer, 3, with value in the compact set (|| < B), such
that 5 is tight. m

A.2 Proof of martingale results

Proof of Theorem 4.1. We study the martingale M, (k) = Y"1 {tuni(k) — Ei_1uni ()}, see
(4.4), on sets of the form B(ro, Bn~")NK. We prove (4.7) in the situations

Case 1:n=0,v>1/2, Case2:0<n<1/2,v=1/2.
(a) Chaining argument. With the assumption 2" > 2 +m + 1 we can choose ¢ such that
1/2<¢< (27 =1)/(m+1). (A.5)
For 0 < n < 1/2, cover B(kg, Bn™")NK by L = O{n¢=m0"+D} balls B(k,,n ) with radius
n~¢ and centers r; € B(ko, Bn™")NK for £ = 1,..., L. Note that L = O{n(¢=mMm+D1 _ o,

For all k € B(ko, Bn™")NK, we choose r, such that B(r,, Bn~¢) covers . Use chaining to get

sup M, (k)| < max |M,(ke)| + max sup M, (k) — My(Ke)| = Rt + Rano-
KEB(ko,Bn=1)NK ’ )‘ 1<t<L ’ )’ 1=l KEB(ke, Bn=C)NK ’ ( ‘

12



We need a martingale bound for R,s. Define

K (Ko, n_c) = sup [tni(K) — wni(Ke)].
KEB(ke,Bn—%)NK

Applying the triangle inequality and then |X — EX| < (| X| — E|X]|) 4+ 2E|X| and defining
Mg = Z{km(ﬂz, n=%) = Eitkni(ke,n %)}, Mg = Z Ei—1kni(rie,n°)
i=1 i=1

gives the bound R,; < max;</< L(ﬂngg + 2M,2¢). We then prove (4.7) by applying Lemma
4.1 to the martingales M, (x,) and M.,,5, while bounding M,z

(b) The term maxi<i<r |My(k¢)| = Rn1. We apply Lemma 4.1 to the martingale M, (ky)
defining un; = upi(ke). Let A = (¢ —n)(m + 1) in (4.1). We argue that ¢ = 1 — 7 in (4.2).
Indeed, we find from (4.5) with ¢ =7, and 1 < p < 2", because uy;(kg) = 0,

Ei1 sup i (Ke)|P = Eiq sup |tni (Ke) — tni(Ko) [P < 77T Api(Ko),
K1EB(ko,Bn=1)NK K1EB(ko,Bn=1)NK

uniformly in ¢, p. Since > | EA,;(ko) = O(n) by (4.6) we get, see (4.2),

n

y<n" . < I-n _ S
121};1}; E(IIEZEEE > Ei1|unel?) <n Zl E{A,i(ko)} < Cn O(n%).

We then check the conditions of Lemma 4.1 :
(i):0<¢=1-—n<2v, (i) :c+A=1=n+(C—n)(m+1) <v2"

Condition (7) is satisfied in Case 1 since 1 —7n =1 and 2v > 1 and in Case 2 since 1 —n < 1
and 2v = 1. Condition (i7) is satisfied in Case 1 and 2 by the choice of ¢ in (A.5), because for
0<nandv>1/2
2r-t 1
- 1) =21 <v2.

m+ 1 (m+1) =7
Applying (4.3) of Lemma 4.1, we get maxi<¢<r, | M, (k¢)| = R = op(n”) in both cases.

(¢) The term maxi<y<; Mpze. Use (4.5) for ¢ = ( to get
Ei1kDi(ke,n¢) < n " Ani(ke) <n™¢ sup Api(k), (A.6)
KEB(ko,Bn=T)NK

uniformly in k, and 1 < p < 2". We then find from (4.6) that

cHA=1—-n+C—n)(m+1)<1+{(m+1) <1+

n

E max Ei 1k (ke,n ™) <m Cz E{ sup Ani(R)} =0(n'¢) =o(n”), (A7)

1<l<L kEB(ko,Bn—1)NK

1=1
since v > 1/2 > 1 — ¢ by (A.5). In particular for p = 1 we find Emax;<s<; My = o(n") so
that, by the Chebychev 1nequahty, maxi</<r, M = op(n?).

(d) The term maxi<s<y, Mngz We apply Lemma 4.1 to the martingale ./\/lngg using e =
kni(kg, Bn™¢). Due to (A.7) we can choose A = (¢ —n)(m + 1) and ¢ = 1 — (. Noting that
¢ >1/2>nthen¢=1-( <1—n, which was the value of ¢ chosen in item (b). We can then

proceed as in (b) to get max; <<y, Mo = op(n”). =

For the proof of Theorem 4.2 we need the following Lemma. For any 0 # v € R™*! we
define v, as an (m 4+ 1) X m matrix of rank m for which v'v, = 0.

13



Lemma A.1 Fori=1,...,n, letu; be random variables while z; are random vectors in R™T!,
Let

Sn((S) == Z Uil((;/zi:()).
=1

For m = 0 we define M,, = >\ | u;l¢;,—0) and find S, (0) = M,.
For m =1 we define for 1 < {; <n+1

l1—1 n
My, = Z u;l(z—0) + Z Uil (2, £0,(20,)', 2=0) (A.8)
i=1 =t
and find
< . .
\?Il:% [5n(0)] < 1512?25“ [ M| (4.9)

For m > 1 we define for1 < ¢, <--- </, <n+ 1 the martingales

m Lpy1—1
Mo =30 3 6l v A
k=0 i=l
where we write {o = 1 and {,,.1 = n + 1. Here zi(o) = z;, and for k = 1,....,m we define
recursively for zéffl) #0, zgk) = (zéffl))lzi(k*l) fori =4y, ... U1 — 1. Then
< . .
max [15n(0)] < |, max Mg, .. (A.11)

Proof of Lemma A.1. (a) The case m = 0. If z; € R, then 6 = +1, and ¢'z; = 0 if and only
if z; = 0, such that S,(0) = M,,.

(b) The case m = 1. In order to find an expression for S,,(J), we define the stopping time
59 with respect to the filtration generated by z;, as the first index i for which ¢’z; = 0 and
z; # 0. If no such i exists, we let s{ = n + 1. For i < s this means that either ¢’z # 0
or z; = 0. If 5IZZ' ?é O, then 1(5/21.:0) = 1(Zi=0) = 0 and if Zi = 0 then 1(5,21':0) = 1(%:0) = 1,

s6— 59— .

such that Ziilluil(yzi:o) = Ziilluil(zi:o)- For i = s we find zg # 0 and 0’24 = 0, and
because m = 1, 6 € R? is proportional to (z,s) ., and therefore ¢'z; o< (z,)" 2; for i > s9. Thus
D iy Wil(szi=0) = Doiiyg Uil(z 50,z 5)1 zi=0}, and

n 5?—1 n
Sn((S) = Zuil(yzi:o) = Z uil(zi:O) + ZU@1{25{¢07(ZS?)lZi:0}. (A12)
i=1 1=1

)
Z—Sl

We now compare with the martingales M,, , see (A.8). For all sample paths and all § we have
the evaluation

s‘i—l n
1S (0)| = | 21 Uil (z—0) + EUil{zS§¢o,(z3§)lzi=o}| < | Jnax | Mo, |,

2281

and hence (A.9) holds for m = 1.
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c The case m > 1. We use the stopping time s¢, and define the regressors 20 = 2,1 < 80
g 1 g 7 1

and z = {z f 0), 59 < i. Then z(g) # 0 and 5'z(g) = 0, so that 6 = §p = {z(g)}ﬂh for

some 0; € R™™ 1 and hence 6’2" = 6’1{ }Lz(o = /2. By the argument leading to (A.12),
we then find

ZU’L 6/ (0) 0} Z ul { (0) 0} + Zuz { (0 750 5/ fl):U}' (A.13)

lSl

Then we have expressed the sum from 1 to n involving an m + 1 dimensional parameter ¢ and
0) . . . . .
regressors zi( ) in terms of a sum from s{ to n involving an m dimensional parameter §; and

regressors z(l) Therefore we define recursively stopping times s?, parameters d;, € R™+1F

and regressors z ,for k=2,.

5= min{i Y =0, 2V £ 0y,
Op-1 = {252 "} L6,
R EV S UE T N )
k

By repeated application of (A.13) we then find, using the notation sj = 1 and s°, p=n+1,

m 8k+1

E u;1 (5:9=0} = g E u;l {<0)¢07 7(!; D20, —oy>

and the inequality, using the martingales defined in (A.10),

E uil, o < max M
| — 7 {6/2;1( ):0}| — 1§€1§§€m§n+1| n7€17é27----£7n )

which proves (A.11). =

Proof of Theorem 4.2. We apply Lemma A.1 for m + 1 = dim 2z to see that we must
evaluate the maximum of |M,, ¢, s, ¢,.|, see (A.10), where the summands

Unty, bt = Wil @ L v gy O ST <Ly,

nil 7 by ) Zni

are now martingale difference sequences. We apply Lemma 4.1. The number of martingales is
L = 0O(n™) and we choose A =m € N, see (4.1). We find

q
max E(  max E Ei 1uZ, ;) < max Eu2 < E E(1+u?) = O(n),
1<q<r 1<zl< -<Llm<n Lyeeesbmd 1<q<r -

1=

such that ¢ = 1, see (4.2). We then apply Lemma 4.1 and find for v > 1/2, that 1 = ¢ < 2v
and m+ 1 =¢+ X\ < 12", so that maxi<¢,<..<t,,<n+1 | Mnty 0.0, =0p(n”). M
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A.3 Proof of results regarding the frequency of small regressors

We prove Theorem 3.1 which relates the condition of small regressors in Assumption 1(iii)
to the condition of Davies (1990) for deterministic regressors. Finally we show in Theorems
3.2 and 3.3, that the condition for small regressors is satisfied for random walk and stationary
regressors.

Proof of Theorem 3.1. (ia) We first prove that
{A(&) <a} C{F,(a) >int(n)/n}, 0 <E<1. (A.14)

If £ < 1/n, int(n€)/n = 0, and {F,(a) > int(n)/n} is the full set, so the relation trivially
holds. Consider therefore 1/n < ¢ < 1. If A\,(§) < a, there exists a non empty subset S of
(1,...,n) with [S| = int(n¢) elements such that minjs—; max;cs|2),;0| < a, and therefore, by
continuity, a 6 with 6’6 = 1, such that for all i € S we have |2/,,§] < a. Hence the number of 4
for which |2/,0| < a must be greater than or equal |S| = int(n&), that is, Fys(a) > int(n&)/n
and hence F,,(a) > int(n&)/n. which proves (A.14).
(1b) We next prove
{Fn(a) > int(ng)/n} C{An(§) < a}. (A.15)

This is obvious for ¢ = 1, because {F,(a) > int(nf)/n} is empty, so the relation trivially
holds. Assume therefore £ < 1. If F},(a) = supjs—; Fns(a) > int(nf)/n, there is a § for which
Fos(a) > int(ng)/n or Y77 1(r 5<q) > int(n&)/n, and therefore the number of i for which
|21 0] < ais at least int(n&) and hence we can find S with |S| = int(n¢) for which |z/,0| < a
for i € S. Thus A\,(¢) < a, which shows (A.15).

(71) First, if liminf, . A, (£") > 0 for some £* < 1, then A\, (¢*) > ag > 0 for some ao,
and all n > ng. It then follows from (A.15) that F,(ag) < int(n&*)/n < &%, n > ng, and hence
im sup 4 1) (0,00) Fn(@) < & and we define £ = 7. Second, if lim sup, ) (0,00) Fn(a) < § < 1
then for n > 0, there is ag,no such that for n > ng and a < ag, Fy,(ap) < £+n < int{n({+2n)}/n.
Thus, we choose 1 so small that £ + 21 < 1 and find from (A.14) that A, (£ + 2n) > ag, so we
choose £* = £ + 2n < 1, such that liminf, . A\, (") > ao, which proves (ii). m

Before we prove Theorem 3.2 we show an intermediate result.

Lemma A.2 Consider the random walk z; = 23:1 n; € R™, where n; d.i.d. (0,®), j =

1,...,n, and assume that the density of v'x;/(iv'®y)/? is bounded uniformly in |y| = 1 and
1=1,...,n. Then the sets

i I
B, = {| - Snéfsga + ol < My,
satisfy )
S 1o < 4 A )
i=1
Proof of Lemma A.2. We find
i . m+1 il -~
mHl _ B
E(; ) 191,.%;“9 E(JE[l 1Bij) at least %o:z'j equal E(};[l LBij) " all ij%;erent E(Jljl 1%)
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The first sum contains at most n™ terms which are all bounded by 1 and hence the contribution
is at most n™, which accounts for the term n~'in (A.16).
Conditioning on the o-field G, = a{nj, J <'i,} we can express the second sum as

m n

(m+1)! > E (Hhﬂw) > E(ls, IGm) ¢ (A.17)

1<i1 < <im<n j=1 1 =im+1

Let o2, ., = Var(y Z;mjjﬁl 1;) = (Imy1—1m)7' @7 be the conditional variance of 7/ ZZ"’“ n;,
given G,,. Then

sinf + a nl/? "z v mel 1, nl/?
E(Ls, _ [Gn) — P({] - ¢ i iy
mE cos Om+1 Om41 Om41 Om41

im+1
of length 2Mn'/20," . Hence the assumption of a bounded density of the normalized random
walk implies that

is the probability that the random component, 4" 1M/ Om+1, is contained in an interval

1

(lm—l—l - Zm)

E(lg, . |Gm) < CMn'/?

7"nH»l 1/2 ’

Summing over 4,,,1 we find the bound
Y E(s,,,[Gn) < OMa*(n —i,)"? < CMn.
Z.'rnr‘rl:irn‘i‘l

Inserting this into (A.17) we get

m—+41 m
> E([[w)<cmn Y E(]1s)
1<ii<-<img1<n  j=1 1<ii<-<im<n j=1

Repeating the argument we find the result in (A.16). =

Proof of Theorem 3.2. We assume that the regressors are z,,; = (1,n"*/22})’, where z; is a
random walk. We want to prove that F,,(a) = op(1) for (a,n) — (0, 00), see (2.4).

To study the sup5—; Fns (a), we apply a chaining argument and let m = dim z. We therefore
consider § € R™ and cover the m dimensional surface K = {|§] = 1} with L = p~™ balls,
B(d¢, 1), of equal radius n and centers 0y, = 1,..., L, and evaluate sup;_; Fi.s(a) as follows

sup F5(a) < max Fps,(a) + max sup |Fs(a)— Fns,(a)l.
16]=1 (a) 1<U<L (@) Z<LB(5N])VVC‘ (a) (a)|

We truncate the stochastic regressors [n~'/2z;| by A and find, using Boole’s inequality, that

P{sup F.s(a) > n} < Pon + Pin + Pan,
16|=1

where

_ 1/2
Pon, (E{%{ln || > A),

L
P = ZP{FW a) > /2, maxnlz] < A},

Pon = sup | Fos(a) — Fus,(a)] > /2, max n™'2|z;| < A},

6@7 )

IIMh
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We discuss these in turn.
Pon. By tightness of max;<;<, n~"/2|x;|, Py, tends to zero for A — oo uniformly in n.
P1,. We bound Py,, by the Markov inequality

Pin < Z E{Fn5e 1(max1<l<nn 1/2\x1\<A)} - Z Z P |an(55‘ < a, max n 1/2|[L’ ’ < A)

Kl i=1

Write 0)2,; = —sinf; + n~/2'z; cos§; where cosf, > 0 and |y| = 1. From (3.2) with |z|
replaced by n~2|y'z;| < A while ¢ = a < 1/2, we find (cosf;)~! < 2(1 + A) and therefore,
when dividing by cos 6, and leaving out the intersection with (max;<;<, n~"2|z;| < A) we get
the further bound

L n
2 1
Pu < ; - Z P{ — tanfy + 02z < 2a(1 + A)).
Dividing by n~"/2(iy'®y)'/? gives

L n
) nl/2 s 2a(A + 1)n'/?
n <2 -1 — p — 5t 0 - < '
P <2 Zn; {| (Z-,y/qyy)1/2 anty + (2.72(1)74)1/2’ = (Z',y/qyy)l/z }

1/2

The random variable (vyz;)(i7;®7,)~'/? is assumed to have a bounded density and the prob-
ability that it is contained in an interval of length 4(A + 1)n'/2(iy,®v,)"*/2, then gives the

inequality
n

1 NP
Pin < CL2a(A+1)~ ;(;) < CLAa. (A.18)
Paon. Let 2,; = (1, 2/n~Y2)" and note |6, — §| < 1 resulting in the inequality

1Lq2r,601<ay — Lyzno1<adl = 1L(2600<a) — L0t 002, 6-60) 1<a3 | < 1122 50—al<nlznl} + 112,80+ al <nlznil}-

ni ni ni ni ni ni ni

The same holds multiplying by 1(4,j<4). Introducing 2,6, = —sin 6, + cos 0,(v,z;n~1/?) and
the bound |2,;| < 1+ |7;jn"1/2 <1+ A, we apply (3. 2) forb==xa, c=a+nA+1)<1/2
We find that (cosf,)™! < 2(A + 1), and therefore

sinf, + a VT

/ , |y —1/2 —
(a6 af < nlew,faifn 2 < 4} € {| - o2 4 I

’ <277<1+A> } sz

say. By Chebychev’s inequality

L
P2n S Z 71
/=1
4 L n n
< G D ) B )

From Lemma A.2 with M = 2n(1 + A)?, we find from (A.16) that

n

1B+ > n/4) + P(n~ 1213_ > n/4)}
1

=

4
Py, < 2L(5)m+1{n_1 + O™ 1+ AP < CLn 7+ CLy™ (14 A2 (AL19)
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We therefore find from (A.18) and (A.19), using ™+ = L~'=1/™ that

P{sup F,s(a) >n} < P{ln<1a<x lz;i|n"Y2 > A} + CLAa + CLn™' + CL™Y™(1 4 A)2m+D),
51=1 <isn

By tightness of max; <<, |7;|n~*/? we can choose A > 0 so large that P{max;<;<, |z;|n"/? >
A} < ¢/4 for all n. Next choose a small and L large so that a+n(1+A) = a+ L~ Y™ (1+A) < 1/2
and CL~Y™(1 4+ A)m+1D) < ¢/4, then a so small that CLAa < €/4, and finally n so large that
CLn~! < ¢/4. This proves (2.4) and hence Theorem 3.2. m

Proof of Theorem 3.3. We assume that z; = (1, 2%)’, where z; is a stationary process. We
want to prove that F,,(a) = op(1) for (a,n) — (0,00), see (2.4).
We truncate each of the stationary regressors at A and decompose F,5(a) as follows

n

Fus(a) = 1" [Lsi<afed<a) — E{1(z0<aei<a)|Gi1}]

i=1

7Y atsi<afe>a) + 1 Y E{lasi<ofel<n|Gio1)
=1 =1
= Mm;(a) —+ les(a) + Rgms(&).

We have to prove that the terms M,s(a), Rins(a), Rans(a) vanish in probability uniformly in
|0] = 1 for suitable choices of a, A, and n.
The remainder term Rips. From 1(.51<a,jz;/>4) < 1(j2;/>4), we find by Chebychev’s inequality

" 1
P{sup Rins(a) > n} < P{n" Z Lzy>a) 2} < EP(IMI > A), (A.20)

16]=1 i=1

which can be made arbitrary small by choosing A large.
The remainder term Ra,s. Since 0| = 1 we can write z/d = —sinf + +'z; cos 0 for cos > 0
and |y| = 1. Thus, using (3.2) with ¢ = a < 1/2 we get (cosf)™! < 2(A+1). Then

(|20 < a,|x;] < A)={]—sinf+ (vx;)cosb| < a,|z;| < A} C{| —tanf +~'z;| < 2a(A+1)}.

Further, the density of v'z; (and hence of | —tan 64+'x;|) given G;_; is bounded by assumption,
and we find
E{1(1<a,jasj<a)|Gi1} < Ca(A +1), (A.21)

which can be made arbitrarily small for fixed A by choosing a small.
The martingale term M,s. Define the compact set K = (§'d = 1) C R™"! choose §y € K,
let um(é) = 1(|z§6\§a,|xi|§A) — 1(‘2250|§a7|m‘§,4) so that ’U,m<50) = 0 and write

n n

1 1
Mys(a) = D [=tsol<atei<a) — EX1(ez0/<afei<a)|Gio1}] + - > [uni(6) — E{uni(8)[Gi-1}]-

=1 =1

The first term does not depend on ¢ and vanishes by the Law of Large Numbers for martingales.
For the second term we apply Theorem 4.1 case 1 with 7 = 0 and v = 1. To check condition
(4.5) we must bound

|Uni(0) — uni(0)] = |1(\z;.8|ga,\xi\§A) - 1(|Z§5|§a7|x¢|§A)|~
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Replacing d by 6 + (6 — ¢) and using the triangle inequality we get, for |6 — 6| < Qn=?,

i (6) = ni(0)] < Ljat5—ajz@n-o sl jesl<al) + L(to-+al<Qn-o[zl il <A)-

As before, we can write z.d = — sin 0+ x}7y cos § for cos > 0 and |y| = 1. Since |z;| < 1+|z;| <
14+ A we get

{lzi6 £ a| < Qn7™%)zl, Joi| < A} C {] —sind + iy cosf £ a| < Qn (1 + A), |z < A}.
Then, (3.2) with ¢ =a + Qn (1 + A) < 1/2 shows (cos)™! < 2(A + 1) so that

inf +
{lz46 £ al < Qn %l ol < A} € {| = === +aly] < 2Qn~°(L+ 4%} = S
We can then bound
sup |um(5) — um(S)V’ < (157 -+ 15+)p < 0(157 + 15+).
5:)6—8|<Qn—9
Because (cosf)~! is bounded and the conditional density of ¥'z; given G, ; is bounded in
|v| = 1, it follows that
E{_ sup  [ui(0) — uni(0)"1Gins} < CQn~(1+ A)?,
5:16—5|<Qn—2
so that (4.5) holds with A,;(6) = C(1+ A)?, and hence (4.6) holds. Theorem 4.1, case 1, with
n =0 and v = 1 now shows
1 n
sup =D [1ni(0) = E{uni(9)|Gi-1}]| = 0p(1). (A.22)
= i=1
Combining (A.20), (A.21), and (A.22) we find that for any € > 0, we first take A so large
that P(supjs—; Rins > 1/3) < €/3, and then a and @) so small that a + Q(1 + A) < 1/2, and
P(sups— Rans > 1/3) < €/3, and finally n so large that P(supjs_; [Mns| > 1/3) < €/3. This
proves (2.4) and hence Theorem 3.3. =
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