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Abstract

The concept of capabilities, introduced originally by Sen with the aim to provide a better
basisfor the theory of inequality, hasinspired many researchers but has not found any simple formal
representati on which might beinstrumental in the construction of acomprehensivetheory of equality.

In the present paper, we present a formalization of the concept of capabilities based on
Lancasterian characteristics, whereby a functioning of an individual is a method for transforming
an initial position to a final outcome. In this context, we investigate whether preferences over
capabilities as sets of functionings can be rationalized by maximization of asuitable utility function
over the set of functionings. Such a rationalization turns out to be possible only in cases which
must be considered exceptional and which do not allow for interesting applications of the capability
approach to questions of health or equality.

The conclusion which can be obtained from the predominantly negative resultsisthat aformal
description of capabilities much involveideaswhich go beyond the simple representation asafamily
of choice sets.

Keywords. Capabilities, characteristics, equality of health.

JEL classification: D63, 110

1. Introduction

In recent years, the capability approach suggested by Sen (1980, 1985) has been
applied in several different fields of economics, including research in poverty and
inequality, but also individual health related quality of life. The capability of an individual
is given as a set of functionings, each of which describes a way of transforming an intia
given situation to afinal outcome. A recent approach to the measurement of standard of
living using functionings as a basic concept is Gaertner and Xu (2005).

Severa recent studies (Herrero (1996), Herrero (1997), Herrero, Iturbe-Ormaetxe
and Nieto (1998)) have applied the capability approach to problems of equality, whereby



capabilities are taken as depending on the initial state, formalized as an allocation of
goods. We shall expand dlightly on this formulation, using the concept of characteristics
introduced by Lancaster (see, e.g. Lancaster (1971)). We assume that individuals have
access to atechnology for transforming initial bundles of goodsinto characteristics. Each
such transformation would then correspond to a functioning, but the set of functionings
now depend in a rather ssimple way on the initial bundle, since they will be al the
processes which are feasible and use the available endowment asinputs. Thisapproach to
capabilities is admittedly simplistic, in particular if we add standard assumptions on the
overall technology, but this very simplicity has the advantage that it allows for a closer
scrutiny of the nature of capabilities, and in particular, preferences over sets of capabilities,
and their possible explanation.

In the present study, we shall be interested in situations where the individual or
societal preferences over characteristics or characteristics profiles can be derived from
utility maximization, so that one capability is better than another if the best possible
outcome in the first is better than the best possible outcome in the second. If thisis the
case, we say that the preference relation over capability setsis rationalizable. It turns out
that this will happen only in rather exceptional cases, at least when we consider setups
which are realistic from the point of view of applications (in the first case, applications
to health status measurement, and in the second case, to optimal choice of allocationin a
socety). These results can be seen as aformal argument for the need of a more elaborate
theory of capabilities, elaborating on the reason why one capability set is better than
another and how much better it will be, since such questions cannot — as the present paper
indicates— be answered based on the standard approach of economic theory, maximization
of individua or societal welfare.

The paper isstructured asfollows. Inthesection 2, we consider individual preferences
over capabilities, with a special view to application to health related quality of life, and in
section 3, wediscuss problems of allocationin society. Section 4 containsashort summary
and discussion of the results obtained.

2. Rationalizing individual capability indices

Asis well-known, measuring individual health is both conceptually and technically
complicated; indeed thevery nature of healthisopen to somedebate, andintheby now very
rich literature on this subject it has been suggested, that the capability approach outlined
above and the measurement of health as QALY's are indeed closely related (Cookson,
2005).

Inthefollowing we consider agiven family C of compact, convex, and comprehensive
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(meaning that if z € C andy € RY satisfiesy;, < aj, for h = 1,..., L, theny € C)
subsets of characteristics (interpreted as sets of functionings open to an individual in
different health states). For our subsequent reasoning, it is convenient to assumethat C is
rich enough to contain some distinguished sets, in particular C contains {0} and permits
the operation of (Minkowski) weighted averages, i.e. if C,C’ € C and A € [0, 1], then the
Set

AC+(1-NC" ={yeRl |[y=Xx+(1-N2',z€C, 2" €C"}

belongsto C aswell. We shall say that afamily C with these propertiesis regular.

In our present setup, the capabilities approach to QALY measurement would imply
that thereiscomplete preorder = onthesetsC' € C; welet > and ~ denote the associated
strict order and indifference, respectively. For completeness of exposition, we state this
as afirst axiom.

Axiom 1. The preferencerelation z on the family C is a complete preorder, and it is
continuousinthesensethat {C’ | C' = C’} and {C’ | C' = C'} areclosed (in the topology
on C induced by the Hausdorff distance) for all C' € C.

We shall consider in some more details the properties of this preorder which seem
reasonable if it is to be represented by an index with QALY-like properties. First of all,
we assume that averages make sense and that the indifference relation is stable under such
averages:

AxioMm 2. Let (Cy,C5y)and (Cf, CY%) bepairsof elementsof C with Cy ~ Cy, C] ~ CY,
andlet A € [0, 1]. Then

AC1 + (1= N)C] ~ MOy + (1 — \)Cs,.

The property stated as Axiom 2 isastrong one, inducing some linearity into the pref-
erences (which indeed is what comes out of the present characterization). On the other
hand it seems no more restrictive than what is usually assumed when considering prefer-
ences over health states, where indifference between suitable lotteries are instrumental for
assessing the values of the utility indices.

For the intuitive interpretation of QALY score as size of the set of avallable
functionings, we would like to have the following monotonicity axiom:

Axiom 3. IfCy CintCy, thenCy = C;.

In its present form, this axiom can hardly be controversial, stating that if there are
strictly less functionings available, then the resulting smaller capability set isless desired
than the large one. We shall |ater have to consider modifications of this axiom which are
perhaps less immediately acceptable.



Axiom 4. For each C € C, there exists x € C such that {z} — ]Rﬁ € C ad
{z} -RE ~ C.

This axiom can be recognized as a version of the celebrated I1A principle (Indepen-
dence of Irrelevant Alternatives). If preferences over capabilities can be rationalized by
a utility function, then the utility-maximizing element of the availability set (extended by
free disposal to satisfy comprehensiveness) should be exactly as good as the larger choice
set containing options that will not be chosen anyway. Thus, an 1A axiom of some type
(and we shall consider another type of 11A axiom later) seemsto be a necessary ingredient
in any system of axioms for preferences on availability sets which can be rationalized by
utility maximization.

For ease of notation in the sequel, we introduce the notation z< for {z} — RY. We
note that if Axiom 3 holds, then the vector = of Axiom 4 must belong to the boundary of
C.

THEOREM 1. LetC bea regular family of subsets of RY, and let % be relation on C.
Then the following are equivalent:

(i) (C, ) satisfies Axioms 1 —4,

(if) thereisan linear map v : R, — R such that

CxC & maXgeccu(x) > MaXyeoru(z).

Proor: The proof of the implication (ii)=-(i) is straightforward and left to the reader.
Definetheset L' = {z € RY | 2< € C, 2< x5 C’, dl C’ € C}. By Axiom 1 there are
maximal elementsfor = on C, and by Axiom 4, we get that L' is nonempty.

Next, choose any 2* € L' and define for each A € [0,1] the set L* = {z € RY |
< ~ (Az*)<. By axiom 2, each set L* is convex, and we have that X A\~'L* C LV
whenever N < \. Letting L' = {x | Az € L* forsome X € [0,1]} we get that L' is
convex and that for each = € L', thesets {2’ | 2/ < z} and L! aredisjoint. Consequently,
by separation of convex setsthereisc € RL, ¢ # 0, suchthat L' € {2/ | c- 2’ = 1}. It
followsthat L* C {2’ | c¢- 2’ = A} foreach \ € [0, 1].

Definethemap u : RY — R by u(x) = ¢ - z for each x. We show that u satisfies the
conditionsin (ii). Let C be arbitrary, and assume that C' ~ =< for somez € L*. Then
thereisy € C'withy< ~ x<,andsinceu(y) = u(x) = A\, wehavethat max,ccu(z) > A.
Suppose that max.ccu(z) = A > X; then C contains some vector z € L*', meaning that
2" = A(\)~!z must belong to L*. But since (2’)< is contained in the interior of C' by
Axiom 3, we have a contradiction. O

It is easily seen from the proof of the theorem that the linear function « is uniquely
determined (uptoapositivemultiple) inthecasewheredim L* = L—1forsome < [0, 1].
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Also, if wedo not insist on u being linear, we still need that u(x) = A forall = € L*, each
A, meaning that the level sets of u will have large flat segments, possibly of dimension
L—1.

Since the assumption that C contains a sufficient large supply of sets of the form z=
may be difficult to justify in the applications at hand, we consider below another axiom
system which is tailored for our purpose. As before, we assume C to be compact (in
topology induced by the Hausdorff metric), convex and to contain {O}. In our present
setup we assume moreover that C is closed under the operation of taking (arbitrary) unions
followed by convexification. Thus, if D C C, then the set

COW*(UD):d {I"I:ZM@'CL‘Z’, Wi € [0’1]’2'[“:1’ $iECiE'D,i:1,...,T}
i=1 =1

belongsto C. For ease of reference, afamily satisfying all these conditions shall be called
rich.

For the following result, we need to modify some of the axioms stated above; clearly
Axiom 4 must be replaced by another one, but also Axiom 3 must me sharpened slightly.

Axiom 3. LeteC,C"eC. IfC CC'thenC’' o C;if C ~ C’, thenthesetbd C' N C'is
CONVEX.

In the context of regular families of convex sets, we replace Axiom 4 above by the
following axiom which exploits the new structure.

Axiom 4’. LetC’ beafamily of setsfromC suchthat C' ~ C’ for all C,C" € C’'. Then
conv (UC") ~ C for each C' € C'.

It is easily seen that Axiom 4’ captures the independence of irrelevant aternatives
which we aspect to be satisfied by an ordering of sets which can be rationalized as utility
maximization, but in another direction; instead of finding equivalent smaller sets we are
now provided with a method for constructing equivalent supersets.

THEOREM 2. Let C be arich family of closed, convex, and comprehensive subsets of
]Ri, and let = be a complete and continuous preorder on C. Then the following are
equivalent:

() (C, &) satisfies Axioms 1,2,3', 4" and 5,

(it) there is an affine function v : ]Ri — R such that

CxC & maX,ecu(z) > MaXpeoru().

Proor. As before we leave the implication (i)=-(ii) to the reader. For the converse
implication, we follow the steps in the proof of Theorem 1. Let D' be the set of elements
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of C which are maximal for =, and let C' = conv*(UL!). Then C* belongsto D! by
Axiom 4. For each \ € [0, 1], we define £* asthe set of al C such that C ~ A\C*, and
let C* = conv*(UD?); again C* € D* by Axiom 4. If for all A, the set D* consists of
the single element C*, then C* = \C" for each A. Choosing any = € bdC"* and any p
which supportsC! at x (i.e.p-c < p-z forall c € C*, wehavethat the function u defined
by u(z) = p - = satisfies the conditions stated in (ii).

If there is some \ such that D> contains more than one element, then we define the
set

E={recRl|3IN€[0,1,C €D\ C#C*: \x €bdC*NC}.

We claim that E is convex. Indeed, let z1,2, € F and let u € [0, 1] be arbitrary. Then
there is some A (chosen small enough), together with sets C, C, € D, Cy,Coy # C,
suchthat Az; € bdC*NC;,i = 1,2. Itfollowsthat Az, Az, € bd C* Nconv (C1 U Cy),
and by Axiom 3, we have that

/D\:cl + (1 — /A))\J?Q € de)‘ (M conv (Cl U CQ)

for any i € [0,1]. If conv (Cy U Cy) # C*, then puxy + (1 — p)zo € E; if not, we repeat
the argument above with C replaced by vC; + (1 — v)C, for v small enough so that
puzy + (1 — p)zo can be written as a convex combination of vz; + (1 — v)xo and z,.
Next, consider the family of closed convex sets (A—lCA)(KASl. We have that
ATICA € A1Ch for A < A, sotheset F' = Ugoy<1 A~1C? is convex. Moreover,
E does not intersect the interior of F, since in that case £ would intersect the interior of
C* for some \ > 0, acontradiction. It followsthat £ can be separated from the set int F,
so that thereisalinear formp suchthatp -z = 1forz € Fandp-x < 1forx € F.
Define u by u(x) = p - x; we check that « has the desired properties by showing
that max,cc = A for C € D*, X\ € [0,1]. Thus, let C € D*. ThenbdC* N C # 0,
since otherwise C' < C* by Axiom 3. Since u(2) = A for & € bdC* N C, we have that
max,ccu(z) > \. Thefact that max,ccu(z) > X follows from the separation property,
sinceu(r) < 1on Fimpliesu(z) < A forx € C*. O

We conclude this section with some considerations of the conditions for a family
C to be rich. In the application that we have had in mind, sets C' € C arise as sets
of feasible (characteristics) outputs in a technology with commaodity bundles as inputs.
Let T c R, x R% be a convex set, interpreted as a production set for the household
transforming commaodity bundles x € Rﬂr to characteristics bundles ¢ € Ri. Then any
set of the form

T(x)={¢|(z,§) €T}

would be a feasible availability set. The set {0} will appear as 7'(0) provided that T
sati sfiesthe standard assumption that no output is obtai nable without input. Theremaining
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properties of regular or rich families do not however follow if we restrict ourselvesto sets
of thetypeT'(z) or evensetsU,. 4T () for suitable subsets A of ]Rﬁr, the standard example
of A being bundles obtainable in a market from a given bundle of ressources. Thus, for
our results above to make sense in this context we might have to assume that individuals
can order also availability setsthat do not arise in any natural way.

Needless to say, any rich family C may arise from some technology 7', at least if we
allow for infinite-dimensional commodity spaces; astheinput bundle giving riseto C, we
may then choose the support function of C, giving us a suitable subspace of C° as the
commodity space; the operatios of averaging and of convex combinations carry over to
support functions. Since this construction has only limited interest unless combined with
some method of reduction to finite dimensions, we shall not pursue this matter any further.

3. Nonrationalizable capability indices and choices of allocation

In the previous section, we considered the case where the individual ordering of
availability sets could be rationalized as utility maximization. The results showed that
when thisdid happen, the utility function involved would typically be uniquely determined
(up to an ordinal transformation).

In the following, we shall develop this line of thought further, with a specia view to
policies striving at equality in health. For this, we need a model with several individuals,
and we need that they are exposed to different health conditions, which here are specified
using the concepts of capabilitiesin the form introduced above. We assume in the sequel
that the household technologies differ only according to health state, so we have a given
family of technologies T  R". x R, describing &l the ways of transforming goods to
characteristics which are open to persons in health condition s, for each s € S.

We consider in the present section a simple model where agents receive commodity
bundles to be transformed according to a known and common technology. If agent i
inserts the bundle x; into the common technology 7', she obtains the option of choosing
a characteristics bundle from T'(x;). As in the previous section, we may consider
orderings of the availability sets which either can or cannot be rationalized by utility
maximization. Inthefollowing, we assumethat agents may have different utility functions
u; on characteristics bundles ¢; € RY.

A policy inthismodel is aredistribution of initial commodity bundles, i.e. an array
(21, 2n) € (R with 3", 2; = 0. Thepolicy isfeasibleif w; +z; € R, foreachi.
Alternatively, we may consider a policy as given by the array of final commodity bundles
= (x1,...,2p) € (RQL)"; we shall use this way of describing policies in the present
section.



We shall need some properties of the techonology 7" for the following result. We say
that 7" satisfies monotonicity if z;, > z) forh = 1,...,l impliesthat T'(z’) C intT'(z).
This proporty seems reasonable enough and will be fulfilled in standard situations. The
next property is somewhat more restrictive and deals with situations where the input
combinations are in some sense on the effective boundary — meaning that certain changes
of input will give no improvement of capabilities. A vector z € R! issaid to be afeasible
input change at = € R, if 2 + 2z € R, and T'(z + z) is not contained in T'(z). The
technology is said to be strictly convex if the set H(x) of feasible input changes at = is
convex, each z € R,

We shall be interested in allocations x giving riseto capabilities (T'(z1), ..., T(zy))
which are maximal for some preference relation R over capability profiles, considered to
be an expression of the values that society assigns to equality (in health). We assume that
society’s preferences R over profiles of capabilitiesis derived from individual preference
relations R; over capabilities; let P; be the associated strict preference. The individual
preference relations R; are assumed to be monotonic in the sense that if C' C C” for two
capability sets, then C’' R; C.

THEOREM 3. Assume that the technology 7" satisfies monotonicity and strict convexity.

Let z* = («f,...,z}) be a commodity allocation with associated capability profile
(T'(x7),...,T(z})). Then one of the following holds:
(i) there is a utility profile v = (uy,...,u,) and a commodity allocation & =

(Z1,...,2) suchthat if
§= (51,5 6n), & € ArgMaXeeqs yui(€), i € N,
5* = (£T7 e 75:;)7 gz* € ArgmaxgeT(x:)uz(f)v (NS N.

then u; (&) > u;(€F) for each i,
(i) thereis a price vector p € RY, suchthat (z7, ...z}, p) isan equilibriumin the
sensethat if for eachi € N, if 2/ issuch that T'(z}) P; T'(z}), thenp - =} > p - z.

ProoF: Foreachi € N, let § : R% x R, — R bethe be defined by
6;(m, ) = MXeer(a)T - &;

thus, §(-, z) isthe support function of T'(x). For each array z = (21,...,2,) € (RZ_F)”)
with ).\ z; = 0 (that is, each redistribution of commodities) and for eachi € N,

51(z1> - maXﬂGAL [(5(7(7 x;k + Zi) - 6(7(7 CE;)]

Suppose that thereisaredistribution z such that ¢;(z;) > 0forall i and ;0 (Z;0) > 0
for some i € N. For each i, let 7; be such that

*

61'(7‘—2'7 xz) = maXTFGAL(;(ﬂ-7 'T;k + Zi)

8



and define utility functions u; by w;(&;) = m; - &. Then we have for the utility profile

(u1,...,u,) that the characteristics allocation (¢4, . . ., &, ), where
€ € ArgmaX,c e s ui(€), al i € N,

Pareto dominates the characteristics allocation £*. Using monotonicity of 7' we then
have that by transferring a slight amount of commodities from i to the other individuals
we may obtain that every individual becomes better off, giving an alocation £ such that
u; (&) > u;(zi*) for all .

Assume now that for each z = (21, ..., 2,) With>_" | z; = 0, thereisi € N such
that e;(z; + 2;) < Oforali € N. Then we must have that if y = 3, 5 hs with
h; € H(z*), eachi, theny ¢ R", or

[ZH@;:)] NR..

1€EN

By separation of convex sets, there is a positive linear form p on RQ suchthatp-h > 0
forh € ), . H(x}); by convexity of T', each H (x}) contains elements arbitrarily close
to 0, soweconcludethat p - h; > 0forall h, € H(x}),i € N.

We check that (27, ...,z ,p) isan equilibrium; indeed, if i € N and x is such that
T(x}) R; T(xF), then z — x7 must belong to H (x) (since otherwise T'(x}) C T'(x})
contradicting monotonicity of R;); consequently p- (x; —zF) > 00orp-x; > p-xf which
shows that the equilibrium condition is satisfied. O

In the formulation of Theorem 3, the allocation (7, . .., z}) was chosen arbitrarily.
In particular, it may be such that the associated capability profile is maximal for society’s
preferencerelation R over al profiles of thetype (7'(x1), ..., T (x,)). For thisparticular
choice of commodity allocation, thetheorem tellsusthat either theresulting characteristics
allocation is potentially inefficient, in the sense that there are utility assignments such
that every individual could obtain something better after redistribution of the commodity
endowment, or the R-maximal capability profileis sustained by a price equilibriumin the
commodity market, so that no individual can obtain an R ;-better capability set by trading
commodities at the market price.

As the reader will have by now realized, Theorem 3 is actually a somewhat unusual
version of the second fundamental theorem of welfare economics; we actually need
stronger assumptions (in particular, our assumption of strict convexity) than what is usual,
since we let the utility functions of the individuals be part of the problem rather than
being given at the start. The situation described in part (ii) is so special that it can hardly
be expected to obtain unless the technology has a very special form (for example if all
capability sets are blown-up versions of the same set), meaning that case (i) would be the
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ruleand (ii) the exception. Inour interpretation, thisenforces our resultsfrom the previous
section about rationalizing preorderson families of capability setsby utility maximization.
In most cases, such arationalization is beyond reach.

Sinceour strict convexity assumptionissomewhat dubious, we present asaconclusion
of this section a version of Theorem 3 which can be proved without this assumption. For
this, need to consider economies with so may agents that a set of [ agents (where [ isthe
number of commaodities) may be considered as a small or exceptional set.

COROLLARY. Assume that the technology 7" satisfies monotonicity and strict convexity.

Let z* = (z7,...,z}) be a commodity allocation with associated capability profile
(T'(z%),...,T(z})). Then one of the following holds:
(i) there is a utility profile v = (uy,...,u,) and a commodity allocation & =

(Z1,...,2) suchthat if

é = (élv < 7571)7 éz S ArgmaxgeT(il)ul(f)a (&S N7
5* = (SL cee 75:;)7 gz* € Argmax&eT(x;‘)ui(g)y 1€ N.

then u; (&;) > u;(€F) for eachid,

(i) thereis a price vector p € RQ and for each § > 0 an exceptional subset Ny of
N (depending only on ¢) such that (z7, ...,z , p) isan §-approximate equilibriumin the
sensethatiffor eachi € N\ Ny, if«}issuchthat T'(z}) P; T'(x}),andmaxy |z, —x,| < 1,
thenp -z, > p-zf — 9.

PRroOF: Inthe proof of Theorem 3, replacefor eachi € N H(z}) by
H(z})=cov(H(z})N{z €R | |z4] <1, h=1,...,1}.
If dternative (i) does not hold, then
[Z J;r(x;;)} N{—le} —R, =0,
ieN

where e = (1,..., 1) is the unit diagonal vector in R’. Indeed, if u € {~1Ke} — R,
belongsto ),y H (z7), then by the Shapley-Folkman theorem (see e.g. Hildenbrand
(1974)), u has a representation u = >, u;, Where u; € H(z;) for al 7 and
u; € H(xf)N{z | |z| <1, dl h} foral i € N\Ny where N, isaset of cardinality at
most /. It follows that >°, v v, u: € RL, acontradiction.

By separation of convex sets, thereisp € R',, S} _ p, = 1, such that

p-z>p-le=1, zeZﬁ(z’;‘)
iEN
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It followsthat for given § > 0, the cardinality of the set /N5 such that mi Nocr@n)P 2 < )
cannot exceed |5~ | + 1 (where || istheinteger part of the real number r). This proves
the statement in (ii). O

4. Concluding remarks

In thiswork, we have been concerned with the foundations of the capability approach
and its application to problems of equality, with special regard to equality in health. The
basi ¢ question posed waswhether the capability approach iscompatiblewith thetraditional
view of theindividual as utility maximizer, and we have found that the such acompatibility
of approaches, at least in its simplest possible form, is not to be expected.

Looking at the single individual and considering the capability, considered as a set
of functioning, as an expression of the individua to cope with her situation and thus
as a formalization of the health-related quality of life, we found that an assignment of
indiced so capabilities would be compatible with utility maximization only for a small
family of utility functions — in the generic case a uniquely determined utility function.
Classical economics would typically reject a theory which holds only for one particular
utility function, meaning that preferences over capabilities must be founded on something
which is different from preferences over final outcomes; even if it is assumed, as in the
widely accepted QALY approach, that all individuals have identical orderings of health
states, we still need to explain why these preferences should be connected intimately with
the technological conditions for attaining these states.

In the context of preferences over capability profiles in a society, we saw that these
preferences can be explained by utility maximization only in very special cases, namely
such cases where the socially optimal allocation could be achieved as an equilibrium in
the market, that is by assigning suitable incomes to individuals and allowing them to buy
commodities at given prices. Thus, we have that either the social ordering of capability
profiles cannot be explained by utility maximization, or the social optima considered are
of avery simple type.

It should be stressed that the results obtained are not to be considered as in any
way reducing the potential usefulness of the capability approach. Rather, they should be
seen as an additional argument for intensifying research in the nature of capabilities; since
preferences on capabilities cannot betrivially deduced from standard utility maximization,
we need an explanation of how preferences on sets of functionings are formed and whether
they can at all be reduced to ssmpler structures.

Thus, the main insights to be gained from the present analysis is that a satisfactory
theory of capabilities must go beyond the traditional approaches; capabilities must involve
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something not captured by the idea of choosing from a given family of objects according
to a known method of evaluation. In particular, time and uncertainty both of which were
spectacularly absent in this study, should enter in a meaningful way. Thisis a matter of
future research.
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