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Abstract

Fifty years ago Arrow introduced contingent commodities and Debreu
observed that this reinterpretation of a commodity was enough to apply
the existing general equilibrium theory to uncertainty and time. This
interpretation of general equilibrium theory is the Arrow-Debreu model.
The complete market predicted by this theory is clearly unrealistic, and
Radner(1972) formulated and proved existence of equilibrium in a multi-
period model with incomplete markets. Hart(1975) showed that the lower
bound on consumption sets assumed by Radner was an essential limita-
tion, but needed for the result.

The problem raised by the Hart examples was eventually solved by
Duffie and Shafer (1985,86) . In these papers are shown generic existence
of equilibria in economies with incomplete markets.

In this paper the Radner result is extended in other directions. Rad-
ner assumed a specific structure of markets, independence of preferences,
indifference of preferences, and total and transitive preferences. All of
these assumptions are dropped here.

1 Introduction

Arrow(1953) (Arrow 1953) introduced contingent commodities and Debreu(1953)
(Debreu 1953) observed that this reinterpretation of a commodity was enough to
apply the existing general equilibrium theory to uncertainty and time. This in-
terpretation of general equilibrium theory is the Arrow-Debreu model. The com-
plete market predicted by this theory is clearly unrealistic, and Radner(1972)
(Radner 1972) formulated and proved existence of equilibrium in a multiperiod
model with incomplete markets. Hart(1975) (Hart 1975) showed that the lower
bound on consumption sets assumed by Radner was an essential limitation, but
needed for the result.

The problem raised by the Hart examples was eventually solved by Duffie
and Shafer (1985,86) (Duffie and Shafer 1985,1986). In these papers are shown
generic existence of equilibria in economies with incomplete markets.



In this paper the Radner result is extended in other directions. Radner as-
sumed a specific structure of markets, independence of preferences, indifference
of preferences, and total and transitive preferences. All of these assumptions
are dropped here.

A premarket can be any linear subspace of the commodity space, and a
market is then what can be bought at the premarket at a price. A market
structure is any set of premarkets, and there are no assumptions needed for the
market structure.

The preferences are defined on the state space, so they may depend on the
trades on the markets - and not just on the sum of the trades over all markets -,
on the trades of the other consumers, and on the prices. The preferences are not
assumed to be total and transitive. The possibility that the preferences depend
on how the consumer obtains his consumption, is needed if this type of theory
is used to understand what the market structure will be, and it is useful if we
want to understand the role of money.

The way the existence theorem is proved may be as important as the theo-
rem. The economy with incomplete markets is translated into an economy with
a complete market. The translation is that each old consumer is made into a
set of new consumers, one for each market, and each commodity is made into
a set of commodities, one for each market.

A new consumer will however not take as given the trades of the other copies
of the same old consumer so a new equilibrium concept Walras equilibrium with
coordination is needed. (Grodal and Vind 2001) gives an existence theorem
for this equilibrium, and this theorem is applied here to give existence of first
Walras equilibrium with coordination in the new economy and then by a simple
translation an equilibrium with incomplete markets.

Letting the set of premarkets be very large (for example including subspaces
spanned by coordinates and diagonals) we would with realistic assumptions on
preferences get that only very few markets will be used in an equilibrium, and
only under special assumptions would the market structure used in equilibrium
be complete.

The way the theorem is proved shows that incomplete markets can be re-
garded both as a generalization of a complete market and - by a reinterpretation
of commodities and consumers - as a special case of an economy with a complete
market. This means that economies with incomplete markets can be regarded
as special cases of economies with externalities, and more generally that the
existing theory of Walras equilibria, optimality, fairness etc. can be used on the
special case corresponding to an economy with incomplete markets.

2 The economy

E= (L> C. 1, (Mi)iel ) (XC7 Pe, IC)cGC)



is the economy studied

Notation Interpretation
L, finite set, h € L commodities
C, finite set, c € C consumers

I, finite set, i € 1

market institutions

M; C R”, linear subspace, i € I

premarket ¢,

X, ={xeRMOY x(i,c)=0}

feasible set for market 7

Xc C RLI(}

feasible set for consumer ¢

P, X, — 2%

preferences of consumer c

I.c1I

premarkets available to consumer ¢

T = (RX\{0})”

prices

3 Definitions

Definition 1 (Natural premarket) A premarket is natural if it is spanned

- L
by points from Ry

Definition 2 (Premarket structure) A premarket structure (M;), ., is any

finite family of natural premarkets.

Definition 3 (Market i) Given a p = (p;);c; € T = (RE\ {0})I we define

market i as

M; (p) ={z€ M;|piz=0}

Definition 4 (Market structure) The market structure is then

(M; (P))ie]

Definition 5 (Complete) A premarket is complete if

M =R",

a market structure with a price p is complete if

dim» " M; (p) > L—1

il

and a premarket structure is complete with respect to Ty C T if the market

structure is compete with respect to all p € Ty i.e.

dim Y ~M; (p) > L—1 for all p € Ty with p;M; # {0}

el




4 The state space
Definition 6 (State space) The state space for E is now REIC

Notation 7 The notation

T =(z (i))iel = (z (C))CEC = (z (h))heH =

(z (4, C))(i,c)EIC = (z (h, 1, C))(h,i,c)eLIC e RHC
will be used for elements in the state space.

Definition 8 (Market feasible) A state x is market feasible for ¢ given
the price p if

xeVe(p) = {x € RM¢

x(i,¢c) € M;(p), Viel,
x (i,¢) =0, Vi ¢ I,

Definition 9 (Feasible state-price) A state and a price (x,p) is feasible
if

zeF(E)= (XN Xin (| Velp) =X N X1 N Ve ()
ceC el ceC

5 Equilibrium

Definition 10 (Equilibrium) A state and a price (z,p) is equilibrium
in E if it is feasible and there does not exist a y € R¥C and a ¢ € C such that

y € X.NV,(p) NP, (x) where

y(i,d) =z (i,d) for d+#c.

Definition 11 (Eq(E)) The equilibrium set will be denoted Eq (E) C R¥1¢x
T

Definition 12 (Walras equilibrium) A state and a price (x,p) ts Wal-
ras equtlibrium in E if it is equilibrium in E and

M; (p) ={z € M;|qgz=0}
for some g € RE\ {0} for alli eI
Definition 13 (W (E)) The set of Walras equilibria will be denoted

W (E) c REC xT



Definition 14 (Complete Walras equilibrium) A state and a price (x,p)
is a complete Walras equilibrium in E if it is Walras equilibrium in E and
the market structure is complete (with respect to p)

Definition 15 (CW(E)) The set of complete Walras equilibria will be de-
noted

CW (E) c RMC xT
The relations
OW (E) c W(E) C Eq(E) C F(E) xT c RM9xT

are obvious

6 Examples

Example 16 (CompleteWalras equilibrium with one market) Let [ =
{1} and My, = RY, and let I. = I for all ¢ € C, then equilibrium in E is
obviously a complete Walras equilibrium (with one market)

Example 17 (The prototype two period financial market)

See (Duffie and Shafer 1985,1986). Let ¢ = 0,1 be two points in time.
At time t = 1 there are {1,2,---,S} = S states of nature. At time 0 and
at each of the states there are ¢ commodities, so the commodity space is R
where L = ((1+S). The market structure consists of spot markets for each
s € {1,2,---,8} and for t = 0 a spot market for the commodities and for k
real assets a',a?,--- ,a® € RY. Denote by A the L x k matrix with o’ as the
j’column.

In our terminology we have in the economy a premarket structure (]WS)SS:O,

which is available to all consumers. For s € S the premarket is defined by
M,={z¢ RY |z (h,s') = 0, for Vh and s #5'}
for t = 0 the premarket M is defined by

My = {z e R” ‘y € R with Ay = z}

where
~ FE
A= 0 A
Lx(¢+k)

where F and (0 are unit and zero matrices
£xe séx



7 The existence theorem

Theorem 18 Let E be the economy as described above.
Assume:

For each ¢ € C that (X,, P.)satisfies

X, is convez, 0 € int X, (interior relative to spanX.), and {:I: (c) eRH |z € Xc}
is bounded below.

P. is irreflexive and has open graph and convex values
For all x € X,

—LI
Pe(2) O {z} + R\ {0}
There exist (X°, P°) such that intX° > X, P.(x) = P (x)NX, for all x € Xy,
and (X ¢, P°) satisfies (1) and (ii)
Then Eq(E) # 0
Proof. Define the economy
E= (L7 C7 (XC7 PC: eC)cGC 79)

from the economy

E= (L, C. 1, (A’[i)iej ) (XC= Pe, Ic)ceo)

by
LxI=L a finite set of v—commodities
CxI=C a finite set of ¥—consumers
VR SR (2 () = v () (o)) = (nhe) i =
v <Xc N1 Afi> = X. C RLC | the feasible set for consumer ¢
icl.
P, : X, — 2%, the preferences of consumer c
ec:YXY =Y coordination function
g:YxY —2° approval function

T = (RA\{0})" c R\ {0} | prices

Most of the notation explains itself.

v maps (RLC)I into the diagonal of (RLC)QI.

Definition 19 (y) € P.(v(x)) if and only if y € P.(x),c = (¢,3) (so all c
coming from the same ¢ have the same preferences).

Definition 20 (e.) e.(z,y) = ((r (d)d;éc) VY (c)) for c = (c,i). All new con-
sumers coming from the same old consumer coordinates their trades, and no
one else coordinate.

Definition 21 (g) g(z,y) ={ce Clz(c) #y(c),c=(c,4)}



E is now an economy with coordination with a feasible set

F(E):ﬂxcﬁ{xeRLc Zx(c):()}

ceC ceC

it is easy to check that
v(F(E)) = F(E).

A feasible state x and a price p € R'E\ {0} is a Walras equilibrium with coordi-
nation in E if there does not exist a

y and a c such that ec (x,y) € Pc (x) and py (c) =0
The set of equilibria will denoted Eq (E) . It is clear that
(z,p) € Eq(E) = (v(2),p) € Eq(E)

and conversely if p; £ 0 for all ¢ € I. The function v is linear and the sets
> icr. v (M;) are closed and convex (linear subspaces) so all the properties of
(Xe¢, Pe) oo are inherited by (X, Pc) ¢ This again means that all the properties
assumed in theorem 25 page 9 will hold . So the economy E with the assumptions
inherited from F is a special case of the E economy with the assumptions from
theorem 25 page 9. The assumption that there is local non-satiation in all
markets means that no p; can be non-zero, so the existence of equilibria in E
gives equilibria in £ m

8 Indifference

The special case of indifference gives back Walras equilibrium if the market
structure is complete.
In order to define indifference we define for all B the map

2 RY-RIby ) (@)= w(i)eR” (=)
i€
Definition 22 (Indifference) A consumer i in the economy E is indifferent
(between the institutions in I) if

-1
Z[ ZI (X, x grP.) = X. x grP. C R3IC (Indif ference)

The interpretation is that only the sum over all institutions matters for
whether a trade is in the feasible set for a consumer or for whether a trade is
preferred to another. ), X. C RITC will be the net trade space for consumer c
and Y, grPe. = gry_; Pe C R21C will be the preferences Y, P, for net trades.
With the independence assumption

yEPc(x)ézlyEZI’Pc (ZIZ‘>

All properties of (X., P.) in theorem 18 page 6 will be inherited by (3~ ; X¢, >, Pe) .
If P, is monotone, )", P, is monotone.



Theorem 23 Assume in the economy E that all consumers are indifferent, and
that preferences are monotone and convex valued. Then any equilibrium will be
Walras equilibrium, i.e.

W (E) = Eq(E)

Proof. Define the economy

Z[ E= <L’ c, (ZI Mi) ' (ZI Xe, Z[ Pc) cEC> (1 B)

as the same economy, except that there is only one premarket, namely the
sum in R over all the premarkets in E. Because of the indifference assump-
tion, for any equilibrium (z,p) in E, ) ; « will be equilibrium in ), E in the
market Y, M; (p).>"; M; (p) is a linear subspace containing ),z (c) for all
ce C,>>; P (>, x) is convex and disjoint from >, M; (p), so a separating hy-
perplane argument implies that ), M; (p) is contained in a hyperplane in RE,
so there exist a g € ]Ri such that

M;(p) C{ze€ M;|gz=0}
forallic I m

Theorem 24 Assume in the economy E that all consumers are indifferent, and
that preferences are monotone and convexr valued. Then any equilibrium in an
economy with a complete market structure will be a complete Walras equilibrium,
i.e

CW (E) = Eq(E)

Proof. Trivial from the preceding theorem and the definition of complete
market m

9 Conclusion

Transaction costs for the consumers are not explicit in this paper, but are of
course implicit in the preferences on the state space. Transaction costs could be
one reason for not making the indifference assumption. Transaction costs can
also be used to justify the compactness assumption.

Letting the set of premarkets be very large (for example including subspaces
spanned by coordinates and diagonals) we would with realistic assumptions on
preferences get that only very few markets will be used in an equilibrium, and
only under special assumptions would the market structure used in equilibrium
be complete.

The most serious limitation in the results in this paper, as an explanation
of which markets will exist, is the assumption of no transaction costs for the
market, and no surplus for a market agent (X; = {z € RUC S 2 (i) =0 ).



If there are no transaction costs for the market agent and the possibility of
creating any market is open to more than one agent competition would imply
Y.z (i,¢) = 0. But with trancaction costs or cooperation between market agents
and producers, the theory of which markets would exist, will be much more
complicated.

The way the theorem is proved shows that incomplete markets can be re-
garded both as a generalization of a complete market and - by a reinterpretation
of commodities and consumers - as a special case of an economy with a complete
market. This means that economies with incomplete markets can be regarded
as special cases of economies with externalities, and more generally that the
existing theory of Walras equilibria, optimality, fairness etc. can be used on the
special case corresponding to an economy with incomplete markets.

A Walras equilibrium with coordination.

E is the economy in which equilibrium with coordination is defined and existence
proved

E= (L7 C (Xca Pe, ec)cec ) Aag)

with
L a finite set of commodities
C a finite set of consumers
X.C R =Y the feasible set for consumer c
P.: X — 2% the preferences of consumer c (E)
ec:Y XY =Y coordination function
g:YxY =2 approval function
A:{pERi\thzl} prices

The state space is R'¢ = Y, the feasible set is

Zx(c)—O}

ceC

F(E)_ﬂxcﬂ{xeY

ceC

A pair (x,p) where x € X and p € A is equilibrium with coordination if
there does not exist a y € Y such that

ec (x,y) € Xe NP (x),py (c) =0 for c € g (x,y)

Theorem 25 (Equilibrium) Let E be the economy as described above.
Assume for each c € C that (X¢, P, ec) satisfies

X is conver, 0 € intX. (interior relative to spanX. ), and {x (c) € R* [x € X }
s bounded below.

P. is irreflexive and has open graph and convex value

P.(x) D R'; x@f\{c})Ler



ec (x,y) € B(x,y) =y € B(x,y) B B
There exist (X, P¢) such that intX® > XNintX, X¢ € X,X¢ = N X<, P (x) =
ceC
P (x) N X, for all x € Xg, and (X, P°) satisfies (i) and (i)
Then Eq(E) #£ 0

Proof. See(Grodal and Vind 2001) m
A special case of this is Walras equilibrium with coordination in a
partition. Coordination in a partition (C;),_, means that

JjeJ
ec (6¥) = (X (B))ugc, - (Y ODrec, ) -
where (C;),.; is a partition of C and c€C;

and g (x,y) = {c € C ‘(x (d)ec, # 0 (gec, » forc € G |
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