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1 Introduction

Asset pricing theories share a common feature: Investors reduce risk by di-
versifying their portfolio in the financial markets as those are described by
the range of traded financial assets. Risk premia are explained as compen-
sations for assuming a risk that the investor alone cannot diversify. The
Capital Asset Pricing Model (CAPM) is probably the most familiar asset
pricing theory in which both portfolio and equilibrium aspects coexist. Built
around the means and covariances of security payoffs, it has its roots in
Markowitz’s (1959) description of mean-variance portfolio selection problem.
The CAPM uses a time series regression to measure a coefficient, called “the
beta coefficient” , which quantifies an asset’s or portfolio’s tendency to move
with the market as a whole. “The market as a whole” is a macroeconomic
variable and it is modeled as the aggregate endowment. The CAPM pre-
dicts that the asset’s excess return should be proportional to beta which is
measured by the covariance of the asset returns with the aggregate endow-
ment. In the traditional derivation, the aggregate endowment is assumed to
be diversifiable, since agents’ endowments are spanned by the assets, but no
assumption regarding the market structure is made. Indeed, Geanakoplos
and Shubik (1990) have extended the model in the general equilibrium with
incomplete markets context (GEI), proving that there is a single beta linear
relationship between expected return and risk. This linear relationship is
called “the security market line” property of asset prices and identifies with
the regression equation mentioned above. The security market line results
from the “two fund separation” equilibrium property ( or “mutual fund the-
orem”) which states that agents are satisfied by holding two funds, only, the
“riskless bond” and the “market portfolio”. Moreover, consistent with the
standard notion of risk, the security market line represents a positive rela-
tionship: “the riskier the assets, the higher the expected returns”. Mayers
(1972), Breeden (1979), and Grossman and Shiller (1982) have extended the
CAPM to the case of non traded endowments and they establish a single
beta linear relationship working in a complete markets framework. However,
they have not shown if the relationship remains positive. Oh (1996) con-
siders a general equilibrium with incomplete asset markets and shows that
nontraded endowments can be allowed in the CAPM without sacrificing its
powerful conclusions. In the CAPM with quadratic utilities, he shows that
changes in the market structure do not affect the relative prices of exist-
ing assets and when agents have the same discount rate asset prices do not



change at all. In his work completing the market is pareto improving since
equilibrium allocations do change when prices do not.

In this paper we want to explore the CAPM in the general case where
endowments are not spanned by the existing assets and they are endogenous
(the realization of future income depends on past optimizing decisions). We
adopt the GEI-CAPM with quadratic utilities and we introduce a produc-
tive investment decision from the part of the individuals. The returns on
this investment are assumed not diversifiable by the existing assets and they
affect present and future income (initial endowments). Sometimes, we refer
to these activities as transfers of endowments. This specification loosens the
assumption of fixed exogenous income usually made and, tries to take into
account investment decisions that are not priced in a competitive setup but,
nevertheless taken simultaneously with others involved in competitive trade.
Examples such as small firms, individual entrepreneurships, and family busi-
nesses may advocate in favor of our model. Such productive entities are not
listed in the stock market so their output is not making part of the mar-
ket portfolio as defined in the traditional CAPM; this makes the return on
these investments nontraded. The choice to represent their returns in a state
space reflects the risk that is involved and the assumption that investment
decisions are taken simultaneously with financial decisions (trading in the
financial markets) seems quite realistic nowadays; this makes initial endow-
ments endogenous. We address the validity of the two basic prescriptions
of the CAPM, the mutual fund theorem and the security market line, when
transfers of endowments are allowed. We show that exact portfolio separa-
tion fails and following the lead of Oh (1996) that prove that conditional on a
redefinition of the market portfolio, a generalized mutual fund which asserts
that the projection of optimal date-two consumption streams into the span
of existing assets satisfies a separation property'. As mentioned already, the
mutual fund theorem has an immediate corollary in terms of restrictions it
imposes on expected asset payoffs, hence, we derive a generalized security
market line, as well.

Finally, we investigate the rigidity of the asset prices in the GEI-CAPM
with quadratic utilities, with respect to modifications in the structure of the
financial market. Oh’s result of invariance of asset prices is not carried out
in our model. In the CAPM with quadratic utilities and endogenous en-
dowments relative prices of the existing assets do change since the aggregate

IProjection into the span of assets defines a means to price non marketed portfolios.
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endowment depends on the market structure. When the market structure
changes, each agents budget set is usually affected by two factors, an income
effect due to the asset price change and a spanning constraint. When the
span increases there is an income effect resulting from two factors the asset
price change and the initial endowment change. Equilibrium prices and allo-
cations change making the complete markets paradigm unstable in the sense
that introducing a new asset does not necessarily makes noone worse off.

The paper is structured as follows. Section 2 describes a simple finance
economy with undiversifiable investment and it builts a mean variance model
for which it proves a generalized funds separation and a security market line.
It shows how the already existing results fall into the generalized theorem
as special cases. Section 3 presents the CAPM with quadratic utilities and
highlights the effects of financial innovation on asset prices. It also pro-
vides an illustration by using the assumption of linear quadratic preferences.
Section 4 gives a numerical example that showcase the financial innovation
result. The paper concludes with a summary of the results and suggestions
for future research.

2 Undiversifiable Investment in the CAPM

We study an extension of the finance version of the GEI-model that describes
an economy over two periods of time, ¢t = 0, 1, with uncertainty over the state
of nature resolving in period ¢t = 1. A thorough description of the financial
GEI-model can be found in Magill and Quinzii (1996); we extend the two
periods finance model by endowing each agent with a stochastic produc-
tive process, called hereafter agent i’s transfer technology of income. After
laying aside an amount for consumption at date-0, agents may invest the
remainder of their wealth in financial securities and in production, both in-
vestment decisions yielding a profile of income across the states at date-1. We
adopt a special variation of the finance GEI model assuming mean-variance
preferences for the agents which places us in a CAPM framework with non-
marketed but endogenous endowments. First, we describe our model and
introduce the necessary notation. Second, we summarize the GEI-CAPM
literature in a model that can be seen as a special case of our model, present
the relevant results in order to obtain some insight for our findings.



2.1 The model

There are S + 1 states in the economy; at time ¢ = 0 the economy is in
state 0, one state of nature s out of S possible states realize. In each state
s=0,...,5, there is a single perishable consumption good.

There are I agents, indexed by ¢ = 1, ..., I, that participate in the econ-
omy. Agent i is characterized by a first period initial endowment wf, pref-
erences over consumption bundles and the agent specific stochastic income

transfer technology X (.)-

Initial endowment vector w, € R%

Preferences over consumption bundles (income streams available
for consumption) 2* = (zf,2i) € RS and 28 = (2%,..,2%) € RS We
assume that all agents have VNM-additively separable utility functions across
date events (u' «— (vi,v?)), u® : RS — R | «' satisfies strict quasi
concavity, there exist probabilities py, ..., pg > 0, Zle ps = 1, for all 7 the
same (objective probabilities)

We want preferences to depend on the mean and the variance of con-
sumption

u'(x') = v' (g, B(z"),var(z"))

with v" strictly increasing in x, and in expected consumption and strictly
decreasing in the variance of consumption. This places us in a Mean-Variance
(MV) analysis framework, which implies that agents judge income streams
solely by their average properties summarized in their means and variances.
Such agents prefer higher expected (mean) income and less income variation
(variance).

Stochastic income transfer technology XZ() = w. : [0,w)] —
[1,400), s = 0,1,..., S is assumed to be a strictly increasing, concave and
continuously differentiable function of the input [, measured in units of the
single good, on (0, w}).

Operating his individual transfer technology agent i obtains the vector
of the after transfer endowment or endogenous endowments vector denoted
by @' = (@}, m%) € R The aggregate after transfer endowment is denoted
W = (Wp,w;) € R



At date-0 agents trade in J real securities of which payoffs are brought
together in the S x J matrix

with the j column of the payoff matrix representing the income stream gen-
erated by security j = 1,...,J in each state s = 1,...,.5. The matrix V has
full column rank rank(V) = J, J < S; this assumption excludes redundant
assets from the financial structure and places us in the GEI setup. The first
column, j = 1, of V is the column vector 1 = (1,...,1) € RS, implying the
presence of the riskless security (riskless bond) in the span of the assets. At
this point we can formalize our economy by the following definition.

Definition 1 The economy. A GEI-CAPM economy with endogenous en-
dowments E(u,wy, V, \) is an exchange economy consisting of I agents with
characteristics (u,w) = (ut,...,ul,w!, ...,w!), who, additionally to trading
J securities with period-1 payoffs given by the matriz V', they transfer into

period-1, period—0 income through the stochastic technologies \;, i = 1, ..., 1.2

Let ¢ = (qi1, ...,q;) € R7 denote the vector of prices, expressed in units of
the single good for each of the J securities. For the riskless bond, we have
¢ = 1/(1 + r) with r the riskless rate of interest. All securities are in zero
net supply®. By z' = (2}, ..., 27) € R, we denote the i"* agent’s portfolio; 2
gives the number of units security j purchased (2} > 0) or sold (z; < 0) by
agent ¢; this is the unlimited short sales assumption.

The budget set of agent ¢ is given by
S~ xh —wh =1 +qg2, v e Ry, 0<IP<wi, *eR’
B(q,w", V,\) = 0 0 P i i s
Ty =wy + V2, 27 e RY
(1)
2This definition is a generalized definition of a GEI-CAPM economy, in the sense that
s=1,...5,

it may include the pure exchange case, if we will assume that XZ(O) = wi,
where w? € R?, vector of exogenously given initial endowments.

3As shown in Magill and Quinzii (1996), a simple change of variable permits equity
contracts to be modelled as securities in zero net supply, as well.
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Agent i decides on a triple of actions (z°,1, 2"), consisting of an (S +
1) dimensional vector of consumption, a portfolio and an amount of input,
measured in units of the single consumption good, in his transfer technology.
Agents maximize utility on their budget sets and in a competitive equilibrium
with endogenous endowments it should be that, at least one of them uses
a positive fraction of his initial endowment as an input into his transfer
technology. More formally, the concept of a perfectly competitive equilibrium
for the I agents who simultaneously trade in J assets and use their transfer
technology, endogenizing in this way, their initial endowments, is defined as
follows*.

Definition 2 Equilibrium. An equilibrium for the GEI-CAPM economy
with endogenous endowments E(u,wo, V,\) is a pair consisting of actions
and prices ((z*,1%,2%),q) € Rf“ﬂ x R x R x R such that

(i) (T:1,7') € arg max {ul(xl) | (2414 2%) € B(q,wi,V,Xz)} ci=1,..,1,

(W Zf=1 7 = 0,

(iii) 0 < 1" < wi somei=1,...,1.

2.2 The Generalized GEI-CAPM

In this section we generalize, allowing for endogenous endowments, the find-
ings in the GEI literature related to the CAPM, in a finite state space. The
presentation follows Magill and Quinzii (1996).

We add to the above formalization the following definitions. For a random
variable z € RY, we define its expectation as E(z) = 25:1 PTs, S =1,...,.5,
its covariance with a random vector y € R® as cov(r,y) = Exy — ExEy =
Zle psxsys — BxEy and its variance as var(x) = cov(z,x) = Zle P2 —
(Ez)?. We also denote by zy the p—orthogonal projection® of a vector z € R
onto the marketed subspace (V). Finally, we define the p-inner product of
two vectors as z -, y = 25:1 p,Tsys for z,y € RS,

4 A proof of the existence of equilibrium is beyond of the scope of this paper.

5The p—orthogonal projection of # € R, onto a subspace of R/ C R, is the vector
z* € R which best approximates (lies closest to) x. z* is called also the linear (least
squares) regression of z on RY.



Asset prices in the GEI model are characterized by no arbitrage, agent’s
optimization and market clearing. Competitive equilibrium prices are non
arbitrage prices and thus can be written asg =7,V ¢ € R/, where 7 € Ri n
is a vector of strictly positive state prices (implicit prices of revenue across
states). Since the securities market is incomplete, state prices consistent with
the above linear pricing rule are not unique. The p-orthogonal projection of
the vector m onto the marketed subspace however is unique, call it pricing
vector or ideal security, and denote it as my € (V). Then for all assets
J =1,..,J we have g, = 7y -, V7. Using the definitions of variance and
covariance, we can write

;= E(mv)E(V?) + cov(my, V7) (2)

The return of a portfolio z € R’ is defined as the fraction of its value
Vz over its cost gz and denoted by R, = %, (with gz # 0). The return on
the riskless bond, therefore is R = 1+ 7 = 1/g,; it also defines the riskless
interest rate 7. Equation (2), then, can be written as

E(Vi |
7. = (V)—f—cov(ﬂ},v]).

! R

The portfolio that generates the ideal security is called the pricing port-
folio and it is the unique portfolio z* which solves Vz* = 77,.

It holds

=k __ % * % *
gzt =y, V2 =y, my >0,

since E(m},) =, > 0.
We can rewrite the equation (2) as

cov(R, — R,+)
var(R,+)

R), (3)

E(R)-R= (E(R.-) —

‘q/—Z: = W—: the return of the pricing portfolio.
z 7TV 7TV

Equation (3) has been derived by only assuming no arbitrage and, for it
to become a useful pricing formula we need further information on the ideal

security (pricing vector) 73,.

where R, =



It is well known that under the assumption that at least one agent i/s
utility functions is differentiable and that in an equilibrium with an interior
solution, 7}, can be characterized as the p—orthogonal projection of the vec-
tor of the marginal rates of substitution between date events devided by the
corresponding probabilities, onto the marketed subspace (V) i.e.,

Z,

* (aﬁu@f)/m 51'55“(?)/,05)

VN Touu@) T 0 u(@)

The assumption of objective probabilities for the states in date-1, allow
the decomposition of agent i's period-1 endowments into a marketed part
and a non marketed part, under the p-inner product. We write

— — —
W =wy tw)

where @}, is the marketed part (spanned by the assets) and the non marketed
part @', p-orthogonal to the marketed subspace ie. @) -,y = 0 for all
y € (V). This decomposition is uniquely determined.

We define the aggregate marketed endowment w,, = Zle wh, and the
market portfolio zp; as the unique portfolio satisfying

Vay =Wy
For a competitive equilibrium (Z,g), we define 3, for a portfolio z € R

by

cov(R,, Ry)

P, = var(Ryy)

where R, is the return of the market portfolio.

We can now state the following results®.

®Oh (1990) first generalized the GEI-CAPM for non-traded endowments. Herings and
Kubler (1999) provide a version of the generalized CAPM based on the Magill-Quinzii
(1996) approach. We follow their approach and show that it holds also for endogenous
endowments.



Theorem 3 The Generalized CAPM. When var(wy,) > 0, agents maz-
1mize mean-variance utility functions with objective probabilities p, and the
riskless bond belongs in the span of the assets, each equilibrium ((T,%),q) of
the economy & has the following properties.

(i) Generalized security market line
The CAPM -pricing formula holds; when Gzy # 0, then for each z € RY,

E(R.) — R =3, (E(Ry) - R) (4)

(ii) Generalized fund separation

Two fund separation holds; for each agent i there exists (a},ab) € RxR,,
where S0 (a%) =0 and 31, (ab) = 1, such that

f/i - 51 = Clll]_ + CL;VZ]W

(iii) Pricing security

The ideal security satisfies my, = a;1 — asWyys, with a;, as > 0.

Proof. For a generalized two-fund separation to hold, it is enough to
show that the agents’ equilibrium consumption bundles exhibit a separation
property and they can be written as

=1

T =w + ajl + aymy, for some aj, a; € R,. (5)

Assume that there exists another consumption bundle z¢ defined as

,/L'Z = _,ZL + _,l<1,ﬂ'*v>

*

Ty,
by the vectors 1, and 7},. It is enough to show that z* = T'; suppose not and
z' # T'. The vector T'—z" is then p—orthogonal to @’ , @', -,(T'—a"') = 0, since
7, (T'—2') = 0 then also 1-,(T' —2') = 0. It follows that E(Z'—z') = 0 and
cov((T" — 2'), ). Therefore, E(T') = E(z") and var(T') > var(z'), giving a
contradiction to the optimality (remember the assumption of mean variance
preferences) of T' at prices g. This is the separation property of equilibrium
consumption.

The assumption var(wy,) > 0 implies that @y, is not collinear to 1 (zero
variance) and it holds that 7}, = ¢ 1—cw,; for some numbers ¢ and ¢ , 1.e. the

where Tzl > is the p—orthogonal projection of T¢ onto the subspace spanned
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ideal security always belong to the span (1,w,s). The separation property
implies that @y, € (1,7%) since in equilibrium @), = Y>I_ (7 — @). The
generalized two fund separation follows immediately T' — w’ = a11+ aaVzy
for some numbers a}, ai. Since wy = S0, a1 1+3.0 | a4,V 2 and var(@y) >
0, we have > (a?) = 0 and S1_, (a}) = 1.

To prove that the constants ¢ and ¢’ are strictly positive, we proceed as
follows. Since Wy, € (1,7},), its cost is given by qwy = (E(Wa) /(1 + 7)) +
cov (3, W) and because of cov (7}, Wy ) = —cvar (Wy), we get qUy =
(E(Wy)/(14+T7)) — cvar (Wyy) . By assumption var (wy,) > 0 and if ¢ < 0,
there exists some agent for whom var(Z') and gz' > F(7')/(1+T). But in this
case the consumption bundle z* = (Z}, E(z')1) is strictly preferred to Z'since
it is less expensive, belongs into (V') and satisfies the budget contstraints.
But this is a contradiction and so ¢ > 0. Moreover, the cost of the riskless
asset is positive and given by g1 = E7}, = ¢ —cE (W) > 0. Therefore ¢ > 0
since E(wy) > 0.

The CAPM pricing formula (or the generalized security market line) is
obtained by substituting in the (3) zi = ¢'1 — czy;. We have

cov(R;, R) Gz cov(Rs, Ru)
var(R.-)  cgza var(Ray)
and
E(R.)— T = c — céSVZM) _R

it follows that
E(RZ*) - R = 62 (E(RZM) - R) )
which is nothing else but the well known beta pricing formula. m

The version of the two-fund separation considered in the theorem is more
general than the usual one in the sense that it contains as special cases both
the cases of marketed and non tradable endowments.

In standard versions of GEI-CAPM (Geanakoplos and Shubik (1990),
Magill and Quinzii (1996)), a crucial assumption is that the initial income
stream of each agent is exogenous and marketed. Our generalized two fund
separation delivers the version

T =aj;l+ ayw
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since @', = 0 for every i.

Our result accounts also for versions of the two-fund separation that holds
for cases where endowments are non marketed but exogenously given (Oh
(1996), Willen (1997)). In this case the final income stream consumed by
each agent consists not only of the returns of a linear combination of the
riskless bond and the market portfolio, but also of the undiversifiable non-
marketed individual part of the initial stream @’ . This result is sometimes
called “three-fund separation”. The difference between our model and the
one with exogenous non-traded endowments stands to the fact that both the
marketed and the undiversifiable individual part is endogenous.

3 Financial Innovation

In this section, we examine the effects of financial innovation in our CAPM
with quadratic utilities. We prove that in the presence of endogenous undi-
versifiable returns and when the asset structure changes, the relative price
of any two assets may change contradicting in this way the standard price
invariance result due to the quadratic preferences assumption.

We, first state our financial innovation proposition for quadratic utilities
and then apply it in the linear quadratic case, assume a less general functional
form for the stochastic transfer technology, we prove existence of equilibrium
and give an example of a GEI-CAPM with endogenous endowments. With
non tradable endogenous endowments equilibrium is not pareto optimal as
in the case of endowments spanned by the assets and in addition, markets
are not stable in the sense that completing the market by adding a new
asset does not necessarily make everybody better off. Asset prices remaining
the same means that the introduction of the new asset had no real effect on
output (aggregate endowment), this is because the undiversifiable component
of the aggregate endowment varies with the market structure. Introducing
or withdrawing an asset in the market span may improve as well as worsen
the economy in terms of pareto efficiency.

Up to now the findings of the GEI-CAPM literature concerning the port-
folio formation carries out also in our framework of transferable endowments.
Oh (1990) finds that in the CAPM with quadratic utilities relative prices of
assets remain the same as the market structure changes. He generalizes Ru-
binstein’s “resource distribution irrelevancy” where initial endowments were

12



marketed.

In this section we will add two assumptions.

Quadratic Utilities v*(2') = 2 — $(2%)? all i = 1, ..., in both first and
second periods.

Monotonicity 1 — oWy > 0 and 1—a'w, > 0 for alli =1, ..., 1.

An individual’s first order conditions for security demands, evaluated at
the competitive equilibrium, is”

a1 - o'af) = (1- o (w5 + 30 V2)) (V). ®)

After rearranging these expressions, summing over individuals, using the
market clearing conditions Zle z; =0,all j =1,...,J, we obtain

7= (1 — (wy)) (pOV). (7)
where p; =1/ (Z@‘I=1 ﬁ - Zf=1 376) v Mo = Zle ﬁ

Proposition 4 Financial Innovation. In a GEI-CAPM economy with
quadratic utilities and endogenous endowments the relative prices of the mar-
keted securities depend on the financial structure.

Proof. From (7) we have that §; = py (1,1 — (wy)) (pOVY) for j =
1,..., J. The relative prices
G _ (el — (@y)) (pOVY)
qj'

<

(11— (@) (V)

of the assets since they depend on the aggregate output w; which in turn
depends on the financial structure represented by the matrix V. m

Corollary 5 Price Invariance. The prices of assets which belong to the
initial asset structure V' are invariant to its modification to V' if and only if

(@) - @) (pov) =0,

in other words, the modification of the financial structure does not change the

marketed subspace or the market is complete (or effectively complete) under
V.

"We introduce the box-product [J such as for z,y € R, 200y = (z1y1, ..., T5Ys)-

13



3.1 The case of linear-quadratic preferences

Consider now that each agent’s utility function is defined by

u'(z') = yhwl + 8'E (m?l — % (le)Q) ,i=1,...,1,
with 4 > 0, all ¢ and the monotonicity conditions hold for second period’s
quadratic utility functions.

Obviously, the generalized CAPM theorem applies in the linear quadratic
case since the latter constitutes a special case of mean variance preferences.
Its specification with endogenous endowments delivers an easy computable
equilibrium. In the rest of this section, we prove existence of equilibrium,
we summarize the application of the Financial Innovation proposition in a
lemma, assume a special functional form for the stochastic transfer technolo-
gies and solve a numerical example, given this specification.

Proposition 6 Ezistence. Under the assumption of linear quadratic util-
ities and the requirement that XZ(O) =w', s =1,..., S, there exists a pair of
actions and prices ((2%,1¢,2%),q) € RfH)I x R x R x RY that satisfies the
definition of an equilibrium for the GEI-CAPM economy with endogenous
endowments & (u,wo, V, X)

Proof. The requirement of a non trivial equilibrium that 0 < I* < W,
for at least one 7, i = 1,..., I and the additional assumption on the transfer
technology XZ(O) =wl, s=1,...,5, where w' € R®, guarantee the validity of
the boundary condition 1 < @%(I*) < A, with 1 < A < co. Hence®, we can
construct the following existence argument.

We define the equilibrium map ¢ : [['_, [0,w!] — []i_, [0,w!] which
maps any vector 3 € R! to a vector (I'(¢*(8))L;.

For a given 3 = (I')_;, our model is a standard GEI with exogenous
endowments for which we know that equilibrium exists and it is unique’.
The corresponding equilibrium prices are ¢*(3), the corresponding transfers
I'(¢*(8)). Hence, the map ¢ is well defined.

8See Appendix I, for a proof of the necessity of the boundary condition.

9The quasi linearity of the utility function quarantees uniqueness of equilibrium in the
standard finance GEI model. Assuming interior solutions in the latter we can construct
our existence argument.
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Moreover ¢ is continuous with respect to # and maps H{Zl [0, €] to itself.
Then by Brouwer’s fixed point theorem ¢ has a fixed point, i.e. 3 §* such
that 5% = l(¢*(5)).

But * corresponds exactly to a GEI for our model. m

4 An example

We illustrate our findings in terms of an example with two agents with linear
quadratic utilities and the assumption that after transfer endowments are
given by the vector @' = (@), w}) = (wj — I, ) € R where @} = wi O
(1 + )\Q) ,1=(1,...,1) € R® and A} the vector of output realizations.'’

Allowing for the transfer of endowments does not necessarily account for
the failure of the invariance of asset prices across market structures. For in-
stance, for the class of non stochastic linear transfer technologies and certain
second period endowments, the equilibrium prices depend only on parame-
ters which are given independently of the market structure and accordingly
are invariant with respect to financial innovation.

The substitution of a concave transfer technology for a linear transfer
process in the above illustration changes dramatically the results and the
price variance obtains. In a two periods economy where agent can transfer
endowments via the linear technology A'(I') = 1 + I' while agent two via
the A2(1?) = 14 (1/2)V/12, a change in the return structure from V = [g{]
to V' = [e1, e5], where ¢; is the zero vector with 1 as its it" coordinate (i.e.
from one Arrow security to two Arrow securities structure), modifies the
equilibrium price of asset 1 under the market structure V, Qv t0 Gy =+ Ty
when the asset structure is V’. The system of equations which characterizes
the competitive equilibrium prices and allocations is

@ =p (1 —a' (2 +wy(1+11)))

L=w; (1 —a' (wa(l+1") + p12] + pp23))

0 =p (1-a (2 +uf1+(1/2)VP)))

1= wi(1/V2 (1 —a? (wg(l +(1/2VE) + py 22 + p2z§>>
0=z +2%

0=z + 22

@ = py (1 —a' (2 +wi(1+1Y))

ONot to be confused with the transfer function notation.
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@ =p (1- 0 (4 +uB(1+ (1/2VP))).

The last three equations in this system correspond respectively to the
market clearing condition for the second asset and the first order conditions
with respect to the second Arrow security of individuals one and two. Solving
the system with 23 = 22 = 0 and ignoring the last three equations yields
competitive equilibrium prices and allocations for the economy with asset
structure V. After computing the resulting equilibrium prices for both asset
structures we derive the following condition:

Equilibrium prices @y, and g, will coincide if and only if 2wi(1 —
?wl) = 2 + a?(w?)? is satisfied.

Therefore, whatever the considered economy, there may be a unique value
of €} for which price invariance obtains; otherwise, the equilibrium price of
asset 1 g, varies almost always with financial innovation.

5 Conclusions

In this work we have shown that the two basic results of the CAPM when
agents are given the ability to influence future non-traded income in the
framework of incomplete markets are still valid. The two-funds separation
theorem and the security market line can still serve as prediction of the port-
folio composition of the agents and of the way assets are priced at equilibrium.
The new aspect that appears in this framework is the possibility of theoret-
ical discussions concerning financial innovation. Our model can be seen as a
generalization of the GEI-CAPM with quadratic utilities (Oh (1996), Willen
(1997)), since it generates a result that includes as special cases previous
predictions, asset prices may change when the financial market changes. We
believe that this finding should be further explored and may give valuable
intuition about the reasons of asset prices variability. In the framework we
develop in this paper is that, when endowment transfers are allowed, the in-
formational requirements (among the other assumptions that imply the basic
theorem) become extremely stringent. They involve not only the observation
of all individual endowments but also of each agent’s transfer process. But
this is a more general problem in theory which has been always justified by
the fact that “all strong assumptions lead to clear cut results with strong
intuitive appeal” (Magill and Quinzii (1996)).

Our proposition on financial innovation may deserve more attention in fu-
ture work as it may serve as a starting point in the study and understanding
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of some well known problems in the literature of financial macroeconomics,
for instance the equity premium puzzle or the risk free puzzle. The CAPM
has been extensively used in the financial literature due to its powerful pre-
dictions and its intuitive appeal. One of the major drawbacks of the CAPM
with quadratic utilities is that it involves increasing absolute risk aversion
which imply that risky assets are inferior goods (Arrow (1970)). Introducing
undiversifiable productive returns may modify the investors marginal rates
of substitution through the type of correlation between the marginal rates of
transformation, induced by the technologies, and the returns on the traded
assets.
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6 Appendix

At a first sight, existence of equilibrium might be a problem. The reason
is that A\"(1"(q)) through its dependence on 1"(g) makes endowments price
dependent. The problem is that, with price dependent endowments, the
boundary behavior of demand (lim ¢, .o, = 0,lim¢, o = 00), no longer suf-
fices to use traditional equilibrium proves. As an illustration we can consider
the following example: an exchange economy with two individuals h = 1,2
(superscripts) and two goods i = 1,2, (subscripts) we normalize the price
of good one to 1 and we assume the endowment of h = 1 for good 2 price
dependent. Individuals maximize utilities

1

maxc] sto cf +pcy < w4 pwy(p),
maxcy s.to ¢ +pcs < wi+ pws,
equilibrium prices will be such that
Al +c? = WP,
' = witwi=wi+pws(p)

& pwy(p) = wi,

existence fails if wi(p) = %, any v > 0 and u # w?. The problem can be

discarded only if we require w}(p) to be bounded. When 0 < w < wi(p) <
W < oo, the excess demand function f(p) = pwi(p) is again surjective and
equilibrium exists.
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