DISCUSSION PAPERS

Department of Economics
University of Copenhagen

Studiestreede 6, DK-1455 Copenhagen K., Denmark
Tel. +45 35 32 30 82 - Fax +45 35 32 30 00
http://www.econ.ku.dk


http://www.econ.ku.dk

Endogenous Business Cycles
and
Stabilization Policies

Marta Aloi  Hans Jxrgen JacobsénTeresa Lloyd-Bragh

First version: September 1998
This version: March 2000

Abstract

We analyze the e%ects of simple stylized economic policy rules, or stabi-
lization principles, when A uctuations in economic activity are created endoge-
nously by self-ful¢ ling volatile expectations. We study a simple monetary
competitive model with intertemporally optimizing agents and a government.
We only depart from neoclassical orthodoxy by assuming that a cycle or a
sunspot equilibrium, not necessarily a steady state, could be the descrip-
tive dynamic rational expectations equilbrium. The government may then
well out of welfare concerns want to conduct systematic stabilization policy
through transfers, expenditure, and taxation even though this has distor-
tionary e¥%ects. We show that the policy rules that stabilize output in a
way that is best for welfare involve countercyclical elements in government
activity.
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1 Introduction

What are the implications for stabilization policies if economic A uctuations, or
business cycles, are to an important extent created endogenously by the economies’
equilbrium mechanisms, and are not solely reactions to exogenous shocks? We ¢ nd
that, even under perfectly competitive conditions, the occurrence of endogenous
A uctuations due to self-ful¢ ling volatile expectations may give reasons based upon
welfare concerns for systematic government stabilization policy, and the policy rules
which best stabilize economic activity with respect to welfare involve a certain kind

of countercyclicality in government activity.

We study the moststandard and fully competitive dynamic modelofexpectations-
driven endogenous A uctuations. This happens to be the simple overlapping gen-
erations model with only labor as input in production, but by the argument of
Woodford (1986), the model has an equivalent interpretation with in¢ nitely lived
agents and cash-in-advance constraints. The model involves a government which
we assume can tax income proportionally and pay transfers to the old. However,
(positive) real transfers to the old and government demand for output work in ex-
actly the same way in the considered model as long as government and private
demand for goods are assumed to be perfect substitutes in the consumers' utility
functions (which is a natural bench mark assumption). Real government spending
can therefore be interpreted equally as real transfers or government demand.

We depart from neoclassical orthodoxy by assuming that a cycle or a sunspot
equilibrium could be the relevant rational expectations equilibrium describing how
the economy evolves over time As far as steady state is concerned the model is
such that neoclassical policy views are strongly supported; active government is
unambiguously bad. The essential departure from Keynesian modelling is that we
do not assume any price rigidities.

Government spending is linked to the performance of the economy by policy

1The suA cient condition normally considered for the existence of endogenous A uctuations under
laissez faire in the simple OLG model is that the elasticity of labor supply with respect to the
intertemporal real wage measured at steady state is less than minus one half. Some ¢ nd this
problematic. However, the purpose here is not to obtain plausible conditions for the existence of
expectations-driven endogenous A uctuations, but rather to demonstrate how certain intertemporal
e¥%ects of stabilization policies become of (increased) importance, should such A uctuations occur.
We may therefore as well start from the simplest possible model of expectations-driven endogenous
A uctuations.



rules meant to formalize realistic or frequently suggested stabilization principles.

It is ¢ nanced either by proportional income taxation or by inA ationary taxation
(seigniorage). We consider and axiomatize a simple class of policy rules where in
each period real government spending depends homogeneously on the current and
the past level of GNP. Two special cases asgending proportional to current

GNP, and sSpending proportional to past GNHhese are important because

they are simple, manageable and possibly implementable by automatic stabilizers.
The ¢ rst of these two cases is equivalent to arranging spending such that, in the
absence of income taxation, a constant money growth rate results.

Our conclusions are that even under fuly competitive conditions, the assump-
tion that expectations driven endogenous A uctuations could be relevant rational
expectations dynamic equilbria may well, on welfare grounds, motivate systematic
stabilization policies by the government. Moreover, despite the absence of price
rigidities to motivate it, the policy rules which stabilze economic activity in the
best way with respect to welfare entail a certain kind of countercyclicality in gov-
ernment activity: government spending should be relatively low in periods up to
which output has increased by a relatively large amount.

The intuition for why countercyclical policy rules stabilize output most e%ec-
tively, and at the lowest welfare costs, is simple and related to certain intertemporal
e¥iects of systematic stabilization policies. Assume that GNP increases by a rela-
tively large amount from one period to the next. If this is correctly foreseen from
the ¢ rst period, and people know and believe in a countercyclical policy rule, then
they willexpect relatively low transfers during the next period. Ifleisure and output
are normal goods (which is realistic), labor supply and output will increase in the
¢ rst period, and thus the increase in output from the ¢ rstto the second period will
be reduced. If (relatively large) changes in output are reduced, output will become
more stable. Interestingly, Benassy (1998) ¢ nds that a similar intertemporal e%ect
is important for the stabilization of competitive A uctuations caused by exogenous
shocks, and Benassy also establishes support for countercyclical policy rules.

The presentpaperis related to contributions such as Grandmont (1986), Goenka
(1994), Sims (1994), and Woodford (1994), which also study the e%¥ects of ¢ xed and
realistic policy rules on endogenous A uctuations, and closest to the ¢ rst of these.
There are, however, three main di¥%erences in assumptions between Grandmont's



and our paper, which imply that we are led to radically di¥%aerent policy conclusions.
First, Grandmont makes (implicit) assumptions on fundamentals ensuring that the
perfect foresight dynamic he derives has a traditiom@iimodal’ shape, whereas

we consider a set of assumptions also allowing other shapes. Second, Grandmont
studies constant money growth rules, whereas we consider a broader class of policy
rules containing constant money growth rules as special cases. Third, Grandmont
assumes zero substitution between private and public goods (government demand
does not enter into utility functions at all), whereas we assume perfect substitution.
The basic ¢ nding of Grandmont is that constant money growth rules will stabilize

the economy at steady state if the money growth rate is large enough. Our results
indicate that constant money growth rules are, at best, very poor stabilization
instruments. There is no formal contradiction between Grandmont's analysis and
ours, but the broader assumptions we consider lead us to results from which the
policy implications that could be drawn are very di¥%erent from those that could be
drawn from Grandmont's analysis.

Our consideration of more di%erent assumptions on fundamentals reveals that
constant money growth rules, although e%ective in stabilizing output under some
assumptions on fundamentals, are incapable of stabilizing output under other and
equally plausible assumptions.

Our analysis of a parametrized class of policy rules reveals which aspects of
policy rules make them e%iective with respect to stabilization. It turns out that
countercyclicality in the sense explained above is essential. Constant money growth
rules are equivalent tepending proportional to current GNRles, and hence
they are procyclical. In fact we ¢ nd that constant money growth rules are just at
the boundary of the set of policy rules that can be stabilizing at all, and even when
they are in this set, they stabilize output in a worst possible way welfarewise.

Our assumption on the degree of substitution between private and government
demand gives us, contrary to Grandmont, that constant money growth rules, not
only for transfers, but also for government demand, are ine¥ective stabilization
instruments. This reveals that the assumed degree of substitution between private
and government demand is important for the intertemporal e¥%ects of systematic
stabilization policies working through government demand.

An important feature shared by Grandmont's and our modelis thatitis simple



enough to give a one-dimensional, ¢ rst order di¥serence equation as perfect foresight
dynamic. This makes it possible to establish enough global properties to be able

to use global determinacy as criterion for stabilization. Other authors study more
complicated models yielding two-dimensional dynamic systems, e.g. Schmitt-Grohi
and Uribe (1997), and Guo and Lansing (1997), (1998). It is then diA cult to
establish enough global properties of the dynamic system to be able to use global
determinacy as a stabilization criterion. These papers then use localdeterminacy: if
government policy can turn the steady state away from being a sinkitis considered

to stabilize the economy. However, itis only in linear systems thatlocaldeterminacy

is suA cient for the elimination of endogenous A uctuations, and linearity only follows
from specialassumptions on fundamentals. Using localdeterminacy as stabilization
criterion is essentially the same as studying only a linear approximation of the
dynamic system around the steady state and is particularly questionable for the
two-dimensional case since with non-linearity a local property of the steady state
di¥erent from it being a sink can suA ce for the existence ofendogenous A uctuations,
see Grandmont, Pintus, and de Vilder (1998). Christiano and Harrison (1996) also
stress the importance of one-dimensional dynamics, and for the same reasons as we
do, but, like Guo and Lansing (1998), they study the e¥ects of more sophisticated
policies involving, e.g., progressive taxation.

In Section 2 we describe the basics of the economic modeland the class of policy
rules we consider. Section 3 derives the equilbrium dynamics, and Section 4 states
the results on the stabilizing and destabilizing e%ects of di%aerent policy rules. In
Section 5 we provide two illustrative examples concerning the particularly inter-
esting rulesgovernment spending proportional to current GNP “goge rnme nt
spending proportional to past GNBection 6 summarizes conclusions. Proofs of
propositions are given in Appendix A. Appendix B contains a technical result that
is of importance for our purposes, and may be of independent interest.

2 The Economy and the Policy Rules

We consider an overlapping generations modelin discrete time. In each period the
commodities are labor input, produced output, and money. The money prices of
labor and output arev > 0 andp > 0 respectively, and labor and output markets



are perfectly competitive. Subscripis used for explicit reference to a period.

In each period a representative ¢ rm produces ougpkt0 from labor input
[ > 0under constant returns to scafe= (.

There is in each period one young and one old consumer, and a consumer is
endowed with one unit of labor time in his youth. The von Neumann-Morgenstern
utility function of a consumer isi(c) + v(e), wherec > 0 is output consumption in
the consumer's old age, ard=1—n > 0 is leisure consumption in the youth;
is labor supply when young.

The assumption that in the ¢ rst period of a consumer's life only leisure enters
utility, and in the second only consumption, implies an equivalence to a cash-in-
advance constrained economy with an in¢ nitely-lived consumer. In the latter type
of model the consumer maximizes;:?,(v(e;) + @(c;))/(1 + 0)* in each periodt
subject to a budget constraint. If, in addition, there are binding cash-in-advance-
constraints, he or she can do no better than to maximieg) + @(ci1)/(1 + 6)
independently over each succession of two periods under the constraint that what
can be used for consumptiontin-1 is what was earned from work ) see Woodford
(1986). For this alternative model interpretation ae) is a(c)/(1 + 6).

We impose standard assumptions @randv: they are continuously di%zeren-
tiable several timesy’(c) andv/(e) are strictly positive and go to in¢ nity asand
e respectively go to zero, and’(c) andv”(e) are strictly negative. We denote the
Arrow-Pratt measure of relative risk aversionunby R(c) := —u"(c)c/u'(c) > 0,
and also de¢ néN(n) := —v"(1 — n)n/v'(1 —n) > 0. We assume thaR(0) :=
lim. .o R(c), and N(0) both exist (are< o0), and thatR(0) # 1.

Finally, there is a government that in each period decides on a real lump sum
transferb given to the period's old consumer, and on a proportional tax rate
where 0 < 7 < 1, by which the income of the period's young consumer is taxed.
Both b and 7 are taken as parametric by the consumers. For the interpretation
of our model with an in¢ nitely-lived agent, the cash-in-advance constraint should
be assumed to work such that in the current period the consumer can spend last
period's net of tax income plus the transfer received in the current period.

The variableb can, if positive, alternatively be interpreted as government de-
mand for output (or labor). Ifitis assumed that public and private goods are
perfect substitutes, so the utility function of a consumew(is—n) +u(c+b), then



the resulting dynamic model will be identical to the one in whicis a transfer.
This will be demonstrated below.

Policy is conducted according to certain feedback rules linking in a systematic
way the value of the real transfer, or government demand, to present and past
values ofthe GNP (in equilibriump summarizes everything of economic importance
in a period). The rules are meant to formalize possible stabilization principles.
Government spending is ¢ nanced by either proportional taxation or seigniorage or
a mix of both. The exact ¢ nancing does not matter since direct proportional and
inA ationary taxation have the same e%¥ects.

The considered policy rules are meant to formalize realistic (or frequently sug-
gested), simple, and manageable stabilization principles. Therefore we con¢ ne at-
tention to rules of the formb;,1 = b(y11,y:), and impose the further restrictions:

() The variableb should be (weakly) positive in all periods. For the interpreta-
tion ofbas government demand this is required. For the interpretation as a transfer
there is in principle nothing wrong with negative values, byt 0 means lump sum
taxation (of the old) together with subsidies (to the young) proportional to income,
these subsidies coming either directly or through negative inA ation. Lump sum
taxes are seldom observed and variations in lump sum taxes are never seen as part
of stabilization policies.

(i) At a constant GNP, the government behaves as ifit taxes GNP by a certain
rate and balances the budget in each period. Thatis, we rebirg) = Sy for
someg with 0 < 8 < 1. Indeed, to be a formalization of a stabilization principle
the rule should dictatméutral government behavior'at a steady GNP. We think
it is most realistic to let neutral behavior correspond to ¢ xed proportional taxation
and budget balance (rather than, e.g. to a ¢ xed spending that is inde penggnt of

(i) At a varying GNP the stabilization e%ort should depend on the relative
variation in GNP. If two pairdz,y) and(z’,y’) of current and past GNPs represent
the same degree of relative up or down swing in economic actijty, = z'/y/,
then the government stabilization e¥ort should be relatively the same in the two
situations, i.e b(x,y)/z = b(a',y") /2.

These requirements are fulg lled if and onlybifis of the form b(y1,y:) =
Bo(yir1,yt), Where0 < § < 1, and ¢ is positive and homogeneous of degree one,
with ¢(1,1) = 1. We consider such functions because they are axiomatized by



the above requirements, that we ¢ nd reasonable, but an independent reason is
that they suA ce for revealing the intertemporal incentive e¥%ects of importance for
stabilization of endogenous A uctuations. It will give simple statements and proofs
of our propositions to focus on the case,

b(yt+1,yt) = ﬂytl;{lyg, (1)

where there are no a priori restrictons on the parameter

Each policy rule of the form (1) contains a level (or resting) component given
by 8, and a cyclical (or reactive) component given &y This is illustrated by
the rewriting b(yer1, ¥t)/yer1 = B(yes1/y:)~* The level componeng is the trans-
fers' share in current output when output is constant, and the cyclical component
(ye41/y:)~™ is the responsiveness of this share to changes in outputheing the
elasticity of the transfers' share with respect to the output growth factor. The
larger « is, the more negative wil be the reaction in the transfers' share to in-
creases in output, thatis, the mareuntercyclical'wil the rule be. In particular,
if output evolves according to a two-period cycle with output levielsnd!l, where
h > 1, and the transfer payed in periods with outguis denoted by, etc., then
(bp — b)) (h = 1) = k(1 — (h/1)>* 1), wherek > 0, so (b, — b;)(h — 1) is positive if
a < 1/2, and negative itx > 1/2. This means that along two-period cycles policy
rules of the considered form give procyclical transfers (in the usual sense) when
a < 1/2, and countercyclical when > 1/2.

One reason to be interested in the class (1) of policy rules is that it contains
some important and frequently considered rules as special cases:

Transfers proportionalto current GNP. The case 0, givesb(yi+1, ¥t) = BYer1-
Although simple, this is a feedback rule. As the economy's activity level varies so
will the real value of the transfer in per capita terms (procyclically). The rule
is equivalent to setting the income tax rate constanthftand let transfers be
determined by budget balance in each period, and, in particular, it is equivalent to
arranging the sequence of transfers such that with no income taxation a constant
money growth rate results (as shown below). Constant money growth rules are often
advocated and were studied by Grandmont (1986) in connection with stabilization
of endogenous A uctuations. Grandmont (1986) found that a large enguagih
stabilize the economy at steady state.



Transfers proportional to past GNP. The case= 1, gives b(y+1,y:) = By
Note that if taxes come with a delay then this rule may be equivalent to setting
the income tax rate constantly #tand letting budget balance determibhgan
implementation most relevant for the model interpretation with a cash-in-advance
constraint and an in¢ nitely-ived consumer. For the literal overlapping genera-
tions interpretation, note that this rule rewards old consumers according to how
much they worked and contributed when young. Finally, this rule is closer to
standard Keynesian stabilization recommendations since government spending may
react countercyclically.

When a goes below zero or above one, the dependence of transfers on GNP
becomes more complicated. As long 8s< a < 1, the rules have the possible
simple implementation that an average (though geometrical) of the last two GNPs
is taxed and the revenue used for transfers.

In what follows it is assumed that the policy rui€y:,1,y:) used by the govern-
ment is known by the households who also have rational expectations with respect
to next period's output price. Furthermore, the households are assumed to believe
in the relevant policy rule.

3 Dynamic Equilibrium

In (non-trivial) equilibrium one must havew = p in all periods, and that any level
of production and employment is optimal for the ¢ rm.

Consider a young consumer whose expectation concerning the next period is
that with probabilityg; the output price will bep; and the transfer received will
be b;, wherej =1,...,r. Apoint expectation corresponds to=1. The consumer
chooses labor supplg, money holdingm, and consumptiore; in each of ther
future Statesto maximize expected utility(1 — n) + >, gju(c;), subject to the
budget constraintsn = (1 — 7)wn, andc¢; = m/p; + b; for j = 1,...,r, wherew
and 7 are the nominal wage rate and the tax rate in the consumer's young age
respectively. The optimal choices farandc; are uniquely given by the ¢ rst order

condition,
(1(1——7n Zf = )

Dj




and the budget constraints,

o= (- ori =L @
J

In the case of a point expectation (whepeand b are expected), the optimality
conditions amount ta’(1 — n) = wu'(c), andec = wn + b, wherew := (1 — 7)w/p.
Solving forn andc gives the labor supply curve = n(w, b), and the future demand

for produced goodg = ¢(w,b). Itis a consequence of our assumptions that leisure
and consumption are both strict normal good$< 0 andcj, > 0.2

3.1 Temporary Equilibbrium

From (3), (1 — 7)w/p; = (¢; — b;)/n. Inserting this into (2) givespv' (1 —n) =
> q;(c; — bj)u/(c;). Inserting the equilbrium conditions = y andy; = ¢;, then
givesyv'(1 —y) = >; q;(y; — bj)u'(y;). Inserting ¢ nally the policy ruld; = b(y;,y)
yields,

y'(l—y) = 2_: q; [y; — b(y;, y)] ' () (4)

This is the temporary equilibrium equation for the considered economy in terms of
production levels. If the young consumer expects output in the next period to be
y; (between zero and one) with probabilgy, j = 1,...,r, and knows and believes
in the policy ruled(-,-), then ay (between zero and one) is an equilbrium output
of the current period if and only if it ful¢, Is (4).

All rational expectations dynamic equilibria studied below are de¢ ned from the
temporary equilbrium equation (4). The taxrates do not enter into this. Hence, for
a given policy rule for spending, the rational expectations equilbrium dynamics of
the considered economy is independent of how much income taxation vs. seignior-
age is used in ¢ nancing government spending. Proportional income taxation and
inA ationary taxation work and distort in exactly the same way.

2Labor supply is given by/(1 —n) = wu'(wn +b). Alargerbimplies a lower right hand side,
and to recreate equality must fall since this both decreases the left hand, and increases the right
hand, side, smj, < 0. A similar exercise on/'(1 — (¢ — b)/w) = wu'(c) showse, > 0. For later
use, we derive the elasticity of labor supply wit.by log-di% erentiation,

nfLUw 1-— R(wn + b) w‘:LT—;J-b
Ew 1= = —— > —1L.
n N(n) + R(wn + b) 22




Consider the alternative interpretation bfas government demand. In this
case, the consumer would maximiz€l —n) + >, gju(c; +b;) subject to the budget
constraintse; = (1 — T)pﬂjn, j=1,..,7. The ¢rst order condition would be,

vl-n) c]+b)

(1—7’ ZJ Pj

By use of the budget constraint§l — 7)w/p; = ¢;j/n, one getsnv'(1 — n) =
> qiciu’(¢j + bj). Inequilbrium, n =y andy; = ¢; + b;, and hencey'(1 —y) =
> ¢i(y; — bj)u'(y;). Inserting a policy rule for government demartg,= b(y;,y),
would give exactly (4). The two interpretations bfead to the same equilbrium
condition which veri¢, es the equivalence postulated in Section 2.

3.2 Perfect Foresight Dynamics and Steady State

The economy's perfect foresight dynamics is obtained from (4) assuming that the
next period's outputis correctly foreseen from the current period in a deterministic
sense. Inserting; = y4+1 for all j, and rewriting current output ag = y;, one
arrives at a ¢ rst order, one-dimensional di¥serence equatignand v, 1,

Yv' (1 = ) = [Wer1 — 0(Wer1, ve) | W (Yeq1))- )

A dynamic perfect foresight equilibrium is a sequen(gg) of production levels
0 <y < 1, such that (5) is fulg, lled for all. A steady state is a particular case
wherey, = y in allperiods. For allthe policy rules we considéfy,y) = By, and it
follows from (5) that a strictly positive, or monetary, steady state production level
y is given by,

15 ©)

Since the MRS on the left hand side goes from zero to in¢ nity gees from zero
to one, there is for any a unique monetary steady stagés), andy(g8) < 1. It
follows directly thaty(g) is strictly decreasing i, and thaty(8) goes to zero as
8 goes to one.

If we de¢ ne welfare at the steady state as the common utility of all generations,
W(B) = u(y(B)) +v(1 —y(B)), thenW’ = (v’ —v')yj, and fromy; < 0 and (6),
W' <0forallg >0, andW’ =0 for 8 =0. This proves,

10



Proposition A. For all3, there is a unique monetary steady state involving
productiony(8), with 0 < y(8) < 1, and y(g) is strictly decreasing ing and
y(B) - 0as B — 1. Welfare at steady stat®d/(3) is unambiguously decreasing in
8, and optimal policy for steady state = 0.

Proposition Ais a simple version of a familar neoclassical proposition. In the
absence of distributional reasons for transfers, one is left, at steady state, with the
pure distortional e¥%ect of the taxation, direct or inA ationary, implied by giving the
transfers. Proposition A implies that government activity has to be motivated by
the steady state not being the appropriate descriptive equilbrium. Furthermore,
should endogenous A uctuations prevail (under laissez faire) and should one, by use
of a policy rule belonging to the considered class, manage to stabilize the economy
at steady state, then it is unambiguously to be preferred that this is done for as low
a value ofs as possible, sinc® measures the degree of distortion at steady state.

The left hand side of (5) increases from zero to in¢ nityyggoes from zero
to one. Ifa > 0, or 8 =0, thenb is (weakly) increasing iny;, so the right hand
side will, for any giveny;,; > 0, decrease weakly from a strictly positive value as
y; increases from zero. This means that for every posifig, there is a unique
y; between zero and one that solves (5), which thus everywhere implicitly de¢, nes
y; as a functionf of y,,;. From the Implicit Function Theoreny, is continuously
di¥aerentiable. So, foor > 0, or 8 = 0, the backward perfect foresight dynamic
y+ = f(yer1) is well-de¢ ned globally. Foie < 0 and g > 0 itis not. In that case
there are fory,.; small enough several solutions ip to (5), and fory,,.; large
enough there are none. As just shown there is, however, a unique monetary steady
state y(03), and localy aroundy(3) the backward perfect foresight dynamjcis
again well-de¢ ned and continuously di% erentighle.

Sltcould be argued thatthe right welfare measure at steady state is M{#e = u(y(8))/(1+
0) +v(1 —y(B)), whered > 0 is a time preference rate. In a free optimization one wil then ¢ nd
that optimal policy for steady state is sonte< 0, which, in the absence of direct taxation, is
equivalentto a constant negative money growth rate, a so-called Friedman rule. If one only allows
8 >0, then also in this cas@ = 0 is optimal for steady state.

4From the Implicit Function Theoremf is locally wel-de¢ ned by (5) around steady state if
the derivative ofy,v'(1 — y¢) — [ye+1 — b(ye+1, ¥e)] v/ (ye41)) Wrt. 3 measured at steady state is
not zero. This derivative is'(1 —y(8))(1+ N(y(8)) + aBv/ (y(8)), which, for any giveng, is zero
only for one particular (non-generic) negative valueoof

11



3.3 Rational Expectations Fluctuations

A deterministicr-cycle is a collection of di% erent production levelB < yy, ..., y, <

1 in the range wheref is well-de¢ ned such thag = f(y2),...,y» = f(y1). An r-
state stationary (Markov) sunspot equilibrium, SSE, consistspybduction levels
0<y <<y, <1 wherey, <y, andr?transition probabilitie g;;, i1 Gy =1
fori=1,...,r, where the matriXg;;) is irreducible, such that, whenever the young
consumer expects thatthe outputleygwil occur with probabilityg;; next period,
j=1,...,r, then the current temporary equilbrium output level according to (4) is
exactlyy;, that is,

yv' (L —y) =D aqis [y — blys, wa)] ' (y;) for i =1, ... (7)
7j=1

The well-known idea is that one can imagine that an irreducible Markov chain (a
sunspot) on states,...,r, sending state into statej with transition probability

¢;;, though exogenous to the economic system, may govern its performance. If
the agents know the transition probabiltes and believe that in any period output
must bey; if the state isi, then output will indeed be governed by the sunspot
and A uctuate accordingly, and the agents wil have no reason to revise their beliefs
since their expectations are probabilistically correct, i.e. rational.r&ycle is a
particular, non-stochastic-state SSE.

Deterministic cycles and SSE are our candidates for rational expectations dy-
namic equilbria exhibiting endogenous A uctuations.

Our results concerning stabilization of endogenous business cycles will rely on
some relationships between the perfect foresight dynafn@and the existence of
cycles and sunspot equilibria. Itis well-known thafils such that am-cycle exists
then there is also a truly stochastiestate SSE close to the cycle, see Guesnerie
and Woodford (1992). It is not generally true that the existence of a SSE implies
the existence of deterministic cycles, or, equivalently, that non-existence of cycles
implies non-existence of SSE. For our purposes itis, however, important to establish
such a connection. In Appendix B we prove a proposition stating some general
conditions under which the existence of a SSE implies the existence of a 2-period
cycle. The conditions are such that we wil be able to conclude that the policy
rules which eliminate all cycles through establishing global stability accordinf to

12



of the monetary steady state, also eliminate all SHy.virtue of these and some
other well-known results it will suA ce in what follows to study the perfect foresight
dynamic f. To be precise we will make use of the following standalyghamic
properties”

Indeterminacy. Iff is locally well-de¢ ned around steady state and the slopfe of
atthe steady state is below minus one or above one, then the steady state is locally
stable in the forward direction under perfect foresight, and the steady state is said to
be indeterminate. Itis well known that indeterminacy implies the existence of SSE
arbitrarily close to the steady state, see Guesnerie and Woodford (1992), and for
the dynamics we consider, ff(y(6)) < —1, there are also deterministic cycles. Itis
anopening assumption’of this paper that indeterminacy is a suA cient condition
for a cycle or a sunspot equilbrium to be the relevant dynamic equilibrium (if it
were the steady state there would not be a stabilization problem). In favor of this
assumption is the fact that for plausible backward looking learning rules, a steady
state (or cycle) is locally unstable according to learning dynamics exactly when it
is stable according to forward perfect foresight dynamics, see Grandmont (1985),
Marcet and Sargent (1989), Evans and Honkapojha (1995).

Determinacy. Assume that by appropriate use of one of the policy rules consid-
ered it can be obtained that the steady stgf® becomes globally stable according
to f, implying that f is globally well-de¢ ned. Then there can be no deterministic
cycles and, from Theorem B shown in Appendix B, for the policy rules that we ¢ nd
indeed can makey(5) globally stable according t¢, no SSE either. The steady
state is then the only reasonable bounded and continuously well-de¢ ned rational
expectations equilbrium, and one says that the steady state is (globally) deter-
minate. Determinacy wil be considered a suA cient condition for stabilization at
steady state.

°The method used in Appendix B to establish that existence of a SSE implies existence of a
2-period cycle is similar to the one used by Grandmont (1986). However, the dynamics arising
from our policy rules are not covered by the generality of Grandmont's result. Therefore the
theorem in Appendix B generalizes Grandmont's result and it may therefore be of independent
interest.

5The robustness ofthieversion of stability properties result has more recently been disputed
by Grandmont (1998).
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4 Stabilization

Inserting the considered speci¢, ¢ functional form of policy rules into (5) gives,

Yo' (1= ) = (Y1 — Byt )Y (Yer), (8)

which de¢ neg, = f(y:11) atleastlocally around steady stagé3). For anyz > 0,
at which f(z) is well-de¢ ned, the slope ¢fis obtained by implicit di% erentiation
of (8) written asf(z)v'(1 — f(z)) = [z — Bz' “f(x)*]«/(z). This gives,

fl@) 1-B01—a)l) —(1-p(2)") R(x)
@

"(z) = ) 9
o=t o AN
Measuringf’ at steady state where= f(z) = y(8) gives,

1—pB(1—a)+ (1= B)N(y(B))

Assumeg > 0. If also a > 0, then f is globaly well-de¢ ned, and for any
Y11 > 0, the g, that solves (8) is below,,/3""
must thisy,, implying f(0) := lim, ,, f(z) = 0. If « = 0, then f is still globally
well-de¢ ned, and (8) readgv'(1 — y:) = (1 — B)yer1w (yes1)- AS Y41 g0OES tO Zero,
so wil the right hand side if and only iR(0) < 1.” Hence, ifR(0) < 1, one still
has f(0) =0, whereas ifR(0) > 1, one hasf(0) = 1.

Taken together, ik, 3 > 0 or if « = 0 and R(0) < 1, the globaly wel-de¢ ned
backward dynamicf starts at zerof(0) = 0, and stays everywhere below one,

. Hence, asy,,; goes to zero, so

f(z) < 1. If f ends at zerof(oo) = 0, it must have a number of critical points

(z¢, f(x°)) at which f'(z°) = 0. If it ends elsewhere it may or may not have critical
points. In any casef has a shape such that if all critical points are below the
45°-line, i.e. fulg I f(xz°)/z° < 1, theny(B) is globaly stable according tg. This
excludes deterministic cycles, and since the general conditions of Proposition B in
Appendix B are satis¢ ed when> 0, there is no SSE either, and the steady state
is determinate. This argument is used to establish Propositibn 1.

"Note thatR(0) is the elasticity measure of how fagt(y;11) goes to in¢ nity ag,+; goes to
zero. Hence, iR(0) < 1, the producty;+1u/(y:+1) goes to zero ag;+1 goes to zero etc.

8Since Proposition 1 is on stabilization, one could naturally expect an underlying assumption
of indeterminacy of steady state under laissez fajf¢y(0)) < —1 (> 1is not possible). However,
f'(y(0)) < —1 is not strictly necessary for the existence of rational expectations endogenous
A uctuations, and Proposition 1 does not assume fit.
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Proposition 1. (Stabilization: suA cient conditions for policy rules to establish
determinacy).

() For any a > 0, there is ag*(«) < 1, such that if the policy rule involve &
and g with 8 > §*(«), then the steady statg(s) is determinate and there are no
cycles or stationary sunspot equilibria.

(i) f «=0andR(0) <1, there also exists #" < 1, such thatg > g* implies
determinacy of the steady state and non-existence of cycles and stationary sunspot
equilibria..

(i) For any 8 > 0, there is amx*(3) > 0, such that if the policy rule involve &
and g with o > o*(5), then the steady statg(5) is determinate and there are no
cycles or stationary sunspot equilibria.

Proposition 1 is our main result. For any strictly positive choice of the cyclical
componeni of the policy rule, a suA ciently large level componehwil stabilize
the economy at steady state, and for some assumptions on fundamentals the same
is true fora = 0. It also says that for any strictly positive choice of the level
components, in particular for (arbitrarily) small values, a large enough cyclical
componentx wil stabilize the economy at steady state.

These are suA cient conditions for stabilization. It is of particular interest to
know if a low value of3 necessitates a high value affor stabilization. It may
not, of course, ifthe economy does not have any business cycle problem at all. The
issue should therefore be addressed under an explicit assumption of the presence of
a stabilzation problem. Therefore Proposition 2 assunfég(0)) < —1. In this
case large values af are indeed necessary for stabilization, given small value®. of

Proposition 2. (Stabilization: a necessary condition for policy rules to es-
tablish determinacy). Assum¢’'(y(0)) < —1. For all small enoughg > 0, it is
necessary and suA cient for a policy rule to impit < f'(y(3)) < 1, and therefore
necessary for determinacy of the steady stg(8), thata is greater than or equal

to a certaina™(03), where o™ () goes to in¢ nity ag? goes to zero.

The two propositions above do not exclude that large enough valugsotild
also stabilize the economy for negative valuesxpbr generally fora = 0. Neither
do they exclude that for some values @fnegative and small enough values cof
could stabilize the economy. Proposition 3, however, rules out these possibilties.
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Proposition 3. (Destabilization: suA cient conditions for policy rules to imply
indeterminacy).

() If a <0, then f'(y(B)) > 1 for all suA ciently large 3; hence, the steady
statey(pF) is indeterminate and stationary sunspot equilibria exist.

(i) If «=0and R(0) > 2+ N(0), then f'(y(B)) < —1 for all suA ciently large
B; hence, the steady statg() is indeterminate and both deterministic cycles and
stationary sunspot equilibria exist.

(i) If B >0, then f'(y(B)) > 1 for all negative and suA ciently smadl, hence,
the steady statg(Q) is indeterminate and stationary sunspot equilibria exist.

We proceed by raising a number of important remarks:

Elasticity and indeterminacy. It is wel-known that for the suA cient condition
for indeterminacy under laissez fairg(y(0)) < —1, to be ful lled it is required
that the elasticity of labor supply with respect to the real wage at steady state is
less than minus one half. Inserting into thg of footnote 2, that at steady state
wn+b=y, wn=(1-p)y, andb= Py, one gets for the elasticity at steady state,

() - L= U-BROE)
N(y(8)) + (1 = B)R(y(B))
From (10), f'(y(0)) < —1 < R(0) > 2+ N(0), and it is easy to see that this
implies e,(0) < —1/2. Athough not necessary/(y(0)) < —1is kind of asine qua

non’condition for endogenous A uctuations under laissez faire, and it has often been
held against the theory of such A uctuations tif§#(0)) < —1 can only be ful¢, lled

for unrealistic values of the elasticity of labor supply. Proposition 3 says that if

a < 0, orif @ =0 and R(0) > 2+ N(0), a suA cient condition for indeterminacy,
fy(B)) < —1or f(y(B) > 1, is fulg lled for all suA ciently larges. As 3 goes to one,

e»(0) goes tol/N(0) > 0, so for all large enougl, one has both indeterminacy,
ande,(8) > 0. Allthat itis needed to overcome the unrealistic requirement on the
elasticity of labor supply is an inappropriate government policy, and this does not
have to be more peculiar than a constant money growth rate’rule.

Welfare. The above propositions are about output stabilization which should
only be an aim for economic policy if output stabilization has good welfare impli-
cations. For the lteral overlapping generations interpretation of our model, output

9This way of overcoming the requirement of a (very) negatively sloped labor demand curve is
closely related to theniperfect competition and positive pro¢ ts'way found in Jacobsen (2000).

16



stabilization can never be generally Pareto improving. Along a two-period cycle the
generations who are young when output is low are fortunate, since they work little
while young and consume much when old. Stabilization can only give these gen-
erations lower utility. However, for that model interpretation it seems reasonable

to let also a concern of equity across generations enter into welfare considerations.
For the modelinterpretation with an in¢ nitely-ived consumer and cash-in-advance
constraints, output stabilization is good because of the concavity of utility func-
tions, but at the same time itis bad because of the distortion of the steady state it
implies. For both modelinterpretations an economic policy that stabilizes output at
steady state can be considered to have good welfare implications if the steady state
is not too distorted by the policy. Therefore the above propositions, in combination
with Proposition A, have strong welfare implications. For any giwen- 0, the
economy can be stabilized at the steady stg®), if 8 is large enough. This may
require a high value of, and therefore imply a large distortion of the steady state.
However, for any strictly positive value gf, no matter how small, the economy

will be stabilized at the steady statég), if a is set suA ciently high. Thatis, one

can stabilize the economy at steady state for an arbitrarily small distostidoy
choosing a large enough Our propositions point to output stabilization by policy

rules with low values of3 and correspondingly high values af more elements of
countercyclicality help to give stabilization with lower levels of distortion.

Countercycality. It is in the sense described earlier that the rules pointed to
are countercyclical. They will requirec > 1/2 and, easily, values of above one,
for low enough values of (Proposition 2). So, the policy rules which are best in
terms of welfare are such that government activity is relatively low in periods up to
which output has increased by a relatively large amount. This is not exactly coun-
tercyclicality in the usualsense of relatively low government activity when output is
relatively high, but such rules wil, nevertheless, often appear countercyclical in the
usual sense (e.g. over two-period cycles), and they certainly do have a Keynesian
A avor - but not for Keynesian reasons.

Intuition. No nominal or real rigidites have been assumed. So, why is it that
the policy rules we have called countercyclical are the most stabilizing? If a policy
can eliminate changes in GNP, it will have stabilized the economy. Assume that
the economy evolves according to some cycle, and that output increases from the
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current to the next period. The more countercyclical the policy rule is, the lower a

real transfer it will pay the next period, because the highds, the more negative
dependence on GNP increases the rule contains. Because goods are normal, a lower
value of the real transfer in the next period is exactly what it takes to make the
consumerwork more in the currentone, thus increasing output here and diminishing

the change in GNP from the current to the next period.

Related lterature. Grandmont (1986) has assumptions with the same e%ect as
R(0) < 1 here and considers constant money growth rate rules. One of his results
is similar to Proposition 1(ii). In view of Proposition 2, policy rules with= 0
are just at the boundary of the set of rules that can be stabilizing for large enough
values of, and even when they are in this set, they may well be the ones giving
output stabilization in the worst possible way welfarewise, requiring the largest

Simplicity and Credibility. Policy rules with values afway above one and with
very low values of3 stabilize in the best way. As already argued such rules are not
very simple. Furthermore, they may involve a credibility problem. At the steady
statey(f), at which the economy is stabilized, one will not see much government
activity, only the constant and lowy(5). The government may have problems
convincing the public that this is only because A uctuations do not presently occur,
and that should A uctuations occur the government would react strongly in accor-
dance with its highe. Simplicity and credibilty considerations point to rules with
non-extreme values at, say0 < a < 1. We will therefore, for a speci¢, cation af
andwv, consider the two particular cases= 0 anda = 1. The two resulting rules
are situated symmetrically around tlaeyclicallty pointa = 1/2, with one end
(. = 0) being the often suggested constant money growth rate rule, and both are
of equal structural simplicity. The examples will nicely ilustrate the importance of
the cyclicallity of policy rules.

5 Transfers Proportionalto Current or Past GNP

Consider the specig cations,

_ (C—I—CO)I_R B el—R
u(c) =46 T_ R ,v(e)—l_R

wherecy > 0,6 >0, R > 0, (11)
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for which R(c) = Rc/(c+ ¢y), and N(n) = Rn/(1 —n). Thus, ifcg > 0, one has
R(0) = 0 < 1, and wheney = 0, one hasR(c) = R, and in particularR(0) >
2+ N(0), wheneverR > 2.1°

For this example we consider the policy rulearisfers proportional to current
GNP, b(yes1,y:) = Byes1,- - andtransfers proportionalto past GNRy; 1, v:) =
By:, corresponding tax = 0 anda = 1 respectively.

First we letR = 4, ¢g = 0.06, andd = 0.006. This is a case where, even for
a =0, a large enougtp will be stabilizing. Itis, in addition, a case that gives a
traditionalhump-shapedor uni-modal, dynamicf with one critical point. For
each case ok =0 anda =1, we iterate according to the relevafistarting at the
critical point. One is then led to the (deterministic) dynamic equilbrium which is
stable according t¢f (at most one is), and hence plausibly learning stable. This
is a two-period cycle under laissez fair8,= 0, and for botha = 0 anda =1, it
remains as such fg# up to the level that stabilizes the economy.

In Figure 1, where (i) is forw = 0, and (i) is fora = 1, the solidly drawn
curves show the common utility of all generations at steady state as a function
of 3; this curve is the same for = 0 anda = 1. In the model interpretation
with an in¢ nitely lived agent the curve shows the steady state utility of this agent.
The x-dotted curves show, foe = 0 in Figure 1(i) and fora = 1 in Figure 1(ii),
the utilties of the fortunate and the unfortunate generations respectively, at the
stable two-period cycle as a function 8f The fortunate generations are those who
are young when output is low and therefore work little, and old when output is
high and therefore consume much. In the alternative interpretation the utility of
the representative consumer along the two-period cycles would be more or less the

19This example does not fulg Il all above requirements simtedoes not go to in¢ nity as
goes to zero whemry > 0. However, when we consider the example we simply ¢ nd equilibria
by computation and we do not need nibeundary behaviorThe lack of an in¢ nite marginal
utility at zero is no problem for the computations as longis below an appropriate upper limit,
which is satis¢, ed in all numerical simulations below.

Hitwas said earlier in the paper that this is equivalent to a constant money growth rate rule. To
see this note that without income taxation the money stock must evoNd;as— M; = pry1bet1.
The growth rated;; ofthe money stock from end of periddo end of periodt + 1 is thusdy; =
De41bep1 /My <= My = pry1bey1/dir1. The second period budget constraint for the consumer
readsM; = pry1(cer1 —bey1), Where itis used thatin equilibrium the amount of money held by the
consumer at the end efmust be the economy's entire money stock at the end Bf equalizing
the two expressions falf; we getbyy1/dir1 = cip1 —bes1, OFbypy = (deg1/ (14 dog1))yss1, Where
it was used that in equilbriune;1; = y:+1. Hence a rule of no income taxation and constant
money growth rated is equivalent to our rule withd = d/(1 + d).
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average of the twe-dotted curves.

It follows from Figure 1 that for this example, which has been deviced such that
the policy rule witha = 0 is indeed capable of stabilizing the economy, the sta-
bilization obtained by increasing from zero has much better welfare implications
for a« =1, than fora = 0.

< Figure 1 here>

Figure 2 reports on the example (11), wih= 4 and ¢y = 0. Now R(0) >
2 + N(0), implying that fora = 0, increasingg will not be stabilizing. Hence,
for o = 0, we assume = 0.1, which implies thatf’(y(0)) > —1, and the steady
state is stable according tbunder laissez faire. Fox = 1, we conside® = 0.05,
which implies f'(y(0)) < —1, and under laissez faire it is a two-period cycle that is
stable according tgf. Otherwise Figure 2 is like Figure 1, and shows, for various
values ofg3, the dynamic equilbrium thatis stable accordingftofor a = 0 in (i),
and fora =1 in (i). For a =0, increasingg ¢ rst changes the stable equilibrium
from the steady state to a cycle, and from then on it implies increasing volatility of
utility. For = 1, one obtains stabilization by increasifij and the implications
for welfare are good.

These examples illustrate how constant money growth rate rules, or rules where
government activity is linked to current GNRx & 0), are outperformed with re-
spect to stabilization, and the related welfare implications, by a class of rules which
are structurally as simple; namely rules where government activity is linked to GNP
with a certain delaydq = 1). The latter contains an element of countercyclicality
which is important for stabilizing endogenous competitive A uctuations.

< Figure 2 here>

6 Conclusions

We have studied a simple monetary competitive model with intertemporally opti-
mizing agents. The model can be interpreted either as an overlapping generations
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model or as a model with in¢ nitely lived agents and cash-in-advance constraints.
In any case there is a unique monetary steady state according to the model.

If this steady state could always be assumed to be the relevant rational expecta-
tions dynamic equilbrium, government activity would be, in the considered model,
unambiguously bad on welfare grounds. However, under some circumstances there
also exist under laissez faire other bounded and continuously well-de¢, ned rational
expectations equilbrium trajectories, i.e. deterministic cycles or sunspot equilibria.

If a cycle or sunspot equilbrium is the relevant rational expectations dynamic
equilbrium under laissez faire we are led, within the considered model, to two
(interdependent) main conclusions with respect to government stabilization policy.

The ¢rst conclusion is that government intervention may be well motivated
since it may stabilze economic activity in a way that has positive consequences
for welfare. It is the departure from the steady state to some kind of endogenous
A uctuation as the relevant equilibrium that leads to this conclusion. Even in the
presence of exogenous shocks, ifit could be safely assumed that the economy was
always at - or close to and approaching - a competitive steady state (as in RBC
models), then it would be hard to justify government intervention for stabilization
reasons.

The second conclusion derived from the model is that the best stabilization
principles - i.e. the policy rules that stabilize economic activity in a way that is
best for welfare - entail a certain kind of countercyclicality in government activity;
government should provide relatively smalltransfers and/or smallamounts of public
goods in periods up to which GNP has increased by a relatively large amount.

We take a modest view concerning the signi¢, cance for actual stabilization poli-
cies ofthese modelresults. Insofaras A uctuations or cyclicalmovements in economic
activity can be viewed as (atleast partly) created endogenously by volatile and self-
fulg ling expectations, some intertemporal e¥%ects of stabilization policies, which do
not usually gain so much attention, become important. It is a logical possibility
that these intertemporal e¥%ects work in such a way that good stabilization princi-
ples involve a kind of countercyclicality in government activity that is reminiscent
of what is advocated by Keynesians.
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A Proofs

Proof of Proposition 1. First note that for all the stated conditions in Theorem
1 under which the steady state is determinate we hawe0. It then follows from
Proposition B of Appendix B, that global stability gf3) according tof (global

determinacy), which obviously must eliminate all cycles, also eliminates all SSE.

We are going to show that for thé"(«) of (i), one can usenax,cp, % <

1 if this is non-negative and zero otherwise. For th&3) of (i), one can use
%maxme[o,l] (R(z) — 1)) if this is strictly positive and an arbitrarily small strictly
positive value otherwise.
From (9), a critical pointis given by—ﬁ(l—a)(@)“—(l — ﬂ(@)“) R(z) =0.
This implies that at a critical point one must ha#z) > 1, whenever > 0, and,
(f(x))a_l R(iU)—l
r ' BR@-1+a

A critical point (z¢, f(z°)) is below the 48-degree line iff(z°)/z° < 1, which has
to be fulg lled ifz > 1, since f(z) < 1 for all z. The denominator above is strictly

positive at a critical point whem > 0, so fora > 0, f(z°)/z° < 1is equivalent to,

R(z¢) —1
B> m, (12)
and to,
a> %(R(f) _). (13)

Now, if 8 > *(a), then in particular (12) is ful¢, lled for any critical poiat < 1,
implying that f(z°)/z¢ < 1. This proves (i). lfa > o*(68), then in particular (13)
is ful, lled for any critical pointz® < 1, implying that f(z°)/z® < 1. This proves
(ii).

For (ii) note that the perfect foresight dynamic (8) fo= 0 becomesyv'(1 —
yt) = (1 = B)yer1v' (ye41), SO forB going to one they, that solves it must go to zero
for any value ofy;,;. This means thaf(z) is pulled down arbitrarily close to the
z-axis. Further, from (9) a critical point is given b§(z) = 1 independently ofs.
So, asfis increased all critical pointéz¢, f(z¢)) move downwards along the same
value ofz® with f(z°) getting arbitrarily close to the-axis, so eventually they all
go below the 45lne. W
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Proofof Proposition 2. From (10) one sees thatifthe denominatfi(gfs))
is negative (which it can be far < 0), then f'(y(8)) > 1. So, to excludef’(y(5)) >
1, one must sed such that the denominator is positive, for whigh> 0 suA ces. On
the other hand, for such ad, the necessary condition for avoiding indeterminacy,
f'(y(B)) > —1, is equivalent to,

a2 a”(8) = 37 (RW(D) - N(6) - 2)

From (10), f'(y(0)) < —1 implies R(0) — N(0) —2 > 0, which means that for a

small enoughs, the parenthesis on the right hand side is positive, sadrl¢ ling
the inequality also fulg I&« > 0. Finally, asg goes to zero, the required™(5) goes
to in¢, nity because the parenthesis goe®{0) — N(0)—2 > 0, and(1 —3)/6 goes
to in¢ nity. W

Proof of Proposition 3. () When < 0, one sees from (10), that a&sgoes to
one, f'(y(8)) goes ton/a = 1, so both numerator and denominator become negative
for a large enouglB, but the numerator is numerically the largest, 8@/(5)) goes
to one from above. Hence, for all suA ciently largeone hasf’(y(3)) > 1, meaning
that the steady state is indeterminate and an SSE exists.

(i) Again from (10), if « = 0, the slope off at steady state ig'(y(5)) =
LR - A5 5 goes to oney(B) goes to zero (Proposition A), and heng&y(5))

1+N(y(8))"
goes tojig, which is less than -1 exactly becau®0) > 2+N(0). Iflimg1 f/(y(8)) <

1+N
-1, then+from continuity alsof’(y(6)) < —1 for all large enoughi. Hencey(g)
is indeterminate, which suA ces for the existence of SSE close to it. Whén
globally wel-de¢ ned and known to stay belowailing, f(z) < 1 for all z, then
f'(y(B)) < —1 also suA ces for the existence of deterministic cycles.
(i) For 8 > 0, whena becomes negative and suA ciently large numerically, both
the numerator and the denominator in (10) become negative with the numerator

numerically the largest, s¢'(y(5)) > 1. &
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B Conditions for the Existence of SSE to Imply
the Existence of Deterministic Cycles

Inserting the speci¢, ¢ form (1) of policy rules into the equations (7) thata SSE must
fulg Il gives the equations,

yiv' (1 — i) = > i [yj — ﬁy;_ayf‘)} u'(y;) fori=1,...,m
=1

The left hand side can be calleg(y;), and if one on the right hand side uses
va(yi, ) = |45 — Byj*¥)] w/(y;), the equations become,

vi(y;) = ZQijUQ(yi,yj) fori=1,..,r. (14)

j=1
The backward perfect foresight dynanyi¢r) is then given implicitly (as the solution
in z) by vi(2) = va(z, ). Underthe assumptions made in this papefy;) is strictly
increasing, and whem > 0, vs(y;,y;) IS either independent aj; (for a = 0), or
strictly decreasing iny; (for « > 0). Furthermore, stil fora > 0, the perfect
foresight dynamicf is globally well-de¢ ned and continuous (and di¥erentiable),
stays below one, and with exactly one monetary steady state. This motivates,

Assumption 1. v;(y;) is strictly increasing iny;, and vs(y;,y;) is (weakly)
decreasing iny;.

Assumption 2. For everg > 0, there is a unique solution ia to v;(z) =
ve(z,x), and the backward perfect foresight dynanfitz) = z thus de¢ ned is
continuous,f(x) < 1 for allz, and there is exactly ong > 0, that solvesf(y) = y.

So, for all policy rules witha > 0, these two assumptions are fulg lled for the
model considered in the main text of this paper. They are also the assumptions
underlying Proposition B below. This is why we have been able to conclude that
for policy rules witha > 0, if there are no deterministic cycles (as there cannot be
if the steady statey > 0 is globally stable according tg), then there are no SSE
either.

Theorem B. Letv; and v, be such that Assumptions 1 and 2 are fulg lled.
If there arey; < --- < y,, with y; < y,., and an irreducible matriXg;) of
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transition probabilties, such that (14) is ful¢ lled, then there are glsg’ with

0 <y <4vy" <1, such thaty = f(y") andy” = f(y'). Thats, if there is a
stationary Markov sunspot equilbrium SSE, then there is also a two-period cycle,
or, if there is no two-period cycle, then there is no SSE either.

Proof!?2 One can safely assume that all transition probabilties fulg # 0.3
For eachi =1,...,r de¢ ne,

y?‘i“ =arg min v (YY),
je

1,...,r}

Yy = arg .GI{I%’E.%.}ST} v2(Yi, Yj)-

Since from (14), each,(y;) is an average of the values ofvy(y;,y;), 7 =1,...,7,
one must havesy(y;, y™®) < vi(y;) < vo(ys, y>) for i = 1,...,7. In particular for
t=1andr,

min max

UQ(yl,% )Svl(y1)§1}2(y1,y1 ),

Vo (Yo, Y) < 01 (yr) < V2 (Yr, YII).

Sincewv, is decreasing in its ¢ rst argument we hawg(y,, y**) < vy(yp, yma*) <

va(y, y1*™), andwa(yr, yi™) > va(yr, ¥1™") > va(yr, y"). S0, NOW using tha, (y;)
is strictly increasing iny;, we get,

Vo (Y, Y1) < 0oy, ) < 01(31) < 01 (Yr) < V2 (Y, YI) < 0o (1, Y.

Part of this isvy(y1, yT") < va(y1, ™), and since all transition probabilitieg ;
are strictly positive, one gets;(y;1) > va(y1, y™"). Similarly, vi(y,) < va(yr, y=>).
We have thus established,

min

vy, yI™") < vi(yn) <o) <o < oiye) < vy, Y ). (15)

For onei, one hasy; = y"™", and hencevi(y"™") > va(y1, y"™") = wva(yi™, yi"™),
where the latter follows since, is decreasing in its ¢ rstargument. Henegy™n) >

12This proof extends the result of Grandmont (1986) from the case whgi® independent of
y;, to the case where; is weakly decreasing iny,.
BWwe appeal here to standard results. For dynamic systems as considered here, if there is a
deterministic cycle, that is, a completely non-stochastic SSE where for ¢achly one g;; is
greater than zero (equalto one), then there is also a fully stochastic SSE whejeaad strictly
positive. By the same reasoning, if there is an SSE where for éasbme, but not allg;; are
strictly positive, then there is also a fully stochastic SSE, cf. Guesnerie and Woodford (1992).
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vo(yimin, yin) | but this implies thatf(yPi") < yin. (Remember thaf(yr ") is the
solution in z to v1(2) = va(z,4"). Forz = yi", one getsstrictly larger than’
The solution is then to be found strictly belay®, sincew; is strictly increasing,
and v, is decreasing, ine). Similarly, for one ¢, one must havey;, = y™*, so
vi(y™) < va(yr, ™) < va(y,™, y,™), implying f(y™) > g™ So, we have

T T

both f(yin) < ymin and f(y™) > yma*, This implies, of course, thafmin £ ymax,

T T

but also that,

max min

yr < yl

Otherwise one would havg(yin) < ynin < ymax < f(ymax) which from the con-
tinuity and f < 1 parts of Assumption 2 would imply the existence of a monetary
steady state strictly betweeyP® and y™*, and one strictly above™®, contra-
dicting the uniqueness of monetary steady state part of Assumption 2.

Also from (15), one has directly that(y;) > va(y1, y™"), which implie s f (yin) <
y1 (by the same reasoning as above), and similafly,.) < va(y., y™*), implying

fyma) > y,.. Since alsoy; < y™™, andy™® <y,, one has,

Flym™) < g™ andy™ < f(yr™).

Combining the two last displayed inequalties gives,

Flym™) < g™ <yt < fym™).

Given thatf is continuous and stays below tleeiing one, this suA ces for the
existence of a two period cycle: Note that the obtained inequality statesfthat

has a negative slope below minus one over an interval around the steady state, not
necessarily in¢g nitesimally close to it. However, the kind of non-local negative slope
below minus one obtained suA ces from a standard argument. If one constructs the
mirror image off around the 4%line then this has, under the obtained condition

and Assumption 2, to interse¢titself at two pointsy’ andy” di¥erent from the

steady state. Thesg andy” de¢ ne a two-period cyclem
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FIGURE 1,R =4, ¢o = .06, = .006

FIGURE 2,R=4,¢cy=0,and in ()6 = .1, and in (i) = .05
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