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Orfdo glvdjjuhjdwlrq ri ghpdqg dqg h{fhvv
ghpdqg ixqfwlrqv= d qhz txhvwlrq

Slhuuh0Dqguh Fkldssrul� Lydu Hnhodqg| Pduwlq Eurzqlqj}

Mdqxdu| 4<<<

Devwudfw

Wkh olwhudwxuh rq wkh fkdudfwhul}dwlrq ri djjuhjdwh h{fhvv dqg pdunhw

ghpdqg kdv jhqhudwhg wkuhh w|shv ri uhvxowv= joredo/ orfdo/ ru *dw d srlqw*1

Lq wklv qrwh/ zh vwxg| wkh uhodwlrqvkls ehwzhhq wkh odvw wzr dssurdfkhv1

Zh suryh wkdw zlwklq wkh fodvv ri ixqfwlrqv vdwlvi|lqj vwdqgdug frqglwlrqv

dqg zkrvh Mdfreldq pdwul{ lv qhjdwlyh vhpl0gh�qlwh/ rqo| q@5 . 4 djhqwv

duh qhhghg iru wkh *dw* ghfrpsrvlwlrq1 Zh dvn zkhwkhu/ zlwklq wkh vdph

fodvv/ wkh *durxqg* ghfrpsrvlwlrq dovr uhtxluhv rqo| q@5 . 4 djhqwv1

Nh|zrugv= djjuhjdwlrq> pdunhw ghpdqg ixqfwlrqv1

MHO fodvvl�fdwlrq= G843

�Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Fklfdjr/ 4459 H 8<wk Vw1/ Fklfdjr LO 93944
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}Lqvwlwxwh ri Hfrqrplfv/ Xqlyhuvlw| ri Frshqkdjhq/ Vwxglhvwudhgh 9/ GN04788 Frshqkdjhq
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41 Lqwurgxfwlrq

Wkh olwhudwxuh rq wkh fkdudfwhul}dwlrq ri djjuhjdwh h{fhvv dqg pdunhw ghpdqg
kdv jhqhudwhg wkuhh w|shv ri uhvxowv= joredo/ orfdo/ ru *dw d srlqw*1 Joredo uhvxowv
surylgh qhfhvvdu| dqg vx!flhqw frqglwlrqv iru d jlyhq ixqfwlrq wr frlqflgh zlwk
wkh djjuhjdwh h{fhvv +uhvshfwlyho| pdunhw, ghpdqg ri d ?0frpprglw| hfrqrp|
zlwklq vrph jlyhq/ srvvleo| *odujh* grpdlq ri sulfhv1 Gheuhx +4<:7, dqg Pdqwho
+4<:7, vkrz/ iru lqvwdqfh/ wkdw dq| frqwlqxrxv dqg krprjhqhrxv pdsslqj ri U?

wkdw vdwlv�hv Zdoudv Odz fdq eh ghfrpsrvhg dv wkh djjuhjdwh h{fhvv ghpdqg ri
dq hfrqrp| zlwk & � ? djhqwv rq dq| rshq vxevhw ri wkh srvlwlyh ruwkdqw1 Qr
uhvxow ri wklv nlqg h{lvwv iru pdunhw ghpdqg/ hvvhqwldoo| ehfdxvh ri qrq qhjdwlylw|
frqvwudlqwv> lqghhg/ Vrqqhqvfkhlq/ lq klv lqlwldo frqwulexwlrq +4<:6d,/ surylghv dq
h{dpsoh ri pdsslqj wkdw fdqqrw eh joredoo| ghfrpsrvhg dv wkh pdunhw ghpdqg ri
dq hfrqrp|/ zkdwhyhu wkh qxpehu ri djhqwv1 Orfdo uhvxowv surylgh frqglwlrqv iru
wkh h{lvwhqfh ri d ghfrpsrvlwlrq ri wklv w|sh zlwklq vrph qhljkerxukrrg ri d jlyhq
srlqw1 Iru lqvwdqfh/ Jhdqdnrsorv dqg Srohpdufkdnlv +4<;3, kdyh suryhg wkdw ?��
djhqwv duh vx!flhqw iru vroylqj wkh h{fhvv ghpdqg sureohp lq wkh qhljkerxukrrg
ri dq| sulfh yhfwru zkhuh djjuhjdwh ghpdqg lv qrw }hur1 Vlploduo|/ Fkldssrul dqg
Hnhodqg +4<<<, kdyh uhfhqwo| ghprqvwudwhg wkdw dq| dqdo|wlf pdsslqj ri U? wkdw
vdwlv�hv dgglqj xs fdq eh ghfrpsrvhg dv wkh pdunhw ghpdqg ri vrph ?0frqvxphu
hfrqrp| lq wkh qhljkerxukrrg ri dq| sulfh yhfwru1

Ilqdoo|/ vhyhudo dxwkruv +Vrqqhqvfkhlq +4<:7,/ Pdqwho +4<::,/ Glhzhuw +4<::,/
Jhdqdnrsorv dqg Srohpdufkdnlv +4<;3,, kdyh ghulyhg frqglwlrqv xqghu zklfk/
dw vrph jlyhq srlqw/ dq duelwudu| pdsslqj ehkdyhv *dv li* lw zdv wkh djjuhjdwh
+h{fhvv ru pdunhw, ghpdqg ri dq hfrqrp|/ lq wkh vhqvh wkdw erwk wkh ydoxh ri wkh
ixqfwlrq dqg lwv +�uvw, ghulydwlyhv frlqflgh zlwk wkrvh ri dq djjuhjdwh ghpdqg1
Wklv lv vrphwlphv uhihuuhg wr dv wkh *dw d srlqw* dssurdfk +dv rssrvhg wr wkh orfdo/
*durxqg d srlqw* rqh,1

Krzhyhu/ wkh olqn ehwzhhq wkh odvw wzr w|shv ri uhvxowv +*durxqg d srlqw* yhuvxv
*dw d srlqw*, kdv qrw ehhq ixoo| xqghuvwrrg |hw1 Dq rshq txhvwlrq lv zkhwkhu wkh
orfdo ghfrpsrvlwlrq wkhruhpv +*durxqg*, duh vlpso| vrph qrq olqhdu h{whqvlrq
ri wkh *srlqw zlvh* +*dw*, dssurdfk/ lq wkh vhqvh wkdw wkh vdph frqglwlrqv wkdw
zhuh qhfhvvdu| dqg vx!flhqw lq wkh odwwhu fdvh wxuq rxw wr eh dovr qhfhvvdu| dqg
vx!flhqw iru wkh iruphu sureohp1 Lq rwkhu zrugv/ wdnh d ixqfwlrq vxfk wkdw wkh
*dw* sureohp kdv d vroxwlrq dw dq| srlqw lq d qhljkerxukrrg ri vrph jlyhq 7R1 Lv lw
dozd|v srvvleoh wr h{whqg +rqh ri, wkh vroxwlrqv wr wkh *dw* sureohp dw 7R/ lq rughu
wr jhw d vroxwlrq wr wkh *durxqg* sureohpB
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Wkh jrdo ri wklv qrwh lv wr frqwulexwh wr wklv lvvxh e| surylqj d uhvxow dqg
dvnlqj d txhvwlrq1 Wkh uhvxow fdq eh vwdwhg dv iroorzv1 Wdnh vrph duelwudu| sulfh
yhfwru 7R dqg vrph duelwudu| ixqfwlrq f ER� vdwlvi|lqj wkh vwdqgdug frqglwlrqv
+gl�huhqwldelolw| ru vprrwkqhvv dqg dgglqj0xs/ soxv krprjhqhlw| lq wkh h{fhvv
ghpdqg fdvh,1 Dvvxph/ lq dgglwlrq/ wkdw (Rf E7R� lv qhjdwlyh vhplgh�qlwh1 Wkhq/
iru dq| & � ?*2 n �/ lw lv dozd|v srvvleoh wr �qg dq hfrqrp| zlwk & djhqwv vxfk
wkdw wkh ydoxh ri wkh djjuhjdwh ghpdqg dqg ri lwv �uvw ghulydwlyhv frlqflgh zlwk
wkdw ri f ER�1 Lq rwkhu zrugv/ zlwklq wkh fodvv ri ixqfwlrq vdwlvi|lqj vwdqgdug
frqglwlrqv dqg zlwk d qhjdwlyh Mdfreldq pdwul{ dw 7R/ rqo| ?*2 n � djhqwv +dw
prvw, duh qhhghg iru wkh *dw* dssurdfk1 Wkh txhvwlrq lv zkhwkhu wkh vdph uhvxow
krogv iru orfdo ghfrpsrvlwlrq1 Zlwklq wkh fodvv ri ixqfwlrqv vdwlvi|lqj vwdqgdug
frqglwlrqv dqg wkh Mdfreldq pdwul{ ri zklfk lv qhjdwlyh gh�qlwh dw 7R/ lv lw wkh fdvh
wkdw rqo| & ' ?*2 n � djhqwv +dw prvw, duh qhhghg wr ghfrpsrvh wkh ixqfwlrq/ lq
vrph duelwudulo| vpdoo qhljkerxukrrg ri 7R/ dv wkh djjuhjdwh pdunhw ghpdqg ri dq
hfrqrp| zlwk & djhqwvB

51 Wkh edvlf iudphzrun

Lq zkdw iroorzv/ doo uhvxowv duh ghulyhg lq wkh fdvh ri pdunhw ghpdqg> wkh h{whqvlrq
wr h{fhvv ghpdqg lv vwudljkwiruzdug dqg ohiw wr wkh uhdghu1

5141 Wkh sureohp

Wdnh vrph frqwlqxrxvo| gl�huhqwldeoh pdsslqjjET� = U? $ U
? vdwlvi|lqj dgglqj0

xs=
T�jET� ' � +4,

dqg fkrrvh vrph duelwudu| sulfh yhfwru 7T lq U
?
n
1

Wkh *durxqg* sureohp fdq eh vwdwhg dv iroorzv = xqghu zklfk frqglwlrqv lv lw
srvvleoh wr �qg dq rshq qhljkerxukrrg Y E7T� dqg & lqglylgxdo ghpdqg ixqfwlrqv
 �ET�c ���c &ET� vxfk wkdw/ iru dq| T zlwklq Y E7T�

jET� '  
�ET� n ���n  

&ET� +5,

Wkh *dw* sureohp fdq eh vwdwhg dv iroorzv = xqghu zklfk frqglwlrqv lv lw
srvvleoh wr �qg & lqglylgxdo ghpdqg ixqfwlrqv  �ET�c ���c &ET� vxfk wkdw

jE7T� '  �E7T� n ���n  
&E7T� +6,
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dqg

(RjE7T� ' (R 
�E7T� n ���n(R 

&E7T� +7,

Lq erwk fdvhv/  �ET� pxvw eh d ghpdqg ixqfwlrq/ l1h1/ pxvw vroyh

T �ET� ' 4@ L �E ��
T� � ' �

&

 � � f
+8,

iru vrph zhoo0ehkdyhg xwlolw| ixqfwlrq L �1
Reylrxvo|/ dq| vroxwlrq wr wkh *durxqg* sureohp surylghv d vroxwlrq wr wkh

*dw* sureohp1 Krzhyhu/ zkhwkhu/ frqyhuvho|/ wkh h{lvwhqfh ri vroxwlrqv wr wkh *dw*
sureohp lv vx!flhqw iru wkh h{lvwhqfh ri d vroxwlrq wr wkh *durxqg* sureohp lv qrw
nqrzq1

5151 Ghfrpsrvlwlrq *dw* 7T= wkh edvlf uhvxow

Zh �uvw vwdwh wkh edvlf uhvxow ri wkh *dw* dssurdfk1 Dvvxph wkdw wkh *dw* sureohp
kdv d vroxwlrq/ dqg wkdw hdfk fruuhvsrqglqj lqgluhfw xwlolw| T � lv frqyh{ dqg wzlfh
frqwlqxrxvo| gl�huhqwldeoh1 Iurp wkh hqyhorsh wkhruhp/ +8, lpsolhv wkdw=

(RT
� ER� ' �b� ER� %

� ER� +9,

zkhuh (RT ghqrwhv wkh judglhqw ri T dqg zkhuh wkh vfdodu b� ER� lv wkh Odjudqjh
pxowlsolhu dvvrfldwhg zlwk wkh surjudp1 Wklv/ lq wxuq/ ohdgv wr +zlwk reylrxv
qrwdwlrqv,=

(2

RT
� ER� ' �b� ER�(R%

� ER�� %� ER�(Rb� ER�
�

ru

(R%
� ER� '

�

b� ER�

�
�(2

RT
� ER�� %� ER�(Rb� ER�

�
�

Wkhq +7, ehfrphv=

( ' (RjE7T� '
&[

�'�

��

b� E7T�
(2

RT
� E7T��

&[

�'�

�

b� E7T�
%� E7T�(Rb� E7T�

�

Frqvlghu wkh uljkw0kdqg vlgh ri wklv htxdwlrq1 Wkh �uvw vxp lv d v|pphwulf/
qhjdwlyh vhplgh�qlwh pdwul{/ zkhuhdv wkh vhfrqg vxp lv d pdwul{ ri udqn dw prvw
&1 Lq sduwlfxodu/ ohw

. ' %�E7T�z _ ��� _ %&E7T�z
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ghqrwh wkh vhw ri yhfwruv ruwkrjrqdo wr doo lqglylgxdo ghpdqgv> qrwh wkdw wkh
glphqvlrq ri . lv dw ohdvw ? � &1 Wkhq wkh uhvwulfwlrq wr . ri wkh pdwul{ ( '
(RjE7T� lv v|pphwulf dqg qhjdwlyh vhplgh�qlwh/ l1h1/

;�c � 5 .c ��(� ' ��(�

;� 5 .c ��(� � f

Zkhq lqglylgxdo ghpdqg duh qrw revhuydeoh/ rqh fdq vwdwh wkh iroorzlqj uhvxow=

Sursrvlwlrq 5141 +Glhzhuw 4<::, Dvvxph wkdw vrph pdwul{ ( lv wkh Mdfreldq
pdwul{/ dw vrph srlqw 7Tc ri wkh djjuhjdwh ghpdqg ixqfwlrq f ER� ri dq hfrqrp|
zlwk & djhqwv1 Wkhq wkhuh pxvw h{lvw vrph vxevsdfh .c ri frglphqvlrq dw prvw
&c wkdw lv lqfoxghg lq f ER�z dqg vxfk wkdw wkh uhvwulfwlrq wr . ri ( lv v|pphwulf
dqg qhjdwlyh vhplgh�qlwh1

Zkloh wklv frqglwlrq lv reylrxvo| qhfhvvdu| iru erwk wkh *dw* dqg wkh *durxqg*
dssurdfkhv/ lw wxuqv rxw wr eh dovr vx!flhqw iru wkh *dw* uhvxow/ dv suryhg e| Pdqwho
+4<::, iru pdunhw ghpdqg dqg Jhdqdnrsorv dqg Srohpdufkdnlv +4<;3, iru h{fhvv
ghpdqg1

61 V|pphwu|= krz pdq| djhqwvB

Sursrvlwlrq 514 uhtxluhv wzr surshuwlhv/ v|pphwu| dqg qhjdwlyhqhvv/ wkdw dsshdu
wr sod| yhu| gl�huhqw urohv1 Fohduo|/ rqh fdqqrw jxdudqwhh qhjdwlyhqhvv xqohvv
& ' ?1 Lqghhg/ fkrrvh d ixqfwlrq f ER� vxfk wkdw ( ' (RjE7T� lv srvlwlyh
gh�qlwh1 Wkhq wkh frqglwlrqv ri Sursrvlwlrq 514 fdqqrw eh ixo�oohg xqohvv . lv
ri glphqvlrq }hur1 Dq looxvwudwlrq/ lq wkh h{fhvv ghpdqg frqwh{w/ lv surylghg e|
Gheuhx*v fhoheudwhg h{dpsoh ri d ixqfwlrq wkdw fdqqrw eh joredoo| ghfrpsrvhg dv
wkh h{fhvv ghpdqg ixqfwlrq ri dq hfrqrp| zlwk & djhqwv li & 	 ?1 Lw fdq uhdglo|
eh fkhfnhg wkdw ixqfwlrq kh frqvlghuv kdv d srvlwlyh gh�qlwh Mdfreldq rq wkh
ruwkrjrqdo ri wkh sulfh yhfwru/ dqg wkdw wklv surshuw| lv fuxfldo iru wkh dujxphqw41

Wkh fdvh ri v|pphwu| lv pruh frpsoh{ dqg pruh vxusulvlqj/ vlqfh rqo| E?n �� *2
djhqwv +dqg vrphwlphv rqo| ?*2, duh qhhghg1 Wkh suhflvh uhvxowv duh wkh iroorzlqj=

Sursrvlwlrq 6141 Iru dq| E?� ?� pdwul{ (/ zkhuh ? lv hyhq/ rqh fdq �qg d
vsdfh 8 ri glphqvlrq & � ?*2 vxfk wkdw wkh uhvwulfwlrq wr 8 ri wkh pdsslqj (

4Lq Gheuhx*v surri/ wkh frqwudglfwlrq rewdlqv iurp d ylrodwlrq ri wkh zhdn d{lrp ri uhyhdohg

suhihuhqfhv/ wkdw lv htxlydohqw wr qhjdwlyhqhvv ri wkh Voxwvn| pdwul{1
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lv v|pphwulf1 Iru dq| E?� ?� pdwul{ (/ zkhuh ? lv rgg/ rqh fdq �qg d vsdfh 8
ri glphqvlrq & � E?n �� *2 vxfk wkdw wkh uhvwulfwlrq wr 8 ri wkh pdsslqj ( lv
v|pphwulf1

Surri1 Vhh dsshqgl{
Dq lpphgldwh fruroodu| lv wkh iroorzlqj=

Fruroodu| 6151 Ohw 7T eh dq| srlqw lq U
?
n

dqg ohw f ER� eh vrph �� ixqfwlrq
vdwlvi|lqj dgglqj0xs dqg vxfk wkdw ( ' (RjE7T� lv qhjdwlyh vhpl0gh�qlwh1 Wkhq=

� li ? lv hyhq/ wkhq iru dq| & � ?*2 n �c lw lv srvvleoh wr �qg dq hfrqrp|
zlwk & frqvxphuv wkdw vroyhv wkh *dw 7T* sureohp> l1h1/ lw lv srvvleoh wr �qg &
lqglylgxdo ghpdqg ixqfwlrqv  �ET�c ���c &ET� vxfk wkdw

jE7T� '  �E7T� n ���n  
&E7T�

dqg

(RjE7T� ' (R 
�E7T� n ���n(R 

&E7T�

� li ? lv rgg/ wkhq iru dq| & � E?� �� *2n�c lw lv srvvleoh wr �qg dq hfrqrp|
zlwk & frqvxphuv wkdw vroyhv wkh *dw 7T* sureohp

Surri1 Vwhpv iurp Pdqwho*v uhvxow dqg iurp Sursrvlwlrq 614/ zlwk . ' 8 _
f ER�z1

Lq rwkhu zrugv/ iru dq| srlqw 7T dqg iru dq| ixqfwlrq j ER� zlwk d qhjdwlyh
Mdfreldq dw 7T/ rqo| ?*2n� djhqwv +dw prvw, duh qhhghg wr frqvwuxfw dq hfrqrp|
iru zklfk wkh djjuhjdwh ghpdqg wdnhv/ dw 7T/ wkh vdph ydoxh dqg wkh vdph �uvw
ghulydwlyh dv f ER�1 Wkh vdph uhvxow rewdlqv lq wkh h{fhvv ghpdqg fdvh/ zlwk ?
ehlqj uhsodfhg e| ? � � vlqfh wkh dujxphqw pxvw eh dssolhg lq wkh k|shusodqh
ruwkrjrqdo wr wkh sulfh yhfwru1

71 Dq rshq txhvwlrq

Zh qrz vwdwh wkh edvlf txhvwlrq=

Txhvwlrq= Ohw 7T eh dq| srlqw lqU
?
n
dqg ohwf ER� eh vrph �� ixqfwlrq

vdwlvi|lqj dgglqj0xs dqg vxfk wkdw ( ' (RjE7T� lv qhjdwlyh vhplgh�0
qlwh +vr wkdw lw uhpdlqv qhjdwlyh vhplgh�qlwh zlwklq d qhljkerxukrrg
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ri 7T,1 Iru dq| & � ?*2 n �c lv lw srvvleoh wr �qg dq hfrqrp| zlwk &
frqvxphuv wkdw vroyhv wkh *durxqg 7T* sureohp> l1h1/ lv lw srvvleoh wr �qg
dq rshq qhljkerxukrrg Y E7T� ri 7T dqg & lqglylgxdo ghpdqg ixqfwlrqv
 �ET�c ���c &ET� vxfk wkdw/ iru dq| T lq Y E7T�

jET� '  �ET� n ���n  
&ET�

Wdnh vrph Y E7T� lq zklfk (RjE7T� uhpdlqv qhjdwlyh vhplgh�qlwh1 Iurp wkh
suhylrxv uhvxow/ zh nqrz wkdw wkh *dw* sureohp kdv d vroxwlrq dw dq| srlqw ri Y E7T�
1 Wkh txhvwlrq lv zkhwkhu lw lv srvvleoh wr vhohfw dw hdfk srlqw d sduwlfxodu vroxwlrq
vr dv wr jhqhudwh d gl�huhqwldeoh ixqfwlrq ryhu Y E7T�1

Qrwh wkdw wkh h{lvwlqj surri lq Fkldssrul dqg Hnhodqg +4<<<, grhv qrw dsso|
khuh1 Lw fdq uhdglo| eh fkhfnhg wkdw lw uhtxluhv & � ? hyhq zkhq wkh Mdfreldq
ri f lv qhjdwlyh gh�qlwh1 Krzhyhu/ wkh uhvxow ghulyhg e| Fkldssrul dqg Hnhodqg
lv vwurqjhu wkdq zkdw lv qhhghg khuh1 Lqghhg/ wkh| vkrz wkdw wkh ghfrpsrvlwlrq
fdq eh iuhho| fkrvhq dw 7T/ zklfk lv qrw qhfhvvdu| lq rxu frqwh{w1

Vkrxog wkh dqvzhu wr wkh deryh txhvwlrq eh |hv/ lw zrxog lqwhuhvwlqjo| uhgxfh
wkh qxpehu ri djhqwv qhhghg wr jhqhudwh dq| ixqfwlrq dv dq djjuhjdwh ghpdqg1
Li/ rq wkh frqwudu|/ wkh dqvzhu lv qhjdwlyh/ wkhq lw vkrxog eh srvvleoh wr jhqhudwh
d frxqwhu h{dpsoh/ l1h1/ wr h{klelw d ixqfwlrq f ER�/ wkh Mdfreldq ri zklfk lv
qhjdwlyh vhplgh�qlwh/ wkdw fdqqrw eh orfdoo| ghfrpsrvhg dv wkh djjuhjdwh pdunhw
ghpdqg ri dq hfrqrp| zlwk ?*2 n � frqvxphuv/ doehlw lw fdq eh ghfrpsrvhg *dw*
dq| srlqw1

:



Uhihuhqfhv

Uhihuhqfhv

^4` Dqguhx/ M1 +4<;6,= �Udwlrqdol}dwlrq ri Pdunhw ghpdqg rq Ilqlwh Grpdlq�/
Mrxuqdo ri Hfrqrplf Wkhru|/ :

^5` Eurzqlqj/ P1/ dqg S1D1 Fkldssrul +4<<;,= �H!flhqw Lqwud0Krxvhkrog Door0
fdwlrqv = d Jhqhudo Fkdudfwhul}dwlrq dqg Hpslulfdo Whvwv�/ Hfrqrphwulfd/
99/ 45740:;

^6` Fkldssrul/ S1D1/ dqg L1 Hnhodqg +4<<<, = �Djjuhjdwlrq dqg Pdunhw Ghpdqg
= dq H{whulru Gl�huhqwldo Fdofxoxv Ylhzsrlqw�/ Hfrqrphwulfd/ iruwkfrplqj1

^7` Gheuhx/ J1 +4<:7,= �H{fhvv Ghpdqg Ixqfwlrqv�/ Mrxuqdo ri Pdwkhpdwlfdo

Hfrqrplfv/ 4/ 48056

^8` Glhzhuw/ Z1H1 +4<::,/ �Jhqhudol}hg Voxwvn| frqglwlrqv iru djjuhjdwh frq0
vxphu ghpdqg ixqfwlrqv�/ Mrxuqdo ri Hfrqrplf Wkhru|/ 48/ 686095

^9` Jhdqdnrsorv/ M1/ dqg K1 Srohpdufkdnlv/ +4<;3,= �Rq wkh Glvdjjuhjdwlrq ri
H{fhvv Ghpdqg Ixqfwlrqv�/ Hfrqrphwulfd/ 6480664

^:` Pdqwho/ U1 +4<:7,= �Rq wkh Fkdudfwhul}dwlrq ri Djjuhjdwh H{fhvv Ghpdqg�/
Mrxuqdo ri Hfrqrplf Wkhru|/ :/ 67;086

^;` Pdqwho/ U1 +4<:9,= �Krprwkhwlf suhihuhqfhv dqg frppxqlw| h{fhvv ghpdqg
ixqfwlrqv�/ Mrxuqdo ri Hfrqrplf Wkhru| 45/ 4<:9/ 4<:0534

^<` Pdqwho/ U1 = �Lpsolfdwlrqv ri hfrqrplf wkhru| iru frppxqlw| h{fhvv ghpdqg
ixqfwlrqv�/ Frzohv Irxqgdwlrq Glvfxvvlrq Sdshu q 784/ \doh Xqlyhuvlw|/ 4<::

^43` Vkdihu/ Z1 dqg K1 Vrqqhqvfkhlq +4<;6,/ �Pdunhw Ghpdqg dqg H{fhvv Gh0
pdqg Ixqfwlrqv�/ fkdswhu 47 lq Nhqqhwk Duurz dqg Plfkdho Lqwuloljdwru
+hgv,/ Kdqgerrn ri Pdwkhpdwlfdo Hfrqrplfv/ yroxph 5/ Dpvwhugdp= Qruwk
Kroodqg/4<;5/ 9:30<6

;



^44` Vrqqhqvfkhlq/ K1 +4<:6d,= �Gr Zdoudv* Lghqwlw| dqg Frqwlqxlw| Fkdudfwhul}h
wkh Fodvv ri Frppxqlw| H{fhvv Ghpdqg Ixqfwlrqv�/ Mrxuqdo ri Hfrqrplf

Wkhru|/ 6780871

^45` Vrqqhqvfkhlq/ K1 +4<:6e,= �Wkh xwlolw| k|srwkhvlv dqg pdunhw ghpdqg wkh0
ru|�/ Zhvwhuq Hfrqrplf Mrxuqdo 44/ 7370743

^46` Vrqqhqvfkhlq/ K1 +4<:7,= �Pdunhw h{fhvv ghpdqg ixqfwlrqv�/ Hfrqrphwulfd

73/ 87<0896

<



D1 Surri ri sursrvlwlrq 614

Wkh dujxphqw lv d gluhfw jhqhudol}dwlrq ri wkdw xvhg lq Eurzqlqj dqg Fkldssrul
+4<<;,1 Iluvw/ frqvlghu wkh pdwul{ � ' ( � (�1 Lw lv dqwlv|pphwulf/ l1h1/ � � '
�� 1 Wklv kdv wkh iroorzlqj lpsolfdwlrqv=

Ohppd D141 Wkh hljhqydoxhv ri dq| dqwlv|pphwulf pdwul{ duh hlwkhu }hur ru
frpsoh{1 Pruhryhu/ U? fdq eh ghfrpsrvhg dv wkh vxp ri E7 n �� ruwkrjrqdo
vxevsdfhv .f ' !ih�c.�c���c .7 +zkhuh 7 � ?*2, vxfk wkdw hdfk .� +iru � � �, lv
vsdqqhg e| wzr hljhqyhfwruv fruuhvsrqglqj wr d sdlu ri frqmxjdwh hljhqydoxhv1

Surri1 Ohw b eh dq hljhqydoxh ri � dqg % d fruuhvsrqglqj hljhqyhfwru/ wkhq
�% ' b% dqg � 7% ' 7b7%1 Wkhq 7%�� ' E� �7%�� ' � E� 7%�� ' �7b7%�1 Lw iroorzv wkdw

7%��% ' b7%�% ' �7b7%�% +D14,

dqg hlwkhu b ' f ru b ' �7b dqg b lv frpsoh{1 Frpsoh{ hljhqydoxhv frph
e| frqmxjdwh sdluv1 Li �� dqg 7�� duh wzr frqmxjdwh hljhqyhfwruv fruuhvsrqglqj
uhvshfwlyho| wr b� dqg 7b�/ wkhq .� lv vsdqqhg e| �� dqg 7�� +ru/ htxlydohqwo|/
e| E�� n 7��� dqg � E�� � 7���/ zklfk duh erwk uhdo,1 Wkh ghfrpsrvlwlrq uhvxow lv
vwdqgdug/ dqg rewdlqv e| lqgxfwlrq1 Lw lv wuxh iru ? ' �1 Dovr/ dvvxph lw lv wuxh
iru doo ? � � � �/ ohw xv vkrz wkdw lw krogv iru � dv zhoo1 Lw krogv li � lv }hur1
Li qrw/ wkhuh h{lvw vrph qrq }hur hljhqydoxh b�/ dqg rqh fdq gh�qh .� dv deryh1
Wkhq gh�qh 8� ' .z

� 1 8� lv vwdeoh e| � / iru li ��e ' f iru doo e 5 .� wkhq
E���� e ' ��� �e ' ��� E�e� ' f vlqfh �e 5 .�1 Vlqfh _�48� ' � � 2/ 8� fdq
eh ghfrpsrvhg1 Ilqdoo|/ U? ' .� � 8�/ THG1

Wklv ohdgv wr wkh iroorzlqj fkdudfwhul}dwlrq ri � =

Ohppd D151 Wkhuh h{lvwv 7 yhfwruv ��c ���c �7 dqg 7 yhfwruv ��c ���c �7/ zkhuh
7 � ?*2/ vxfk wkdw

� '

7[

�'�

E���
�

� � ���
�

��

Surri1 Wklv vwhpv iurp wkh suhylrxv Ohppd dqg iurp wkh idfw wkdw/ zlwklq hdfk
50glphqvlrqdo vxevsdfh .�/ � fdq eh ghfrpsrvhg dv ���

�

� � ���
�

� +vhh Eurzqlqj
dqg Fkldssrul/ 4<<;,

Qrwh/ lq sduwlfxodu/ wkdw 27 � ?/ zklfk lpsolhv wkdw 7 � ?*2 li ? lv hyhq dqg
7 � E?� �� *2 li ? lv rgg1
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Ilqdoo|/ gh�qh
. ' i��j

z _ ��� _ i�7j
z

Qrwh wkdw _�4. � ?� 7 � ?*2 li ? lv hyhq dqg _�4. � & � 7 � E?n �� *2
li ? lv rgg1 Iru dq| �c � 5 . zh kdyh wkdw

���� ' f / ��(� ' ��(�� ' ��(�

zklfk phdqv h{dfwo| wkdw wkh uhvwulfwlrq ri ( wr . lv v|pphwulf1
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