
DISCUSSION PAPERS 
Department of Economics 
University of Copenhagen 

 
 

 

 

99-06 
 
 

Optimal Workfare in Unemployment Insurance 
 
 

Claus Thustrup Hansen 
Torben Tranæs 

 
 
 

 
 
 
 
 

Studiestræde 6, DK-1455 Copenhagen K., Denmark 
Tel. +45 35 32 30 82 - Fax +45 35 32 30 00 

http://www.econ.ku.dk 
 
 

http://www.econ.ku.dk


Rswlpdo Zruniduh lq Xqhpsor|phqw Lqvxudqfh�

Fodxv Wkxvwuxs Kdqvhq dqg Wruehq Wudqév
Xqlyhuvlw| ri Frshqkdjhq dqg HSUX|

Pdufk 4<<<

Devwudfw

Prvw zrunhuv duh rqo| sduwldoo| lqvxuhg djdlqvw xqhpsor|phqw1

Rqh uhdvrq lv wkdw kljk xqhpsor|phqw frpshqvdwlrq fuhdwhv d iuhh

ulghu sureohp zkhq prqlwrulqj ri mre vhdufk ehkdylru lv olplwhg> shr0

soh zkr gr qrw vhhn hpsor|phqw +qrq0zrunhuv, pd| qhyhuwkhohvv fro0

ohfw xqhpsor|phqw frpshqvdwlrq1 Zh vkrz wkdw xqsurgxfwlyh zrun0

iduh iru xqhpsor|hg zrunhuv pd| lpsuryh xqhpsor|phqw lqvxudqfh li

zrunhuv dqg qrq0zrunhuv ydoxh ohlvxuh gl�huhqwo|1 Li wkh| gl�hu rqo|

zlwk uhvshfw wr surgxfwlylw| zruniduh kdv wr eh edvhg rq d surgxf0

wlylw| uhodwhg wdvn uhtxluhphqw +wdvn zruniduh,> d vlpsoh wlph uhtxluh0

phqw +wlph zruniduh, lv qrw hqrxjk1 Wdvn zruniduh lv vlpso| d ehwwhu

vfuhhqlqj ghylfh/ dovr lpso|lqj wkdw wdvn zruniduh Sduhwr grplqdwhv

wlph zruniduh1 Ilqdoo|/ zh vkrz wkdw wkh vfrsh iru xvlqj zruniduh lv

odujhu wkh vpdoohu duh wkh wudqvihuv iurp zrunhuv wr qrq0zrunhuv1

Nh|zrugv= Zruniduh/ Xqhpsor|phqw Lqvxudqfh1

MHO Fodvvl�fdwlrq Qxpehuv= G9/ G;/ M981

�Dfnqrzohgjphqwv = Zh zlvk wr wkdqn Fodhv Ehqjwvvrq/ Pduwlq Eurzqlqj/ Shwhu

Iuhgulnvvrq/ Qlov Jrwwiulhv/ Ehuwlo Kropoxqg/ Dqq0Vr�h Nrop/ Grqdog Sduvrqv/ dqg vhpl0

qdu sduwlflsdqwv dw Xqlyhuvlw| ri Frshqkdjhq dqg LIDX/ Xssvdod iru frpphqwv dqg glv0

fxvvlrqv1 Lq sduwlfxodu zh zlvk wr wkdqn Vùuhq Eorptxlvw iru vxjjhvwlrqv wkdw fkdqjhg

wkh irfxv ri wkh sdshu1 Ilqdoo|/ wkh �uvw dxwkru judwhixoo| dfnqrzohgjh wkh krvslwdolw| ri

LIDX1 Fruuhvsrqghqfh= Lqvwlwxwh ri Hfrqrplfv/ Xqlyhuvlw| ri Frshqkdjhq/ Vwxglhvwudhgh

9/ GN04788 Frshqkdjhq N/ Ghqpdun1 Sk1= .78 68 65 63 53/ id{= .78 68 65 63 33/ h0pdlo=

fodxv1wkxvwuxs1kdqvhqChfrq1nx1gn dqg wruehq1wudqdhvChfrq1nx1gn1
|Wkh dfwlylwlhv ri HSUX +Hfrqrplf Srolf| Uhvhdufk Xqlw, duh �qdqfhg wkurxjk d judqw

iurp wkh Gdqlvk Qdwlrqdo Uhvhdufk Irxqgdwlrq1
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4 Lqwurgxfwlrq

Wkh xvh ri zruniduh kdv lqfuhdvhg lq uhfhqw |hduv dqg lq jhqhudo �dfwlydwlrq�

ri uhflslhqwv ri ydulrxv nlqg ri sxeolf vxssruw lv rq wkh srolwlfdo djhqgd lq

pdq| frxqwulhv1 Lv wkhuh dq hfrqrplf dujxphqw iru xvlqj zruniduh lq jhqhudo

dqg vshfl�fdoo| lq uhodwlrq wr jurxsv wkdw duh qhlwkhu srru qru kdyh zhdn

delolwlhvB Wklv sdshu dgguhvvhv wklv lvvxh e| dqdo|}lqj wkh rswlpdo xvh ri

zruniduh lq xqhpsor|phqw lqvxudqfh vfkhphv1

Xqhpsor|phqw lqvxudqfh +XL, lpsuryhv zhoiduh iru ulvn dgyhuvh zrunhuv

e| vprrwklqj lqfrph ehwzhhq shulrgv ri hpsor|phqw dqg xqhpsor|phqw1

Qhyhuwkhohvv/ zrunhuv dsshdu wr eh xqghu lqvxuhg djdlqvw xqhpsor|phqw lq

pdq| frxqwulhv1 D vwdqgdug h{sodqdwlrq iru wklv lv wkh iuhh0ulghu sureohp=

yroxqwdulo| mreohvv shuvrqv +qrq0zrunhuv, fdq fodlp ehqh�wv ehfdxvh ri lpshu0

ihfw prqlwrulqj ri mre vhdufk ehkdylru1 Zh vkrz wkdw zruniduh pd| idflolwdwh

ehwwhu lqvxudqfh iru zrunhuv zkhq mre vhdufk ehkdylru lv sulydwh lqirupdwlrq1

Lq idfw/ zh vkrz wkdw xqhpsor|phqw lqvxudqfh zlwk zruniduh pd| Sduhwr

grplqdwh dq| v|vwhp zlwkrxw zruniduh/ hyhq zkhq zruniduh dfwlylwlhv lq lfw

glvxwlolw| rq zrunhuv zlwkrxw eulqjlqj derxw dq| ydoxdeoh surgxfw14

Wkh lqwxlwlrq ehklqg wklv uhvxow lv dv iroorzv1 Li qrq0zrunhuv glvolnh zrun

pruh wkdq zrunhuv/ h�ruw0frqwlqjhqw XL ehqh�wv duh pruh dwwudfwlyh wr zrun0

huv wkdq wr qrq0zrunhuv1 Wkxv/ wkh lqvxudqfh ri zrunhuv fdq eh lpsuryhg e|

udlvlqj XL ehqh�wv dqg uhtxluh mxvw hqrxjk h�ruw lq h{fkdqjh wr suhyhqw

qrq0zrunhuv iurp vljqlqj xs dv xqhpsor|hg1 Lw lv wkhq +frqvwudlqhg, Sduhwr

rswlpdo wr xvh zruniduh li wkh lqfuhdvh lq d zrunhu*v h{shfwhg xwlolw| gxh wr

wkh ehwwhu lqvxudqfh lv odujh hqrxjk wr fryhu wkh xwlolw| orvv iurp vshqglqj

wlph rq zruniduh zkhq xqhpsor|hg1

Wudglwlrqdoo| zruniduh kdv ehhq xvhg lq sryhuw| doohyldwlrq surjudpv5

4Vr/ khuh zruniduh lv olnh gljjlqj krogv lq wkh jurxqg rqo| wr �oo wkhp xs djdlq1
5Wkh ruljlq ri �zruniduh� jrhv edfn dw ohdvw wr wkh Phufdqwlolvwlf shulrg> h1j1/ lq Ghq0

pdun vwdwh rujdql}hg irufhg oderu fdph lqwr xvh diwhu wkh sryhuw| ohjlvodwlrq lq 48;: +vhh

H1 Odghzlj Shwhuvhq/ 4<;3,1 Lq uhfhqw |hduv zruniduh kdv ehhq sodfhg pruh fhqwudo lq
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zkhuh wkh fkdoohqjh lv wr jlyh wudqvihuv wr wkrvh zlwk srru delolwlhv zlwkrxw

pdnlqj lw dwwudfwlyh iru wkrvh zlwk pruh iruwxqdwh delolwlhv wr iruvdnh wkhvh1

Lw lv riwhq vxjjhvwhg wkdw wkhvh pruh iruwxqdwh w|shv frxog eh glvfrxudjhg

iurp grlqj vr li ehqh�wv zhuh dffrpsdqlhg e| d zrun uhtxluhphqw1 Krzhyhu/

wkh ryhudoo frqfoxvlrq iurp wkh olwhudwxuh rq wklv lvvxh +vhh Wlprwk| Ehvoh|

dqg Vwhskhq Frdwh/ 4<<5/ 4<<8> Fudlj Euhww/ 4<<;> Sdxo Ehdxgu| dqg Fkduohv

Eodfnrue|/ 4<<;, lv wkdw zruniduh lv qrw dq reylrxv phdq wr vhfxuh d plqlpxp

xwlolw| ohyho iru doo li zruniduh grhv qrw lqyroyh vrph nlqg ri qhw surgxfw wr

vrflhw|> exw wkdw lw pd| eh xvhg wr surylgh d plqlpxp lqfrph ohyho +wkhuhe|

glvuhjduglqj wkh xwlolw| orvv lq lfwhg rq shrsoh lq zruniduh,16

Lq uhfhqw |hduv wkh xvh ri zruniduh kdv jrqh zd| eh|rqg sryhuw| dooh0

yldwlrq surjudpv dqg lv qrz glvfxvvhg lq uhodwlrq wr mreohvvqhvv lq jhqhudo1

Lq wkh X1V1 pdq| XL h{shulphqwv lqfoxgh hohphqwv ri h�ruw uhtxluhphqwv/

h1j1/ uhflslhqwv ri XL ehqh�wv kdyh wr vkrz xs dw wkh Hpsor|phqw Vhuylfh

iuhtxhqwo| ru sduwlflsdwh lq sduw0wlph frxuvhv rq krz wr vhdufk dqg dsso| iru

mrev +vhh Euxfh G1 Ph|hu/ 4<<8,1 Dfwlylwlhv olnh wkhvh h{sursuldwh wlph iurp

xqhpsor|hg zrunhuv dqg wkxv uhgxfh wkhlu fxuuhqw xwlolw|/ lqghshqghqwo| ri

zkhwkhu ru qrw wkhlu mre vhdufk vnloov lpsuryh1 Wklv lv dovr wkh fdvh iru Dfwlyh

Oderu Pdunhw Surjudpv lq prvw Hxurshdq frxqwulhv1 Wkhvh surjudpv duh

qrz frpsxovru| +ru zloo eh vr lq wkh ixwxuh,7 iru orqj whup xqhpsor|hg vxfk

wkdw wkh| idfh h�ruw uhtxluhphqwv zkhq uhfhlylqj XL ehqh�wv18

zhoiduh dqg oderu pdunhw srolflhv1 Lq X1V1 yhu| gluhfwo| +vhh Jdu| Exuwohvv/ 4<<3> Mxglwk

P1 Jxhurq/ 4<<3> Gdqlho Iulhgodqghu/ Gdylg K1 Juhhqehuj/ dqg Sklols N1 Urelqv/ 4<<:,

dqg lq Hxursh lqgluhfwo| yld Dfwlyh Oderu Pdunhw Srolf| +RHFG/ 4<<:,1
6Lw lv gl!fxow wr pdnh Sduhwr lpsuryhphqwv e| xvlqj zruniduh lq sryhuw| doohyldwlrq

surjudpv vlqfh khuh zruniduh lv edvlfdoo| xvhg wr lqfuhdvh wkh ohyho ri wudqvihuv iurp zrunhuv

wr qrq0zrunhuv1 Ehdxgu| dqg Eodfnrue| +4<<;, grhv/ krzhyhu/ surylgh d qxphulfdo h{0

dpsoh looxvwudwlqj wkdw lw pd| eh +h{ dqwh, rswlpdo wr xvh zruniduh wr vhfxuh d plqlpxp

xwlolw| ohyho1 Wklv grhv wkrxjk uhtxluh khwhurjhqhlw| dorqj dw ohdvw wzr glphqvlrqv1
7Wkh frxqwulhv ri wkh Hxurshdq Xqlrq kdyh frpplwwhg wkhpvhoyhv wr uhtxluh zrun

ru hgxfdwlrqdo h�ruw lq uhwxuq iru XL ehqh�wv diwhu wkh �uvw |hdu ri xqhpsor|phqw +Wkh

Hxurshdq Frxqflo/ 4<<:,1
8Lq pdq| frxqwulhv sduwlflsdwlrq lq Dfwlyh Oderu Pdunhw Surjudpv kdv ehhq uhtxluhg

iru |hduv exw zlwkrxw dfwxdoo| ehlqj hqirufhg1 H1j1/ wkh Qhwkhuodqgv glg qrw vwduw wr
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Dvvxplqj wkdw XL lv surylghg iru e| wkh jryhuqphqw9 wkhuh lv ri frxuvh qr

qhhg iru zruniduh li wkh jryhuqphqw fdqprqlwru mre vhdufk ehkdylru shuihfwo|1

XL ehqh�w uhflslhqwv duh lq jhqhudo uhtxluhg wr vhdufk exw h{shulhqfhv iurp

wkh odvw ghfdghv kdyh vkrzq wkdw prqlwrulqj ri mre vhdufk ehkdylru lv erxqg

wr eh olplwhg1 Wkh frqvhtxhqfhv ri wklv lv hlwkhu kljk wd{hv dqg orz dyhudjh

lqfrph +zkhq XL ehqh�wv duh kljk, gxh wr h{fhvvlyh +de,xvh ri wkh XL v|vwhp:

ru xqghu lqvxudqfh +zkhq XL ehqh�wv duh orz,1 Wkxv/ wkh XL v|vwhpv ri wkh

X1V1 dqg Hxursh/ zlwk uhvshfwlyho| orz dqg kljk ehqh�w ohyhov/; pd| eh vhhq

dv wzr gl�huhqw zd|v ri frslqj zlwk wkh vdph sureohp1

Zh vkrz wkdw zruniduh edvhg rq d wlph uhtxluhphqw ru rq d wdvn uhtxluh0

phqw pd| +Sduhwr, lpsuryh XL v|vwhpv1 Wklv rffxuv li zrunhuv dqg qrq0

zrunhuv gl�hu vx!flhqwo| zlwk uhvshfw wr suhihuhqfhv iru ohlvxuh1 Li zrunhuv

dqg qrq0zrunhuv gl�hu rqo| zlwk uhvshfw wr surgxfwlylw| lw lv qhyhu rswlpdo

wr xvh �wlph zruniduh�> exw lw pd| vwloo eh rswlpdo wr xvh �wdvn zruniduh�1

Lq jhqhudo/ wdvn zruniduh Sduhwr grplqdwhv wlph zruniduh1 Ilqdoo|/ zh vkrz

wkdw wkh vpdoohu duh wkh wudqvihuv iurp zrunhuv wr qrq0zrunhuv wkh odujhu lv

wkh vfrsh iru xvlqj zruniduh1

Wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 dqg 6 ghvfuleh wkh prgho dqg

dqdo|}h wkh frpsohwh lqirupdwlrq fdvh1 Vhfwlrq 7 ghulyhv wkh rswlpdo lqvxu0

dqfh vfkhph zlwk dqg zlwkrxw zruniduh dqg fkdudfwhul}hv krz wkh rswlpdo

xvh ri zruniduh ghshqgv rq wkh gl�huhqfh ehwzhhq zrunhuv dqg qrq0zrunhuv

vdqfwlrq shrsoh zkr glg qrw sduwlflsdwh ehiruh 4<<5 +Jhudug M1 ydq ghq Ehuj hw do1/ 4<<;,1
9Lq doprvw doo frxqwulhv XL lv surylghg iru e| wkh jryhuqphqw1 D ihz frxqwulhv gr kdyh

xqlrq0dgplqlvwudwhg lqvxudqfh ixqgv exw wkh| duh vxevlgl}hg wr vxfk dq h{whqw wkdw wkh|

duh qhduo| lqglvwlqjxlvkdeoh iurp jryhuqphqw0dgplqlvwudwhg v|vwhpv +vhh Ehuwlo Kropoxqg/

4<<;,1 Iru d wkhruhwlfdo h{sodqdwlrq ri zk| XL lv qrw r�huhg e| wkh sulydwh vhfwru vhh Khqu|

Fklx dqg Hgl Nduql +4<<;,1
:Iru lqvwdqfh/ 73 shufhqw ri shuvrqv uhfhlylqj XL ehqh�wv ru vrfldo dvvlvwdqfh +zlwk mre

vhdufk uhtxluhphqwv, lq wkh hduo| qlqhwlhv lq Ghqpdun zhuh qrw xqhpsor|hg dffruglqj wr

wkh LOR fulwhuld/ vhh Shghu Shghuvhq dqg Qlqd Vplwk +4<<8, ss1 4<:04<;1 Iru pruh wkdq

d kdoi ri wkh shuvrqv wkh uhdvrq lv wkdw wkh| gr qrw vhdufk dfwlyho|1 Rwkhuv vlpso| uhsruw

wkdw wkh| gr qrw zdqw d mre1
;Lq 4<<728 wkh qhw uhsodfhphqw udwlr iru d vlqjoh zrunhu lq wkh �uvw |hdu ri xqhpsor|0

phqw zdv durxqg 426 lq wkh XV dqg 526 lq wkh HX +Mrkq S1 Pduwlq/ 4<<9,1
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dqg rq wkh lqlwldo wudqvihu ohyho1 Vhfwlrq 8 frpsduhv wlph zruniduh dqg wdvn

zruniduh/ dqg odvwo| Vhfwlrq 9 frqfoxghv1

5 Wkh Prgho

Zh frqvlghu d srsxodwlrq frqvlvwlqj ri wzr w|shv/ � dqg �1 Ohw # dqg �� #

eh wkh iudfwlrqv ri wkhvh wzr w|shv uhvshfwlyho| lq wkh srsxodwlrq/ zkhuh

f 	 # 	 �1 Wkh xwlolw| ri lqglylgxdo � lv jlyhq e|

�� ' � EU� � ����� c � 5 i�c�j c

zkhuh U� lv lqfrph/ �� lv irujrqh ohlvxuh/ dqg �� uhsuhvhqwv ydoxdwlrq ri ohlvxuh

uhodwlyh wr lqfrph zklfk pd| gl�hu ehwzhhq wkh wzr w|shv1 Wklv lpsolhv wkdw

wkh lqfhqwlyhv wr zrun duh kljk iru jlyhq U� dqg �� zkhq �� lv orz1 Zh dvvxph

wkdw wkh xwlolw| ixqfwlrq/ �c lv �2 dqg ixo�oov �� E�� : f/ *�4%<f �
� E%� ' 4/ dqg

��� E�� 	 f/ zkhuh wkh vwulfw frqfdylw| lpsolhv wkdw wkh djhqwv kdyh suhihuhqfhv

iru vprrwklqj lqfrph qhw ri glvxwlolw| ri zrun ehwzhhq gl�huhqw vwdwhv1

Wkh wlplqj ri hyhqwv lv dv iroorzv1 Iluvw/ d shuvrq ghflghv zkhwkhu ru qrw

wr mrlq wkh oderu irufh1 Vhfrqg/ doo phpehuv ri wkh oderu irufh uhfhlyh d mre

r�hu zlwk suredelolw| 4 5 Efc �� zklfk wkh| hlwkhu dffhsw ru uhmhfw/ dqg li

wkh| uhmhfw wkh| uhpdlq mreohvv1 Wkh qhw zdjh shu xqlw ri zrunlqj wlph lq dq

ruglqdu| mre iru w|sh � lv jlyhq e| ��� | zkhuh �� lv dq h{rjhqrxv zdjh udwh

dqg zkhuh | lv d wd{ rq hpsor|hg zrunhuv xvhg wr �qdqfh wkh ehqh�w v|vwhp1

Vlqfh lqfrph dqg ohlvxuh duh shuihfw vxevwlwxwhv wkh oderu vxsso|/ ��/ lv hlwkhu

}hur krxuv ru wkh pd{lpxp qxpehu ri krxuv/ qrupdol}hg wr rqh1 Zh dvvxph

wkdw �� � �� dqg �� � �� vxfk wkdw w|sh � lv dozd|v pruh hdjhu wr zrun

wkdq w|sh �1

Xqhpsor|hg zrunhuv uhfhlyh dq xqhpsor|phqw frpshqvdwlrq sdfndjh

iKc �ej c frqvlvwlqj ri d prqhwdu| wudqvihu/ K/ dqg dq h�ruw uhtxluhphqw/ �e/

phdvxuhg lq wlph xqlwv1 Wkxv/ wr froohfw ehqh�wv xqhpsor|hg kdyh wr vshqg

d fhuwdlq dprxqw ri wlph rq zruniduh dfwlylwlhv +wlph zruniduh,1 Dowhuqd0
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wlyho|/ lw pd| eh srvvleoh wr uhtxluh fhuwdlq surgxfwlylw| uhodwhg wdvnv ri XL

uhflslhqwv lq h{fkdqjh ri ehqh�wv +wdvn zruniduh, zklfk zh dqdo|}h lq Vhfwlrq

81 Wkrvh rxwvlgh wkh oderu irufh uhfhlyh K lq vrfldo dvvlvwdqfh zklfk lv qrw

dffrpsdqlhg e| dq| h�ruw uhtxluhphqwv1< Zh duh rqo| lqwhuhvwhg lq wkh fdvhv

zkhuh wudqvihuv duh vx!flhqwo| kljk/ K : �� � ��/ vr wkdw w|sh � vwulfwo|

suhihuv qrw wr zrun1

Vxssrvh zrunhuv +w|sh �� mrlq wkh oderu irufh dqg uhfhlyh wkh sdfndjh

iKc �ej li xqhpsor|hg dqg wkdw qrq0zrunhuv +w|sh �� duh rxwvlgh wkh oderu

pdunhw uhfhlylqj K1 Wkhq wkh xwlolw| ri qrq0zrunhuv lv � EK� zkhuhdv wkh

h{shfwhg xwlolw| ri zrunhuv lv

.E��� ' 4� E�� � |� ��� n E�� 4� � EK� ���
e� � +4,

D frpshqvdwlrq dqg wudqvihu srolf| kdv wr ixo�oo wkh exgjhw frqvwudlqw

# d4|� E�� 4� Ko� E�� #� K � fc +5,

zkhuh wkh �uvw whup lv wkh qhw h{shfwhg uhyhqxh ri zrunhuv zkhuhdv wkh odvw

whup lv wkh frvwv ri vrfldo dvvlvwdqfh wr qrq0zrunhuv1 Zh duh lqwhuhvwhg lq

zkhwkhu pd{lpl}lqj wkh h{shfwhg xwlolw| ri zrunhuv iru d jlyhq plqlpxp

xwlolw| ohyho ri qrq0zrunhuv/

� EK� � �c +6,

jlyhv d vroxwlrq zlwk zruniduh/ �e : f/ zkhq uhfhlylqj d mre r�hu lv sulydwh

lqirupdwlrq1 Li vr/ lw lpsolhv wkdw wkh vroxwlrq Sduhwr grplqdwhv dq| rwkhu

vroxwlrq zlwkrxw zruniduh1 Zh zloo uhvwulfw rxuvhoyhv wr rqo| orrn dw

� � 7� � � E#4 d�� � ��o� c

lpso|lqj wkdw zrunhuv jhw dw ohdvw dv pxfk xwlolw| dv qrq0zrunhuv1 Wklv

h{foxghv xqlqwhuhvwlqj fdvhv zkhuh vrfldo dvvlvwdqfh lv kljkhu wkdq XL ehqh�wv1

<Lw lv qhyhu Sduhwr rswlpdo wr uhtxluh h�ruw ri w|sh E1 Lw zrxog eh srvvleoh wr uhgxfh

wkh h�ruw uhtxluhphqw dqg wkh ehqh�w ohyho ri w|sh E nhhslqj wkhlu xwlolw| �{hg zkloh

lqfuhdvlqj xwlolw| ri w|sh D wkurxjk d orzhulqj ri wkh wd{ ohyho1
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6 Frpsohwh Lqirupdwlrq

Wr looxvwudwh wkh lqfhqwlyh sureohpv dulvlqj xqghu lqfrpsohwh lqirupdwlrq zh

vwduw e| dqdo|}lqj wkh frpsohwh lqirupdwlrq fdvh1 Khuh/ lw lv srvvleoh wr frq0

glwlrq wkh uhfhlsw ri dq| sdfndjh rq wkh fodlpdqwv w|sh dqg dovr rq zkhwkhu

ru qrw wkh shuvrq kdv uhfhlyhg dqg dffhswhg d mre r�hu1 Wkxv/ wkh sdfndjh

iKc �ej lv rqo| r�huhg wr zrunhuv +w|sh �, dqg rqo| li wkh| gr qrw jhw d mre

r�hu1 Qrz/ wkh sureohp lv wr pd{lpl}h +4, vxemhfw wr wkh exgjhw frqvwudlqw

+5,/ wkh plqlpxp xwlolw| uhtxluhphqw +6,/ wkh qrq0qhjdwlylw| uhtxluhphqwv

K � fc K � fc | � fc �e � f/ dqg wkh lqglylgxdo udwlrqdolw| frqvwudlqwv wkdw

qrerg| jhw ohvv xwlolw| wkdq �1 Wklv jlyhv d vroxwlrq fkdudfwhul}hg e| +vhh

Dsshqgl{,

�e ' fc � EK� ' �c | '
�

4

�� #

#
Kn

�� 4

4
Kc

dqg

�� � |� �� ' K�

Iurp wkhvh htxdwlrqv lw lv srvvleoh wr ghulyh

Sursrvlwlrq 4 E�� Wkhuh lv qr zruniduh xqghu frpsohwh lqirupdwlrq1 E���

Zrunhuv duh shuihfwo| lqvxuhg djdlqvw xqhpsor|phqw1 E���� XL ehqh�wv duh

vwulfwo| deryh vrfldo dvvlvwdqfh dv orqj dv wkh plqlpxp xwlolw| uhtxluhphqw lv

ehorz lwv pd{lpxp1 E��� Dq lqfuhdvh lq wkh plqlpxp xwlolw| ohyho lqfuhdvhv

vrfldo dvvlvwdqfh/ lqfuhdvhv wkh wd{ ohyho/ dqg uhgxfhv XL ehqh�wv1

Surri1 +ll, iroorzv iurp wkh odvw ri wkh deryh htxdwlrqv1 +lll, iroorzv iurp

wkh deryh htxdwlrqv dqg � 	 7�1 Wklv lv vhhq e| lqvhuwlqj #4 d�� � ��o lqwr

K lq wkh deryh htxdwlrqv jlylqj h{dfwo| K ' K1 D orzhu � lpsolhv orzhu K dqg

odujhu K1 +ly, iroorzv iurp wrwdo gl�huhqwldwlrq ri wkh deryh htxdwlrqv dqg

htxdwlrq +6,1 �

:



Reylrxvo|/ wkhuh lv qr srlqw lq sxwwlqj xqhpsor|hg zrunhuv rq xqsurgxf0

wlyh zruniduh dv wkhuh lv qr qhhg iru vfuhhqlqj xqghu frpsohwh lqirupdwlrq1

Wkh uhodwlrqvkls �� � |� �� ' K lpsolhv wkdw xwlolw| lv htxdol}hg dfurvv wkh

wzr vwdwhv �hpsor|phqw� dqg �xqhpsor|phqw� iru zrunhuv vxfk wkdw wkh|

duh shuihfwo| lqvxuhg djdlqvw xqhpsor|phqw1 Ilqdoo|/ XL ehqh�wv idoo dqg

wd{hv lqfuhdvh zkhq wkh plqlpxp xwlolw| uhtxluhphqw/ �/ lqfuhdvhv dv wklv

udlvhv wkh wudqvihuv iurp zrunhuv wr qrq0zrunhuv1

Zkhq vrfldo dvvlvwdqfh lv ehorz XL ehqh�wv +l1h1/ K 	 K,/ lw lv fohdu wkdw

qrq0zrunhuv kdyh dq lqfhqwlyh wr mrlq wkh oderu irufh lq rughu wr rewdlq wkh

kljk ehqh�w ohyho/ K/ li wkh| fdq dyrlg zrunlqj1 Iru lqvwdqfh/ wklv zloo eh wkh

fdvh zkhq lw lv lpsrvvleoh wr revhuyh li d shuvrq kdv ehhq r�huhg d mre1 Lw lv

vxfk w|sh ri lqfrpsohwh lqirupdwlrq zh qrz wxuq wr1

7 Lqfrpsohwh Lqirupdwlrq

Zh qrz dvvxph wkdw lw lv lpsrvvleoh wr revhuyh zkhwkhu d shuvrq lv zloolqj

wr zrun ru qrw +l1h1/ ri w|sh � ru w|sh �, dqg wr revhuyh li d shuvrq kdv

rewdlqhg d mre r�hu1 Wklv |lhogv wkh iroorzlqj dgglwlrqdo frqvwudlqwv wr wkh

pd{lpl}dwlrq sureohp ri wkh suhylrxv vhfwlrq=

� E�� � |� ��� � � EK� ���
e� c +7,

� EK� � � EK� ���
e� � +8,

Wkh �uvw frqvwudlqw vwdwhv wkdw zrunhuv vkrxog suhihu hpsor|phqw wr xqhp0

sor|phqw uh hfwlqj wkdw lw lv lpsrvvleoh wr revhuyh zkhwkhu d zrunhu kdv

uhmhfwhg d mre r�hu lq rughu wr vwd| rq ehqh�wv1 Wkh vhfrqg frqvwudlqw lv dq

lqfhqwlyh frpsdwlelolw| frqvwudlqw vwdwlqj wkdw qrq0zrunhuv vkrxog suhihu K

wr wkh sdfndjh iKc �ej1

;



714 Zlwkrxw Zruniduh

Ehiruh dqdo|}lqj wkh ghvludelolw| ri xvlqj zruniduh lq XL ehqh�w vfkhphv/ lw lv

zruwkzkloh wr dvn zkdw lv wkh rswlpdo XL ehqh�w ohyho iru zrunhuv li zruniduh

fdqqrw eh xvhg1 Wr looxvwudwh wkh pdlq srlqw ri wklv vhfwlrq zh gr qrw qhhg

dq| plqlpxp xwlolw| ohyho zklfk lv wkhuhiruh vhw htxdo wr }hur/ � ' f1 Wkxv/

zh pd{lpl}h +4, vxemhfw wr +5,/ +7,/ +8,/ dqg �e ' f zlwk uhvshfw wr K/ K/ dqg

|1 Wkh vroxwlrq lv fkdudfwhul}hg e| +vhh Dsshqgl{,

K ' Kc | ' K
�� 4#

4#
c

dqg
�� EK�

�� E�� � |� ���
'

�� #4

E�� 4� #
: ��

Iurp wkhvh htxdwlrqv lw lv srvvleoh wr hvwdeolvk

Sursrvlwlrq 5 Zlwkrxw zruniduh dqg zlwkrxw d plqlpxp xwlolw| uhtxluh0

phqw/ zrunhuv suhihu wr kdyh E�� ohvv wkdq ixoo lqvxudqfh djdlqvw xqhpsor|0

phqw dqg E��� d srvlwlyh vrfldo dvvlvwdqfh +xwlolw|, ohyho ri qrq0zrunhuv1

Surri1 +l, Lw iroorzv iurp wkh odvw ri wkh deryh htxdwlrqv wkdw ���|��� : K

zkhq # 	 �1 +ll, Lw iroorzv iurp wkh deryh htxdwlrqv wkdw K ' K : f1 �

Wkh uhdvrq wkdw zrunhuv rqo| ehfrph sduwo| lqvxuhg djdlqvw xqhpsor|0

phqw zkhq wkhuh duh qrq0zrunhuv lq wkh srsxodwlrq +l1h1/ # 	 �, lv wkdw pruh

lqvxudqfh lpsolhv kljkhu wudqvihuv iurp zrunhuv wr qrq0zrunhuv1 Zlwk shu0

ihfw lqvxudqfh/ wkh pdujlqdo orvv ri ohvv lqvxudqfh lv }hur gxh wr wkh hqyhorsh

wkhruhp zkhuhdv wkh pdujlqdo jdlq lv d gluhfw uhgxfwlrq lq wudqvihuv2wd{hv1

Wkhuhiruh/ ixoo lqvxudqfh lv qhyhu rswlpdo1 Wkh vhfrqg uhvxow vwdwhv wkdw

zrunhuv suhihu wr jlyh qrq0zrunhuv wudqvihuv +dowkrxjk wkh| gr qrw fduh derxw

wkhp, lq wkh suhvhqfh ri lqfrpsohwh lqirupdwlrq> rwkhuzlvh zrunhuv zrxog

qrw jhw dq| lqvxudqfh wkhpvhoyhv1 Khqfh/ qrq0zrunhuv rewdlq srvlwlyh xwlolw|

zlwkrxw d plqlpxp xwlolw| uhtxluhphqw1

<



715 Zlwk Zruniduh

Qrz/ zh wxuq wr wkh pdlq txhvwlrq ri wkh sdshu1 Jlyhq vrph plqlpxp

xwlolw| uhtxluhphqw/ �/ grhv wkhuh h{lvw d sdfndjh iKc �ej zlwk xqsurgxfwlyh

zruniduh/ �e : f/ wkdw Sduhwr grplqdwhv wkh ehvw sdfndjh zlwkrxw zruniduhB

Wr dqvzhu wklv txhvwlrq/ zh pd{lpl}h +4, vxemhfw wr +5,/ +6,/ +7,/ dqg +8, zlwk

uhvshfw wr K/ K/ |/ dqg �e1 Wkh vroxwlrq lv fkdudfwhul}hg e| +vhh Dsshqgl{,

| '
�

4

�� #

#
Kn

�� 4

4
Kc

K ' K� ���
ec

dqg

�e : fc
�� E�� � |� ���

�� EK� ���
e�

' ��
��
��

c

ru

�e ' fc
�� E�� � |� ���

�� EK�
: ��

��
��

c

dqg

� EK� ' �c
�� E�� � |� ���

�� EK� ���
e�

:
�� 4

�� 4n �3#
#

c

ru

� EK� : �c
�� E�� � |� ���

�� EK� ���
e�

'
�� 4

�� 4n �3#
#

�

Wkh �uvw wzr htxdwlrqv iroorz iurp wkh exgjhw frqvwudlqw +5, dqg wkh lqfhq0

wlyh frpsdwlelolw| frqvwudlqw +8, erwk ehlqj elqglqj1 Wkh qh{w wzr htxdwlrqv

uhyhdo wkdw zruniduh pd| ru pd| qrw eh sduw ri d vroxwlrq ghshqglqj rq wkh

sdudphwhuv ri wkh prgho1 Ilqdoo|/ wkh odvw htxdwlrqv vkrz wkdw wkh plqlpxp

xwlolw| uhtxluhphqw pd| ru pd| qrw eh elqglqj zklfk lv zkdw rqh vkrxog

h{shfw jlyhq wkh uhvxowv lq wkh suhylrxv vhfwlrq1 Iurp wkhvh htxdwlrqv/ zh

jhw

Sursrvlwlrq 6 Wkhuh h{lvwv �� 5 Efc 7�� vxfk wkdw iru hdfk xwlolw| ohyho ri qrq0

zrunhuv/ � � ��/ zrunhuv vwulfwo| suhihu dq xqhpsor|phqw lqvxudqfh vfkhph

zlwk zruniduh/ �e : f/ li dqg rqo| li zrunhuv dqg qrq0zrunhuv gl�hu vx!0

flhqwo| lq wkhlu ydoxdwlrq ri ohlvxuh/ ��
��

: �34#
�3#

1

43



Surri1 Vhh Dsshqgl{1 �

Wklv lv wkh pdlq uhvxow1 Lw vwdwhv wkdw xqsurgxfwlyh zruniduh iru xqhp0

sor|hg zrunhuv pd| |lhog d Sduhwr lpsuryhphqw iurp dq lqlwldo vlwxdwlrq

zlwkrxw zruniduh dqg wkdw wkh vfrsh iru xvlqj zruniduh lv odujhu wkh vpdoohu

duh wkh wudqvihuv iurp zrunhuv wr qrq0zrunhuv +l1h1/ wkh vpdoohu lv �,1 Lqwur0

gxflqj zruniduh fdq rqo| fuhdwh d jdlq iru zrunhuv li lw lv srvvleoh wr udlvh

wkhuh XL ehqh�wv/ K/ pruh wkdq wkh xwlolw| orvv lq lfwhg xsrq wkhp ehfdxvh

ri wkh h�ruw wkh| kdyh wr gholyhu zkhq xqhpsor|hg/ ���
e1 Wklv lv srvvleoh

zkhq qrq0zrunhuv ydoxh ohlvxuh pruh wkdq zrunhuv1 Wkhq wkh h�ruw uhtxluh0

phqw qhhgv rqo| eh uhodwlyho| vpdoo wr glvfrxudjh qrq0zrunhuv iurp mrlqlqj

wkh oderu irufh vxfk wkdw wkh glvxwlolw| lq lfwhg rq zrunhuv lv uhodwlyho| vpdoo1

Khqfh/ K fdq lqfuhdvh pruh wkdq ���
e1 Wkh sursrvlwlrq vkrzv wkdw wkh gli0

ihuhqfh lq ydoxdwlrq ri ohlvxuh ehwzhhq zrunhuv dqg qrq0zrunhuv kdv wr eh

vx!flhqwo| odujh/ wkdw lv ��
��

: �34#
�3#

: �/ ehiruh zruniduh lv xvhg1

Li # lv odujh wkhq wkh iudfwlrq ri qrq0zrunhuv lq wkh srsxodwlrq lv vpdoo

lpso|lqj wkdw lw lv uhodwlyho| fkhds wr kdyh d kljk wudqvihu ohyho frpsduhg wr

wkh xwlolw| orvv iurp zruniduh wkdw kdv wr eh lq lfwhg xsrq doo xqhpsor|hg

zrunhuv lq rughu wr glvfrxudjh wkh ihz qrq0zrunhuv iurp fodlplqj XL ehqh�wv1

Lq wklv fdvh wkh gl�huhqfh lq ydoxdwlrq ri ohlvxuh kdv wr eh odujh iru zrunhuv

wr suhihu XL zlwk zruniduh1

Frqwudu|/ li 4 lv odujh wkhq xqhpsor|phqw dprqj zrunhuv lv vpdoo lpso|0

lqj wkdw wkh xwlolw| orvv dprqj zrunhuv ri ehlqj rq zruniduh lv vpdoo uhodwlyh

wr wkh qxpehu ri qrq0zrunhuv glvfrxudjhg iurp fodlplqj XL ehqh�wv1 Wkxv/

d kljk 4 uhgxfhv wkh uhtxluhg gl�huhqfh lq ydoxdwlrq ri ohlvxuh ehwzhhq wkh

wzr w|shv dqg pdnhv zruniduh pruh suhihudeoh1

Li wkh plqlpxp xwlolw| uhtxluhphqw/ �/ lv kljk wkhq wudqvihuv duh kljk1

Wklv lpsolhv wkdw wkh XL ehqh�w ohyho fdq eh kljk ehiruh frq lfwlqj zlwk wkh

lqfhqwlyh frpsdwlelolw| frqvwudlqw hyhq zlwkrxw zruniduh1 Lq wklv vlwxdwlrq

44



wkh pdujlqdo jdlq iurp pruh lqvxudqfh lv uhodwlyho| vpdoo frpsduhg wr wkh

frvwv ri kljkhu wd{hv dqg zkhq � ehfrphv vx!flhqwo| odujh lw lv qr orqjhu

rswlpdo wr xvh zruniduh1 Ixuwkhupruh/ lw iroorzv wkdw

Fruroodu| 4 Zruniduh lv Sduhwr lqh!flhqw E�� li zrunhuv dqg qrq0zrunhuv

gl�hu rqo| zlwk uhvshfw wr surgxfwlylw|/ ��/ ru E��� li wkh plqlpxp xwlolw|

uhtxluhphqw lv htxdo wr wkh pd{lpdo srvvleoh ohyho/ � ' 7��

Surri1 Erwk +l, dqg +ll, iroorz gluhfwo| iurp wkh deryh sursrvlwlrq1 �

Wkh �uvw uhvxow lv ehvw xqghuvwrrg e| orrnlqj dw wkh lqfhqwlyh frpsdwlelo0

lw| frqvwudlqw +8, zkhq �� ' �� � �1 Wklv jlyhv � EK� ' � EK� ��e� vkrzlqj

wkdw d ulvh lq �e rqo| jlyhv wkh srvvlelolw| ri udlvlqj K vr dv wr nhhs wkh xwlolw|

ri dq xqhpsor|hg zrunhu xqfkdqjhg1 Wkh rqo| fkdqjh wkhq lv dq lqfuhdvh lq

wkh wd{ ohyho zklfk xqdpeljxrxvo| uhgxfhv wkh xwlolw| ri wkh zrunhu1 Wkxv/ lw

lv qhyhu Sduhwr rswlpdo wr uhtxluh zrun lq h{fkdqjh iru ehqh�wv dv d zd| ri

vhsdudwlqj wkh wzr w|shv zkhq wkh| rqo| gl�hu zlwk uhvshfw wr surgxfwlylw|1

Zkhq wkh plqlpxp xwlolw| uhtxluhphqw lv htxdo wr wkh pd{lpdo srvvleoh

ohyho/ � ' 7�/ wkh xwlolw| ri qrq0zrunhuv dqg hpsor|hg dqg xqhpsor|hg zrun0

huv duh lghqwlfdo hyhq zlwkrxw h�ruw uhtxluhphqw= � E�� � |� ��� ' � EK� '

� EK�1 Lq vxfk d �shuihfwo| htxdolwduldq� vrflhw| zruniduh lv/ ri frxuvh/ qhyhu

rswlpdo1 Lqwurgxflqj h�ruw uhtxluhphqw zrxog pdnh lw srvvleoh wr wudqv0

ihu pruh ri wkh zrunhu*v lqfrph iurp shulrgv ri hpsor|phqw wr shulrgv ri

xqhpsor|phqw exw wkh| zrxog qrw zdqw wkdw dv wkh| duh douhdg| shuihfwo|

lqvxuhg1

8 Wlph yv1 Wdvn Zruniduh

Lq wkh suhfhglqj dqdo|vlv zh kdyh iroorzhg suhylrxv sdshuv e| dvvxplqj wkdw

zruniduh lv d wlph uhtxluhphqw +wlph zruniduh,1 Lw zrxog/ krzhyhu/ dovr

eh srvvleoh wr uhtxluh wkdw ehqh�w uhflslhqwv shuirup d sduwlfxodu wdvn1 Wklv
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zrxog qrw fkdqjh dq| ri wkh suhylrxv uhvxowv li erwk zrunhuv dqg qrq0zrunhuv

xvh wkh vdph dprxqw ri wlph wr shuirup wkh wdvn> wkdw lv/ li wkh wdvn lv

xquhodwhg wr wkhlu surgxfwlylw| lq dq ruglqdu| mre1 Ri frxuvh/ wkhuh h{lvw

wdvnv wkdw kljk surgxfwlylw| shuvrqv fdq shuirup idvwhu wkdq orz surgxfwlylw|

shuvrqv1 Li vxfk wdvnv duh uhtxluhg lq h{fkdqjh iru ehqh�wv +wdvn zruniduh,

wkh suhylrxv uhvxowv qr orqjhu dsso|1

Vxssrvh wkdw ehqh�w uhflslhqwv kdyh wr shuirup d sduwlfxodu wdvn/ A /

zklfk ghshqg rq wkhlu surgxfwlylw| vxfk wkdw wkh wlph uhtxluhg wr shuirup

wkh wdvn lv jlyhq e|

�e� ' A*���

Zlwk wklv w|sh ri zruniduh Sursrvlwlrq 6 lv uhsodfhg e|

Sursrvlwlrq 7 Wkhuh h{lvwv �� 5 Efc 7�� vxfk wkdw iru hdfk xwlolw| ohyho ri qrq0

zrunhuv/ � � ��/ zrunhuv vwulfwo| suhihu dq xqhpsor|phqw lqvxudqfh vfkhph

zlwk wdvn zruniduh/ A : f/ li dqg rqo| li zrunhuv dqg qrq0zrunhuv gl�hu

vx!flhqwo| zlwk uhvshfw wr surgxfwlylw| ru ydoxdwlrq ri ohlvxuh/ ��*��
��*��

: �34#
�3#

1

Surri1 Wkh xwlolw| orvv ri d shuvrq lq wdvn zruniduh lv ��
A
��

frpsduhg wr ���
e

lq wlph zruniduh1 Wklv lpsolhv wkdw wkh surri ri Sursrvlwlrq 6 dssolhv li wkh

whupv ���
e duh uhsodfhg zlwk ��

A
��

dqg wkh pd{lpl}dwlrq lv grqh zlwk uhvshfw

wr A lqvwhdg ri �e1 �

Wkxv/ wkh vfrsh iru xvlqj zruniduh lv hqodujhg li lw lv srvvleoh wr ghpdqg

d surgxfwlylw| uhodwhg wdvn lqvwhdg ri d vlpsoh wlph uhtxluhphqw lq h{fkdqjh

iru ehqh�wv1 Lq idfw/ frqwudu| wr wlph zruniduh/ lw pd| eh Sduhwr rswlpdo

wr xvh wdvn zruniduh li zrunhuv dqg qrq0zrunhuv gl�hu rqo| zlwk uhvshfw

wr surgxfwlylw|1 Wklv rffxuv li wkh surgxfwlylw| ri zrunhuv lv vx!flhqwo|

kljkhu wkdq qrq0zrunhuv/ ��
��

: �34#
�3#

1 Wkh lqwxlwlrq lv vlpso| wkdw wdvn

zruniduh lpsolflwo| uhtxluhv pruh wlph ri ohvv surgxfwlyh shuvrqv lpso|lqj

wkdw h�ruw0frqwlqjhqw XL ehqh�wv duh ohvv dwwudfwlyh wr qrq0zrunhuv wkdq
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zrunhuv dowkrxjk wkh| kdyh wkh vdph ydoxdwlrq ri ohlvxuh1 Wkxv/ wdvn zruniduh

lv d ehwwhu vfuhhqlqj ghylfh wkdq wlph zruniduh dqg lq jhqhudo zh kdyh

Sursrvlwlrq 8 Wdvn zruniduh Sduhwr grplqdwhv wlph zruniduh1

Surri1 Frqvlghu dq rswlpdo vroxwlrq xqghu wlph zruniduh i�ec Kc Kc |j dqg d

wdvn zruniduh XL v|vwhp zkhuh wkh wdvn lv vhw vxfk wkdw qrq0zrunhuv xvh wkh

vdph dprxqw ri wlph rq zruniduh lq wkh wzr v|vwhpv/ �e� ' �e/ lpso|lqj wkdw

A ' �e�� 1 Wkhq �e� ' A*�� � �e lpso|lqj wkdw zrunhuv xvh ohvv wlph rq

zruniduh xqghu wdvn zruniduh1 Wkxv/ wkh rqo| gl�huhqfh lv wkdw ohvv xwlolw|

orvv lv lq lfwhg rq zrunhuv lq zruniduh dqg frqvhtxhqwo| wkdw wdvn zruniduh

Sduhwr grplqdwhv wlph zruniduh1 �

9 Frqfoxvlrq

Zh kdyh ghprqvwudwhg wkdw wkh xvh ri zruniduh iru XL uhflslhqwv/ dv hpehgghg

lq wkh odwhvw oderu pdunhw uhirupv2h{shulphqwv/ pd| lpsuryh wkh lqvxudqfh

djdlqvw xqhpsor|phqw1 Wkh sduwlfxodu hohphqw ri zruniduh wkdw zh kdyh

irfxvhg rq lv h�ruw frpplwphqw> uhflslhqwv duh uhtxluhg wr shuirup vshfl�f

wdvnv ru wr vshqg d fhuwdlq dprxqw ri wlph lq zruniduh lq rughu wr froohfw

ehqh�wv/ dqg wkhvh dfwlylwlhv lq lfw glvxwlolw| rq wkh sduwlflsdqwv1 Wr pdnh

wkh srlqw pruh wudqvsduhqw zh kdyh dvvxphg wkdw wkh dfwlylwlhv wkhpvhoyhv

gr qrw eulqj derxw dq| ydoxdeoh surgxfw> qhyhuwkhohvv/ wkh| fdq +Sduhwr,

lpsuryh wkh xqhpsor|phqw lqvxudqfh v|vwhp143

Zkhq suhihuhqfhv duh nqrzq/ wkh XL sureohp lv vwudljkwiruzdug= zlwk

ulvn dgyhuvh zrunhuv wkh XL vfkhph vkrxog vlpso| vprrwk wkh lqfrph shu0

ihfwo| ehwzhhq hpsor|hg dqg xqhpsor|hg zrunhuv dqg qr zruniduh vkrxog

43Wkh dvvxpswlrq wkdw zruniduh dfwlylwlhv duh qrw surgxfwlyh lv ri frxuvh dq h{wuhph

dvvxpswlrq1 Krzhyhu/ wkhuh lv dovr vxevwdqwldo frvwv dvvrfldwhg zlwk vhwwlqj xs dqg uxqqlqj

d zruniduh v|vwhp1 Vr vwulfwo| vshdnlqj/ zkdw zh dvvxph lv wkdw frvwv dqg ehqh�wv fdqfho

rxw1 Li zruniduh surylghv d qhw surgxfw wkhuh lv ri frxuvh pxfk juhdwhu vfrsh iru xvlqj lw

+vhh Euhww/ 4<<;,1
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eh uhtxluhg1 Exw li suhihuhqfhv dqg mre vhdufk ehkdylru fdqqrw eh revhuyhg

wkh rswlpdo XL grhv qrw |lhog ixoo lqvxudqfh> qrq0zrunhuv fodlp XL ehqh�wv

vr wkdw rqo| sduw ri wkh wd{ uhyhqxh jrhv wr xqhpsor|phqw frpshqvdwlrq1

Dqg wklv lv zkhuh zruniduh ehfrphv xvhixo1 Li zrunhuv dqg qrq0zrunhuv kdyh

gl�huhqw suhihuhqfhv iru ohlvxuh wkh h�ruw uhtxluhphqw ri zruniduh lv jrlqj

wr d�hfw wkhp gl�huhqwo|1 Wklv pd| idflolwdwh ehwwhu lqfrph vprrwklqj iru

zrunhuv e| nhhslqj qrq0zrunhuv iurp fodlplqj XL ehqh�wv udwkhu wkdq vrfldo

dvvlvwdqfh1 Wkxv/ zruniduh pd| lpsuryh dq XL vfkhph lq wklv fdvh/ dqg wkh

vpdoohu duh wkh wudqvihuv iurp zrunhuv wr qrq0zrunhuv wkh odujhu lv wkh vfrsh

iru xvlqj zruniduh1 Zkhq wudqvihuv duh kljk/ wkh zrun uhtxluhphqw ri xqhp0

sor|hg zrunhuv qhhghg wr suhyhqw qrq0zrunhuv iurp fodlplqj wkh XL sdfndjh

kdv wr eh kljk dv zhoo/ dqg zruniduh ehfrphv ohvv suhihudeoh1

Zh kdyh dovr vkrzq wkdw lw lv qhyhu srvvleoh wr +Sduhwr, lpsuryh xq0

hpsor|phqw lqvxudqfh e| wkh xvh ri wlph uhtxluhphqwv li zrunhuv dqg qrq0

zrunhuv gl�hu rqo| zlwk uhvshfw wr surgxfwlylw|1 Lq wklv fdvh/ zruniduh lv qrw d

xvhixo vfuhhqlqj ghylfh dv zrunhuv dqg qrq0zrunhuv h{shulhqfh wkh vdph glvx0

wlolw| ri ehlqj rq zruniduh1 Wklv lv frpsdwleoh zlwk wkh �qglqjv rq zruniduh

lq sryhuw| doohyldwlrq surjudpv +fi1 Ehvoh| dqg Frdwh/ 4<<5/ 4<<8,1 Krz0

hyhu/ li surgxfwlylw| uhodwhg wdvnv fdq eh uhtxluhg wkhq zruniduh pd| eh sduw

ri dq rswlpdo xqhpsor|phqw lqvxudqfh vfkhph hyhq zkhq zrunhuv dqg qrq0

zrunhuv gl�hu rqo| zlwk uhvshfw wr surgxfwlylw|1 Wklv dulvhv ehfdxvh d wdvn

uhtxluhphqw lv d ehwwhu vfuhhqlqj ghylfh zklfk dovr lpsolhv wkdw lw lv ehwwhu wr

edvh d XL zruniduh v|vwhp rq wdvn uhtxluhphqwv wkdq rq wlph uhtxluhphqwv1
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Uhihuhqfhv

^4` Ehdxgu|/ Sdxo dqg Fkduohv Eodfnrue| +4<<;,= �Wd{hv dqg Hpsor|phqw

Vxevlglhv lq Rswlpdo Uhglvwulexwlrq Surjudpv1� QEHU Zrunlqj Sdshu

96881

^5` Ehvoh|/ Wlprwk| dqg Vwhskhq Frdwh +4<<5,= �Zruniduh yhuvxv Zhoiduh=

Lqfhqwlyhv Dujxphqwv iru Zrun Uhtxluhphqwv lq Sryhuw|0Doohyldwlrq

Surjudpv1� Dphulfdq Hfrqrplf Uhylhz/ ;5/ ss1 57<05941

^6` Ehvoh|/ Wlprwk| dqg Vwhskhq Frdwh +4<<8,= �Wkh Ghvljq ri Lqfrph

Pdlqwhqdqfh Surjudpphv1� Uhylhz ri Hfrqrplf Vwxglhv/ 95/ ss1 4;:0

5541

^7` Euhww/ Fudlj +4<<;,= �Zkr Vkrxog Eh rq ZruniduhB Wkh Xvh ri Zrun

Uhtxluhphqwv dv Sduw ri dq Rswlpdo Wd{Pl{1�R{irug Hfrqrplf Sdshuv/

83 +7,/ ss1 93:09551

^8` Exuwohvv/ Jdu| +4<<3,= �Wkh Hfrqrplvw*v Odphqw= Sxeolf Dvvlvwdqfh lq

Dphulfd1� Mrxuqdo ri Hfrqrplf Shuvshfwlyh/ 7 +4,/ ss1 8:0:;1

^9` Fklx/ Z1 Khqu| dqg Hgl Nduql +4<<;,= �Hqgrjhqrxv Dgyhuvh Vhohf0

wlrq dqg Xqhpsor|phqw Lqvxudqfh1� Iruwkfrplqj lq Mrxuqdo ri Srolwlfdo

Hfrqrp|1

^:` Hxurshdq Frxqflo +4<<:,= �Wkh Frqfoxvlrqv ri wkh H{hfxwlyh Frpplw0

whh1� Wkh Phhwlqj ri wkh Hxurshdq Frxqflo lq Ox{hperuj/ Qryhpehu

4<<:1

^;` Iulhgodqghu/ Gdqlho/ Gdylg K1 Juhhqehuj/ dqg Sklols N1 Urelqv +4<<:,=

�Hydoxdwlqj Jryhuqphqw Wudlqlqj Surjudpv iru wkh Hfrqrplfdoo| Glv0

dgydqwdjhg1� Mrxuqdo ri Hfrqrplf Olwhudwxuh/ 68 +7,/ ss1 4;3<04;881
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^<` Jxhurq/ Mxglwk P1 +4<<3,= �Zrun dqgZhoiduh= Ohvvrqv rq Hpsor|phqw

Surjudpv1� Mrxuqdo ri Hfrqrplf Shuvshfwlyh/ 7 +4,/ ss1 :<0<;1

^43` Kropoxqg/ Ehuwlo +4<<;,= �Xqhpsor|phqw Lqvxudqfh lq Wkhru| dqg

Sudfwlfh1� Vfdqglqdyldq Mrxuqdo ri Hfrqrplfv/ 433 +4,/ ss1 4460741

^44` Pduwlq/ Mrkq S1 +4<<9,= �Phdvxuhv ri Uhsodfhphqw Udwhv iru wkh Sxu0

srvh ri Lqwhuqdwlrqdo Frpsdulvrq= D Qrwh1� RHFG Hfrqrplf Vwxglhv

59/ ss1 <<04491

^45` Ph|hu/ Euxfh g1 +4<<8,= �Ohvvrqv iurp wkh X1V1 Xqhpsor|phqw Lqvxu0

dqfh H{shulphqwv1� Mrxuqdo ri Hfrqrplf Olwhudwxuh/ 66 +4,/ ss1 <404641

^46` RHFG +4<<:,= Gdwdedvh rq Oderxu Pdunhw Surjudpphv1 Sdulv1

^47` RHFG +4<<;,= Wkh RHFG Hpsor|phqw Rxworrn1 Sdulv1

^48` Shghuvhq/ Shghu M1 dqg Qlqd Vplwk +4<<8,= �Vhdufk Dfwlylw| Dprqj

Hpsor|hg dqg Xqhpsor|hg Phpehuv ri wkh Zrunirufh� lq J1 Y1 Pr0

jhqvhq +hg1,= Zrun Lqfhqwlyhv lq wkh Gdqlvk Zhoiduh Vwdwh1 Ddukxv1

^49` Shwhuvhq/ H1 Odghzlj +4<;3,= Iud Vwdqgvvdpixqg wlo Udqjvdpixqg 48330

4:331 J|oghqgdko= Frshqkdjhq1

^4:` Ydq ghq Ehuj/ Jhudug/ Edv ydq ghu Noddxz/ dqg Mdq F1 ydq Rxuv +4<<;,=

�Sxqlwlyh Vdqfwlrqv dqg wkh Wudqvlwlrq Udwh iurp Zhoiduh wr Zrun1�

Zrunlqj Sdshu1 Iuhh Xqlyhuvlw| Dpvwhugdp1

4:



: Dsshqgl{

:14 Frpsohwh Lqirupdwlrq

Wkh frqvwudlqhg pd{lpl}dwlrq sureohp lv jlyhq e|

u ' 4� E�� � |� ��� n E�� 4� � EK� ���
e�

nb� d# d4|� E�� 4� Ko� E�� #� Ko

nb2 d� EK�� �o

jlylqj wkh iroorzlqj ghulydwlyhv

Yu

YK
' E�� 4� �� EK� ���

e�� b�# E�� 4� c +9,

Yu

YK
' �b� E�� #� n b2�

� EK� c +:,

Yu

Y|
' �4�� E�� � |� ��� n b�#4c +;,

Yu

Y�e
' � E�� 4����

� EK� ���
e� 	 f� +<,

Lw iroorzv lpphgldwho| iurp wkh odvw htxdwlrq wkdw �e ' f1 Vhwwlqj htxdwlrq

+9, htxdo wr }hur jlyhv

b� '
�� EK�

#
: f�

Lqvhuwlqj wklv lqwr +;, |lhogv

�� � |� �� ' K�

Ilqdoo|/ e| lqvhuwlqj b� lqwr +:,/ zh kdyh

Yu

YK
' ��� EK�

�� #

#
n b2�

� EK� ' f

/

b2 '
�� EK�

�� EK�

�� #

#
: fc

lpso|lqj wkdw � EK� ' �1

4;



:15 Lqfrpsohwh Lqirupdwlrq Zlwkrxw Zruniduh

Lw lv fohdu iurp +8, wkdw K ' K1 Qrz/ wkh frqvwudlqhg pd{lpl}dwlrq sureohp

lv jlyhq e|

u ' 4� E�� � |� ��� n E�� 4� � EK�

nb� d# d4|� E�� 4� Ko� E�� #� Ko

nb2 d� E�� � |� ���� � EK�o c

jlylqj wkh ghulydwlyhv

Yu

YK
' E�� 4� �� EK�� b� E# E�� 4� n E�� #��� b2�

� EK� c

Yu

Y|
' �4�� E�� � |� ��� n b�#4� b2�

� E�� � |� ��� �

Vhwwlqj wkh �uvw h{suhvvlrq htxdo wr }hur dqg lvrodwlqj b� jlyhv

b� '
�� 4

�� #4
�� EK�� b2

�

�� #4
�� EK� �

Lqvhuwlqj b� lqwr wkh vhfrqg �uvw rughu frqglwlrq |lhogv

b2 '
E�� 4� ��EK�

��E��3|3���
� �3#4

#

��EK�

��E��3|3���
n �3#4

#4

�

Dvvxplqj b2 : f lpsolhv iurp frqvwudlqw +7, wkdw �� � |� �� ' K ,

b2 ' � E�� #� 4 	 f

frqwudglfwlqj wkdw b2 : f1 Wkxv/ frqvwudlqw +7, lv qrw elqglqj dqg b2 ' f1

Lqvhuwlqj wklv lqwr wkh deryh h{suhvvlrq iru b� jlyhv

b� '
�� 4

�� #4
�� EK� : fc

zklfk lqvhuwhg lqwr Yu*Y| wrjhwkhu zlwk b2 ' f |lhogv

�� EK�

�� E�� � |� ���
'

�� #4

E�� 4� #
�

4<



:16 Lqfrpsohwh Lqirupdwlrq Zlwk Zruniduh

Lw vkrxog eh fohdu wkdw wkhuh dozd|v h{lvwv d vroxwlrq wr wkh pd{lpl}dwlrq

sureohp= Wkh frqvwudlqwv +5,/ +6,/ +7,/ +8,/ wkh qrq0qhjdwlylw| uhtxluhphqwv

K � fc K � fc | � fc �e � f/ dqg wkh lqglylgxdo udwlrqdolw| frqvwudlqwv

� E�� � |� ��� � �c

� EK� ���
e� � �c

� EK� � �c

irupv d qrq0hpsw| frpsdfw vhw1 Krzhyhu/ ehfdxvh wkh frqvwudlqwv duh qrw

txdvlfrqfdyh ixqfwlrqv/ zh fdqqrw d sulrul eh vxuh wkdw d yhfwru EKc Kc |c �e�

ixo�oolqj wkh �uvw rughu frqglwlrqv lv d joredo pd{lpxp1 Wkxv/ zh kdyh wr

jr wkurxjk doo srvvleoh fdvhv ri elqglqj dqg qrq0elqglqj frqvwudlqwv1 Lw lv

lpphgldwho| fohdu wkdw wkh �uvw frqvwudlqw lv elqglqj lq d vroxwlrq1 Li wklv zdv

qrw wkh fdvh/ lw zrxog eh srvvleoh wr uhgxfh wkh wd{ udwh |/ wkhuhe| lqfuhdvlqj

xwlolw| dw qr frvwv1 Xqiruwxqdwho|/ lw lv lpsrvvleoh wr ghwhuplqh zkhwkhu wkh

rwkhu frqvwudlqwv duh elqglqj ru qrw zlwkrxw orrnlqj dw wkh zkroh sureohp1

Wkxv/ zh kdyh wr lqyhvwljdwh ; fdvhv ghshqglqj rq zkhwkhu frqvwudlqwv +6,/

+7,/ dqg2ru +8, duh elqglqj1

Wkh frqvwudlqhg pd{lpl}dwlrq sureohp lv jlyhq e|

u ' 4� E�� � |� ��� n E�� 4� � EK� ���
e�

nb� d# d4|� E�� 4� Ko� E�� #� Ko

nb2 d� EK�� �o

nb� d� E�� � |� ���� � EK� ���
e�o

nbe d� EK�� � EK� ���
e�o c

jlylqj wkh iroorzlqj ghulydwlyhv

Yu

YK
' E�� 4� �� EK� ���

e�� b�# E�� 4�

�b��
� EK� ���

e�� be�
� EK� ���

e� c +43,
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Yu

YK
' �b� E�� #� n b2�

� EK� n be�
� EK� c +44,

Yu

Y|
' �4�� E�� � |� ��� n b�#4� b��

� E�� � |� ��� c +45,

Yu

Y�e
' � E�� 4����

� EK� ���
e� n b����

� EK� ���
e�

nbe���
� EK� ���

e� � +46,

Dv dujxhg suhylrxvo| b� lv dozd|v srvlwlyh1 Wkh iroorzlqj wzr vxevhfwlrqv

vkrz wkdw wkh frpelqdwlrq b� : f dqg be : f dqg wkh frpelqdwlrq b� : f

dqg be ' f duh lpsrvvleoh1 Lw lv fohdu wkdw rqh ri wkh frqvwudlqwv kdyh wr

elqg lpso|lqj wkdw wkh vroxwlrq lv fkdudfwhul}hg e| b� ' f dqg be : f1 Wkh

wklug vxevhfwlrq dqdo|vhv wklv frpelqdwlrq1

:1614 H{foxglqj wkh frpelqdwlrq b� : f dqg be : f

Li frqvwudlqw +7, dqg +8, duh elqglqj wkhq

�� � |� �� ' K� ���
ec +47,

dqg

K ' K� ���
e� +48,

Lvrodwlqj b� iurp htxdwlrq +45, jlyhv

b� '
�� E�� � |� ���

#
n b�

�� E�� � |� ���

#4
�

Wkxv/ b� : f dv b� � f1 Lqvhuwlqj b� lqwr htxdwlrq +43, dqg xvlqj +47, dqg

+48, |lhog

be ' �b�

�

4

�� EK� ���
e�

�� EK�
c

zklfk frqwudglfwv wkdw b� : f dqg be : f dw wkh vdph wlph1
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:1615 H{foxglqj wkh frpelqdwlrq b� : f dqg be ' f

Iurp htxdwlrq +43,/ zh jhw

b� ' E�� 4�� b�

# E�� 4�

�� EK� ���
e�
�

Lqvhuwlqj wklv lqwr htxdwlrq +45, |lhogv

b� '
�� EK� ���

e�

#
�
4 ��EK3���

e�

��E��3|3���
n E�� 4�

� : f�

Lqvhuwlqj b� lq wkh deryh htxdwlrq |lhogv

b� ' E�� 4�

#
��

�

4 ��EK3���
e�

��E��3|3���
n E�� 4�

$
�

Frqvwudlqw +7, elqgv lpso|lqj wkdw �� � | � �� ' K � ���
e1 Lqvhuwlqj wklv

uhodwlrqvkls lqwr wkh deryh htxdwlrq jlyhv b� ' f frqwudglfwlqj wkdw b� : f1

:1616 Wkh Vroxwlrq

Lw lv fohdu wkdw rqh ri wkh frqvwudlqwv +7, dqg +8, kdv wr elqg1 Lw wkhq iroorzv

iurp wkh wzr suhylrxv vxevhfwlrqv wkdw wkh vroxwlrq pxvw eh fkdudfwhul}hg

e| b� ' f dqg be : f1 Zh nqrz h{dplqh wklv frpelqdwlrq1

Iurp htxdwlrq +45,/ zh jhw

b� '
�� E�� � |� ���

#
: f�

Lqvhuwlqj b� lq htxdwlrq +43, jlyhv

be ' E�� 4�

�
�� EK� ���

e�� �� E�� � |� ���

�� EK� ���
e�

�
�

Lw wkhq iroorzv wkdw be : f li

�� EK� ���
e� : �� E�� � |� ��� � +49,

Lqvhuwlqj be lqwr htxdwlrq +46, |lhogv

Yu

Y�e
'

�
��

��
��

�
�� E�� � |� ���

�� EK� ���
e�

�
E�� 4����

� EK� ���
e� �
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�e : f li Yu
Y�e

' f jlylqj

�� E�� � |� ���

�� EK� ���
e�

' ��
��
��

c

dqg �e ' f li Yu

Y�e
	 f jlylqj

�� E�� � |� ���

�� EK�
: ��

��
��

�

Lw wkhq iroorzv wkdw wkh lqhtxdolw| lq +49, lv vdwlv�hg li rqh ri wkh wzr deryh

htxdwlrqv lv vdwlv�hg lpso|lqj wkdw be : f1 Lqvhuwlqj b� dqg be lqwr htxdwlrq

+44, dqg xvlqj frqvwudlqw +8, |lhog

Yu

YK
' b2�

� EK�nE�� 4� �� EK� ���
e��

�
�� 4n

�� #

#

�
�� E�� � |� ��� ' f

/

b2 '

�
�� 4n �3#

#

�
�� E�� � |� ���� E�� 4� �� EK� ���

e�

�� EK�

, b2 : f li
�� E�� � |� ���

�� EK� ���
e�

:
�� 4

�� 4n �3#

#

c

dqg b2 ' f li
�� E�� � |� ���

�� EK� ���
e�

'
�� 4

�� 4n �3#

#

�

:1617 Surri ri Sursrvlwlrq 6

Xvlqj wkh exgjhw frqvwudlqw +5, dqg frqvwudlqw +8,/ |lhoglqj K ' K n ���
e/

lpso| wkdw=

�e : f li

s EKc �e� �
��
�
�� � �3#4

#4
K� �� � �34

4
���

e

�
�� EKn E�� � ��� �

e�
' ��

��
��

c +4:,

dqg �e ' f li

s EKc f� '
��
�
�� � �3#4

#4
K� ��

�
�� EK�

: ��
��
��

� +4;,
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b2 : f li

s EKc �e� '
��
�
�� � �3#4

#4
K� �� � �34

4
���

e

�
�� EKn E�� � ��� �

e�
:

�� 4

�� 4n �3#

#

c

dqg b2 ' f li

s EKc �e� �
��
�
�� � �3#4

#4
K� �� � �34

4
���

e

�
�� EKn E�� � ��� �

e�
'

�� 4

�� 4n �3#

#

�

Lw iroorzv iurp htxdwlrqv +4:, dqg +4;, wkdw s EKc �e� � � � ��*��1 Lw ixu0

wkhupruh iroorzv iurp wkh frqglwlrq lq wkh sursrvlwlrq wkdw

�� ��*�� :
�� 4

�� 4n �3#

#

c

lpso|lqj wkdw b2 : f , � EK� ' �1

Qrwh wkdw sK EKc �
e� : f/ *�4K<f s EKc f� ' f/ dqg s�e EKc �

e� : f1 Qrz/ li

� $ f wkhq K $ f lpso|lqj iurp htxdwlrqv +4:, dqg +4;, wkdw wkh vroxwlrq

lv fkdudfwhul}hg e| �e : f1 Li � ' 7� wkhq K ' #4 d�� � ��o ,

s E#4 d�� � ��o c f� ' �c

lq zklfk fdvh +4:, dqg +4;, lpso| wkdw �e ' f1 Frqwlqxlw| wkhq lpsolhv wkdw

wkhuh h{lvwv �� 5 Efc 7�� vxfk wkdw �e : f iru � � 7�1 THG1
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