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Abstract

In this paper, we consider a general class of vector error correction models which
allow for asymmetric and non-linear error correction. We provide asymptotic results
for (quasi-)maximum likelihood (QML) based estimators and tests. General hypothesis
testing is considered, where testing for linearity is of particular interest as parameters
of non-linear components vanish under the null. To solve the latter type of testing,
we use the so-called sup tests, which here requires development of new (uniform) weak
convergence results. These results are potentially useful in general for analysis of non-
stationary non-linear time series models. Thus the paper provides a full asymptotic
theory for estimators as well as standard and non-standard test statistics. The derived
asymptotic results prove to be new compared to results found elsewhere in the literature
due to the impact of the estimated cointegration relations. With respect to testing,
this makes implementation of testing involved, and bootstrap versions of the tests are
proposed in order to facilitate their usage. The asymptotic results regarding the QML
estimators extend results in Kristensen and Rahbek (2010, Journal of Econometrics)
where symmetric non-linear error correction considered. A simulation study shows that
the finite sample properties of the bootstrapped tests are satisfactory with good size and

power properties for reasonable sample sizes.
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1 Introduction

We develop estimators and test statistics for a class of nonlinear vector error correction
models with cointegration. Both estimators and test statistics are based on the Gaussian
(quasi-)likelihood, and we propose both Lagrange Multiplier (LM) and Likelihood Ratio
(LR) test statistics. Our framework allows for testing a wide range of relevant hypotheses.
Of particular interest is the hypothesis of nonlinearity, where in general nuisance parameters
entering the nonlinear component vanish under the null. We solve this problem by employing
sup-tests as advocated in Andrews and Ploberger (1994, 1995), Davies (1987), Hansen (1996)
and Hansen and Seo (2002). We derive the asymptotic distributions of both estimators and
test statistics under weak restrictions. As part of the theoretical analysis, new functional
central limit theorems are developed which are of independent interest in the analysis of
nonlinear, non-stationary models.

Allowing for unknown cointegration relations prove to complicate the analysis and the re-
sulting asymptotic distributions of both the quasi-maximum likelihood estimators (QMLE’s)
and test statistics considerably. In particular, we find non-standard limiting distributions of
both estimators and test statistics, when compared to the ones established in linear coin-
tegration models and for nonlinear stationary models, including cointegration models with
known long-run parameters. This is due to the fact that the limiting distributions of the es-
timators of the long-run and short-run parameters are not asymptotically independent. This
again spills over to the distribution of the test statistics which are influenced by both the
estimated long-run and short-run parameters. This happens even in the case when the null
hypothesis only involves restrictions on either of the parameters. If in addition parameters
vanish under the null, as is often the case in testing for linearity in the short-run dynam-
ics, the limiting distributions complicate further, and the proposed sup-tests are shown to
converge towards a supremum over a squared non-Gaussian process.

As such, our results show that one cannot ignore the estimation of the long-run para-
meters if these are unknown. This also explains why our findings are different from existing
results on testing in nonlinear time series models. In particular, as discussed in further detail
below, previous studies investigating sup-tests in cointegration models either assume that the
cointegrating relations are known, or that the additional estimation error due to unknown
(super consistent) relations does not affect the tests.

Hansen (1996) develops an asymptotic theory for sup-tests in a stationary setting. In
this case, the limiting distributions can be written as a supremum over squared Gaussian
processes. This theory is extended to threshold and smooth transition cointegration models
with known cointegrating relations () in Gonzalo and Pitarakis (2006) and Kilic (2009)
respectively. Since [ is assumed known, their models and results become similar to the ones
of Hansen (1996).

Our results regarding sup tests for linearity are related to the ones of Caner and Hansen
(2001) who test for linearity in univariate threshold autoregressions with unit roots. We find
in the multivariate case, as they do for the univariate case, that the limiting distribution of

the sup test statistic consists of two terms: A stationary component due to the short-run



parameters and a non-stationary component due to the presence of unknown long-run para-
meters. On the other hand, our results differ from Hansen and Seo (2002) and Nedeljkovic
(2008), where sup-tests of linearity in threshold and smooth transition cointegration models
respectively are considered, as they (implicitly) assume that estimators of  have no impact
on the asymptotic behaviour of their test statistic. That is, they conclude that limiting
distributions can be represented as supremums over squared Gaussian processes. Finally, we
note that in a different vein some studies have proposed to test for linearity by approximating
the true model using a Taylor expansion of the non-linear component (Choi and Saikkonen,
2004; Kapetanios, Shin and Snell, 2006). This removes the problem of vanishing parameters,
but on the other hand introduces asymptotic biases of estimators and test statistics under
the alternative, since a misspecified model is being employed.

A number of other studies have developed and analyzed estimators for cointegration
models with non-linear error correction. In particular, Kristensen and Rahbek (2010) derive
the properties of QMLE for class of smooth nonlinear error-correction models. However,
they restrict themselves to the case of symmetric error-correction while we also allow for
asymmetric adjustments. Thus, our findings regarding the QMLE generalize and improve
upon the results found in that study. Our results also complement the ones of Seo (2010) who
consider estimation of threshold error correction models using kernel smoothers to handle
discontinuities implied by the thresholds.

To establish our theoretical results, it proves necessary to develop a new functional cen-
tral limit theorems (FCLT’s) uniformly over the unidentified parameters. Such results are
useful in the analysis of nonlinear models with non-stationary components, and we therefore
establish uniform FCLT’s in a general framework that includes, but is not restricted to, the
particular class of non-linear error correction models of this study. These results generalize
the ones established in Caner and Hansen (2001, Section 2) and will be useful in the analysis
of other non-linear time series models; as such, they should be of independent interest.

Due to the highly non-standard limiting distribution of estimators and test statistics, we
propose to implement the estimation and testing procedures using bootstrapping based on
the ideas developed in Cavaliere, Rahbek and Taylor (2010a,b). In particular, we propose to
use the wild bootstrap, which should make the bootstrap tests robust to heteroskedasticity.
Seo (2006,2008a) and Gonzalo and Pitarakis (2006) also consider bootstrap methods for
testing in non-stationary time series models but in different settings. A simulation study
investigates the finite sample performance of the proposed bootstrap version of the sup-LR
test. We find that the proposed testing scheme has good size and power properties and so
offer a convenient tool for inference in nonlinear error correction models.

The remains of the paper is organized as follows: We present the model and propose
estimators and test statistics of the parameters in Section 2. The auxiliary functional central
limit theorems (FCLT) are derived in Section 3. These are then in turn used in Section 4
and 5 to derive the limiting distributions of estimators and test statistics respectively. A
bootstrap procedure for evaluating the distribution of the test statistic is proposed in Section
6, while Section 7 presents the results of a simulation study. Section 8 concludes. All proofs

and lemmas have been relegated to Appendices A-B and C-D respectively.



Throughout, the following notation will be used: We use L and 2 to denote convergence
in probability and distribution respectively; C (A) and D (A) denote the space of continuous
and cadlag functions with domain A; df (x; dz) denotes the differential of a mapping f (z)
in the direction dx; by vec (a,b), we mean (vec (a)",vec (b)')/. For any parameter 0, 6y will
denote its true, data-generating value; for any matrix m x n matrix A of full column rank
n < m, we define A = A(A’A)"!, and A, as a m X (m — n) matrix such that [4, 4] has
full rank m and A’A; = 0.

2 Framework

2.1 Model

Let X; € RP,t =1,...,T, be observations from the following error correction model (ECM),
AXy =g (B'Xi—1) + P1IAX 1 + .. + OpAXj + &4, (2.1)

where AX; = X; — X;_1 and the error term &; satisfies
Elet|Fi-1) =0, Q=E [ge)|Fio1] < o0, (2.2)

with 71 = F(X;—1,X;—9,...) denoting the information set based on past values of Xj.
The function g (-) describes the (potentially nonlinear) error correction towards the long-run
equilibrium. The equilibrium of the process is characterized by the cointegration relations;
namely, the r > 1 linear combinations 3’ X;, with 5 € RP*",

Without loss of generality, we specify g (-) as composed by a linear and nonlinear part:

g (B Xe-1) =af Xe1 40 (B Xe-1;€) . (2.3)

In this general class of specifications, the deviation from the basic linear ECM is given by
the rs-dimensional vector function 9 (8’ X;_1; &) multiplied by the (p X rs)-dimensional pa-
rameter §. The parameter £ in the nonlinear component may contain matrices and we let
d¢ = dim (vec (€)) denote the dimension of the vectorized version of {. The above specifica-
tion is sufficiently general to cover most known nonlinear error correction models found in
the literature. Note that we here suppress the dependence of g (-) on the parameters, «,
and €.

The form of g in eq. (2.3) embeds various smooth transition error correction models. In

general, allowing for S different regimes in ¢ (-) indexed by s = 1,..., S, we may write,

S
0 (2,8) =D 8uths (2,€) with 6 := (61,...,05), ¥ (2,€) := (1 (2,€) , ., 5 (2,€)) . (2.4)

s=1

Depending on the functional form of the 1), this formulation allow for both symmetric and
asymmetric response functions. A key example of the first type is the logistic STECM in
Kristensen and Rahbek (2010), where

Ys (2,€) i= [1+exp {(z — ws) As (szs)}}fl z, (2.5)
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with A positive definite (r x r)-dimensional matrices, while w; are r-dimensional vectors, and
rs = Sr. The parameter £ is given by £ = (w, A) with w = (w1, ...,ws) and A = (Ay, ..., Ag).
With 9 (z,£) chosen this way, observe that ¢ (z) = o(1) as ||z]] — oo and, hence for large
deviations as measured by Z; = ('X;, the linear component az of g(z;7v) in eq. (2.3)
asymptotically dominates. Also note that the nonlinearity vanishes if indeed 6 = 0, in which
case the STECM reduces to the linear ECM with ¢ (z;7) = az. To allow for asymmetric
responses, Saikkonen (2008) studies alternative general specifications of 1. An example of

Saikkonen (2008) is
Y (2,€) = [1 + exp {a’s (z — ws)}] -1 z, (2.6)

with as being an r—dimensional vector. Depending on whether (z — w;) is orthogonal to as
as ||z]] — oo, ¥s (z,€) will also asymptotically be contributing to the linear az part in the
error correction. The above class of models also contains threshold models where 1 (z, &)
contains indicator functions, see e.g. Hansen and Seo (2003) and Seo (2010). However, we
will impose smoothness restrictions on v (z, &) when analyzing our proposed estimators and
test statistics which rule out threshold models. These could potentially however be dealt with
by modifying our proposed estimators, replacing indicator functions by kernel smoothers, see
e.g. Seo (2010), but will not be considered here.

Regarding identification, then as common in the cointegration literature § is identified
up to a normalization and we therefore normalize § conveniently using a (p x (p —r)) di-

mensional matrix kg, such that
/8 - /80 = K’Ub7 (27)

and b is the ((p —r) x r) dimensional parameter to be estimated. Thus, by = 0 corresponds
to the true parameter value fBy. Using this, we can rewrite the model in eq. (2.1) as a

nonlinear regression model in terms of (Zy¢, Z14, Z24),
AX; =g (ZO,t—l + blZl,t—l) + @224 1+ &4, (2.8)
where
Zoy = BoXs €ER",  Ziy:= X{ko ERPT", Zoy:= (AX], ..., AX] ;) € RP.

As argued in Kristensen and Rahbek (2010), the estimator of the error covariance matrix,
Q, will be asymptotically independent of the estimators of the other parameters (appearing in
the conditional mean specification). We therefore collect all the conditional mean parameters
in ¥ and leave out €2 which is treated separately. Finally, note that under the null of linearity
(6 = 0) the parameter £ vanishes. To emphasize the role played by the vanishing parameter
&, we introduce 6 which contains all parameter in ¥ except for &. Furthermore, we differentiate
between short-run and long-run parameters and collect the former in 7. Thus the parameters

of interest are given by:
U= (075) = (bvn7£)7 n:= (a75a (I)) = (av(sv(I)lvq)Q’--'?(I)k)' (29)

We let © and = denote the parameter spaces of § = (3,1) and & respectively.



2.2 Estimation

Our proposed estimators are based on the Gaussian log-likelihood. In order to write the

log-likelihood function, define the residuals,
1 (0,€) = AXy — a(Zog—1 + V' Z14—1) — U (Zojg—1 + V' Z14-1;€) — ®Zay1. (2.10)

Then, given T observations, X1, Xo, ..., X7, and with the initial values Xg, AXg,...,AX g

fixed, the log-likelihood function based on Gaussian errors takes the form,

T
Lr(0,6,9) =~ log |0 — 3 (0,6) 0 (0,6 (2.11)
t=1

We define the corresponding profiled log-likelihood L%, (0,&) = Lt (6,&,9Q* (6,€)) where

1 T

(0,6) =75 ) et (0,€) e (0.8,

t=1

and 9 is found as,

9= (0,€) = arg max_Li (0,6).

As we do not impose any distributional assumptions on the errors, 9 = (é, é ) and 0= Q*(é, é )

are referred to as quasi-maximum likelihood estimators (QMLE’s).

2.3 Hypothesis Testing

We are interested in developing inference regarding both short-run (n and &) and long-run
parameters (3, or b) in the non-linear error correction model. We consider in turn hypotheses

involving short- and long-run parameters.

2.3.1 Testing Short-Run Parameters

First, consider the following general hypothesis involving the short-run parameters n and &

(cf. eq. (2.9)),
Hy : R'vec(n,€) =0, (2.12)

where R is a known (m x d)-matrix with d = p (r + ds + pk) + d¢ and m < d, and we have
used the notation vec (n,£) = [vec(n)’,vec (f)/]/ mentioned in the introduction. Some key

examples that are included in the above general formulation include:

Example 1 (Linear error correction) To see if the non-linear components are relevant
in explaining the error-correction mechanism, it is of interest to test for their signif-
icance. One can do so by testing that there are no nonlinearities in all variables,
R'vec (n, &) = vec(d) = 0. Alternatively, we may wish to test for presence of non-linear
error-correction in individual variables. For example, R'vec(n,&) = Rjvec(d) = 0 for

some matrix Rg.



Example 2 (Symmetric response) Suppose that our nonlinear component in eq. (2.3)

takes the form

2
0 (2,€) =Y 615 (2,€)
s=1

where
Y (2,€) == [1 + exp {(z —w,) As (2 — ws)}]_l z, s=1,2,

such that we have 2 non-linear components in addition to the linear. It is then of

interest to test for symmetric responses. That is, R'vec (n,&) = vec (d; — d2) = 0.

Example 3 (Weak exogeneity) Corresponding to notion of weak exogeneity in linear er-
ror correction models with respect to 5, we may wish to test for no error correction
(neither linear, nor non-linear) in some variables. That is R'vec(n,£) = R, 5[, 0] =0

for some matrix R, 5.

Example 4 (# lags) To choose the number of lags included in the model, the following
hypothesis is of interest, R'vec (n, ) = vec(®;) = 0, for some j € {1, ..., k}.

Under Hy, some (if not all) parameters in £ may vanish. One has to check this on a case-
by-case basis. One particular case is given in Example 1 where the parameter ¢ vanishes
under the null of linearity. If this is the case, we face a non-standard testing problem, which
is here solved by employing so-called sup-tests. Thus, we treat the two cases (£ is identified
or unidentified under the null) separately:

First, suppose £ is identified under Hy. In order to test the null, we first obtain the
restricted estimator of all parameters, ¥ = (0, €), under Hy which we denote 9 = (0, £):

(0.§) =arg  max L7 (6,€).
R'vec(n,£)=0
We then propose to test the null by either LR or LM test statistics. The LR statistic compares

the log-likelihoods evaluated under the alternative and under the null and is given by
LRy =2 [L7(8,€) - L3(8.8)] . (2.13)

The LM statistic on the other hand, uses the score under the alternative evaluated at the

parameter estimates obtained under the null,
LMy = Sp(6,€)H;(0,)Sr(0, ), (2.14)

where S7(6,£) and Hyp(6, &) are the score and Hessian matrices respectively. Here Sp(0,¢)
and Hp (0, &) are identified in terms of differentials as introduced in Section 2.4.

Next, in the case where £ is unidentified under the null of Hy, first note that the parameter
restrictions in this case cannot involve ¢ since we are unable to test for such. So after removing
potentially redundant restrictions involving &, the general null in eq. (2.12) can be rewritten
as

Hy : Rjvec(n) =0,



for some matrix R,. The estimator of # = (b,n) under the null is given by

0 =arg max L% (bn,£).
0cO
R vec(n)=0

On the other hand, under the alternative, we compute a profile estimator of 8 for any given

value of &,
6(¢) = argmax L7 (6,€) -

The sup-LR test is then obtained by taking supremum of the standard LR test over &,

sup LRy :=sup LRy (§), (2.15)
£e=
where
LRy (§) =2 |L7(0(€),€) — L3(6,6)| - (2.16)

The sup-LM test is obtained in a similar manner,

sup LMy = 21611:) LMy (§), (2.17)
where
LMz (§) =S1(0(£) &) H7'(0(€),€)ST(9 (€) , ). (2.18)

2.3.2 Testing Long-Run Parameters

Recall that § is identified by eq. (2.7), so consider the following hypothesis involving the
long-run parameter b,
Hoy : Ryvec (V') =0, (2.19)

where Ry is a known (m x d)-matrix with d = (p —r)r and m < d. A key example is the

following:

Example 5 (Cointegrating vectors) Economic theory often imposes, or implies, testable
restrictions on the cointegrating relations, for example that they are known. One
specific example (with p = 2 and r = 1) is 8 = (1, —1)" corresponding to the spread
between the two variables being stable. In terms of b € R, this can be expressed as

yec (V') =b=0.

The test statistics are computed in the same way as in the previous subsection with
identified £&. We first compute the restricted estimators which for ease of notation we still
call 0 and &:

Hoy: (0,€) = arg max LT (6,¢).
Rl vec(b')=0

The corresponding LR- and LM-test are then given as:
LRb,T =2 L%(H:E) - L?(év é) ’

LMb,T = ST(év g)/HEl (éa E)ST(éJ g) .



2.4 Score and Hessian

As is standard, the analysis of likelihood-based estimators and test statistics will focus on
the score and Hessian of the log-likelihood. For ease of notation, we here choose to define
them in terms of first and second order differentials of the log-likelihood since parameters
enter in the form of matrices; see Magnus and Neudecker (1988) for an introduction to the
concept of differentials and their use in econometrics. We apply standard notation and let
dL% (6,¢;d0,d) denote the first-order differential of LY. (0,¢) w.r.t. (6,€) in the direction
of df and d¢ respectively. The vector score St (6,£) = OL% (6,&) /Ovec(0,§) can then be
identified from the differential through the following identity:

dL% (0, €;d0,dE) = St (0, €) vec (dO, dE) .

Similarly, with dQL} (0,¢;d0,d¢;do*, dE*) denoting the second order differential, the Hessian
Hr(6,&) = 0L (0,€) / (Qvec(D, &)dvec(0,£)’) is given through the following identity:

dQL}‘ﬂ (0,&:d0, d¢;do*, dE*) = vec (dO*, d¢*) Hp (0, & )vec (dO, dE) .

To derive expressions of the first and second order differentials of the log-likelihood, some
further notation is needed: First, we introduce the differentials of ¢ (z,£) € R" with respect

to z € R” and vec (€) € R% in terms of its partial derivatives,

dy (2,&dz) = 04 (2,§) dz, 0.9 (2,€) = (04i/0z), ; € R, (2.20)
dip (2,&;d) = Ot (2,§) vee (dE), Dt (2,6) € ™.
Furthermore, define the processes u; (£) € RPTH764Pk) 4y (€) € R™ and wy (€) € R” by

, v (&) == [600et (Zo -1 €)] et (60, &), and
(2.21)

g (€) = (U (€)  ugt (€)' use (€))

wy (&) = [ + 6002 (Zo4-1; )] QU ter (00, €),
with

Uat (§) = vec (Qalet (00, €) Z(’),t_l) , Ugy (&) := vec (Qalst (60,&) Z§7t_1) (2.22)
us (€) = vee (U et (60,€) ¥ (Zop-1;€)') -

These processes prove helpful in the analysis of the score and Hessian of log-likelihood. For
example, the first-order differential of L. (6, ) evaluated at 6y can be expressed in terms of

these (see Appendix C for details),

T

T
(vec (d€)' > v (&) + > Z1, 1 (db)w (€).
t=1

t=1

dL% (0o,&;d0, d€) = (vec (dn))’

||Mﬂ

Likewise, the second order differential dZL} (00, &;dO,dE; dO*, dE*) , or equivalently the Hessian
Hr, can be expressed in terms of similar processes based on Zy;, Z1¢, Zo¢ and &; in addition

to first and second order derivatives of ; we refer to Appendix C for an explicit expression.



We then wish to analyze the asymptotic properties of the first- and second order differ-
entials; in particular, in the case of £ vanishing, weak convergence results for averages based
on u (§), v () and wy (€) need to hold uniformly in £. To this end, it proves necessary to
develop some new functional central limit theorems. The next section is dedicated to this
task.

3 FCLT Results for Nonlinear Processes

In order to obtain the asymptotic distributions of the proposed estimators and test statistics
when parameters vanish under the null, we first establish novel functional central limits for
double indexed random sequences. The results extend Caner and Hansen (2001) to the case of
multivariate processes and parameters, and are of general interest for the statistical analysis
of non-linear time series models involving non-stationary components. We therefore develop
these in a more general setting, not restricted to the class of non-linear error correction
models introduced in the previous section.

Consider a sequence of stochastic processes on the form (zr (s),¢r (s,7)), where m € I1
for some compact set IT C R% and s € [0,1]. The sequence of stochastic processes, 7 (s) €
R% | is given by

xrT (8) = :I:[Ts]a

for some appropriately normalized random sequence x; which is assumed to converge weakly,

see Assumption 3.3 below. The double-indexed sequence ¢ (s, 7) is given as

1 [T's]

ér(s,m) = T ;f(yt_wr) et (3.1)

where f : R% X IT — R%*de and (es, ) is a sequence of random variables with e; € R%. We
let Fy = F (ey, x4, Yty €4—1, T4—1, Y¢—1...) denote the filtration with respect to current and past
values of (e, zy,y;). We then wish to establish weak convergence results for transformations
of this double-indexed process on the space of cadlag functions D ([0, 1] x II).

We impose the following conditions:
Assumption 3.1 The sequence (e, y:) with filtration F; satisfies:

(1) (et,yt) is strictly stationary and geometrically ergodic.

(ii) et is a martingale difference w.r.t. Fi—1 such that E [e;]Fi—1] = 0 and E [ere}|Fr—1] = Qe.
Assumption 3.2 The sequences f (yi—1;7) and e; satisfy for some m,n, A > 0:

(i) E[supren |f (i1, m)[[] < 00 and E[[le:[|"] < oo.

(i) E||f (g1, 7) — f (1, 7)||" < C || — ||, for all 7,7 € I1.

10



Assumption 3.3 The process xr (s) = xpg on D ([0,1]) satisfies:

(i) AsT — oo, z7(s) Doy (s), where z () € C[0,1].
(ii) sup; E[||z¢||"'] < oo for some m > 0.

Remark 1: In Assumptions 3.1 (ii) one may instead assume that E [e;e}|Fi—1] = Qe+, with

Q.+ stationary and E [||€2¢]|] < oo, thereby allowing for conditional heteroskedasticity.

Remark 2: A general sufficient condition for Assumption 3.2 (ii) to hold with A = 1 is that

f (+;-) is continuously differentiable in 7 with
E (sup ||df (Z/t—l,ﬁ;dﬂ)Hn> < o0.
,dm

Theorem 3.4 (FCLT) Under Assumptions 3.1 and 3.2 withn = 2 and m > max (4, 2d./\),
o7 (s,m) defined in (3.1) satisfies,

or () 2 (), (3.2)

where ¢ (s,m) is multi-parameter Gaussian process on C([0,1] x II) C D ([0,1] x II) with

covariance kernel,

by (81,7T1,82,7T2> = (81 AN SQ)E [f (yt—IQWI)Qef (yt_1;7r2)'] > 0.

Remark 3: The condition that m > max(4,2d,/\) may lead to high moment require-
ments on y;. This "curse of dimensionality" stems from the way we establish stochas-
tic equicontinuity, see proof of Theorem 3.4. It may suggest that when considering
nonlinear alternatives, one should aim for formulations of f (-) which depend on low-
dimensional w. This of course is also well-known from estimation of nonlinear models
in general. However, we conjecture that the high moment condition, while sufficient,
is not necessary. Caner and Hansen (2001) avoid this type of moment conditions as
they focus on the case of a univariate nuisance and so their 7 is of dimension one by

definition.

In the next section, we apply Theorem 3.4 on our model in eq. (2.1) where (in the
case of no lagged differences, or k = 0), # = &, y¢ = ' Xy, [ (yr—1;7) = ¥ (8 X—1;€), and
ry = K 1/{6Xt for some appropriately chosen weighting matrix Kp. In particular for the
STECM examples in eq. (2.5) and (2.6), Assumption 3.2 (i) and (ii) hold if E[||8'X¢||""] < oo
and F[||8'X¢]|"] < oo with A = 1. Assumption 3.3 holds for the class of nonlinear error
correction models introduced in Section 2 under suitable regularity conditions as shown in
Kristensen and Rahbek (2010) and Saikkonen (2005).

In addition to the weak convergence in Theorem 3.4, we also need a convergence result

for stochastic integrals in terms of the limiting Gaussian process:
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Theorem 3.5 (Convergence to Stochastic Integral) Under Assumptions 3.1-3.3, with
n =4, m > max (6,2d,/)\), and with (x7 (-), o7 (-, 7)) A (x (), ¢ (-,m)) for any 7, then

1 T
ﬁz o W1, et—>/ d¢377)
on C (II).

Note that the equivalent Theorem 2 in Caner and Hansen (2001) does not include the
condition of joint pointwise convergence of (z7 (+), ¢ (-, 7)). However, we establish the above
result by verifying the conditions of Theorem 2.2 of Kurtz and Protter (1991), or equivalently
Theorem 2.1 of Hansen (1992), which require joint convergence of the two processes. The
additional requirement is of little concern in our applications though as we have xz; and y;
defined in terms of the same underlying e;, and the past of this, and so the joint convergence
condition will automatically be satisfied.

Finally, we need convergence of product moment matrices:
Theorem 3.6 Under Assumptions 3.1-8.8, with m,n > 1,
(1)
Zwt f (s —>/ ) dsE [f (ye-1;7)]-

(ii)
1 r D 1
T 233271(}0 (Y13 7) Tp—1 = z(s) E[f (yr—1;m)] 2 (s) ds.
= 0

With s fixed, the convergence in eq. (3.2) to a Gaussian process, holds under much less

strict conditions. Likewise if 7 is fixed when the result reduces to an ordinary FCLT result:

Corollary 3.7 (FCLT) Under Assumption 3.1 and 3.2 with m > 1, n > 2, then, if either
s or w are fired,

¢T(s,-)2>¢(s,~), or ¢r(,m) = (-7,

th f ﬁ/ s) do (s,7).
Tziﬁt 1f (e —>/ ) dsE [f (ye-157)] .

1 T D 1 ,
P eima 2 [ () B e (s)ds
t=1 0

on C (II) C D (II) and C[0,1] C DI0, 1], respectively.
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4 Asymptotics of Estimators and Test Statistics

Given the results of the previous section we are now in position to derive the asymptotic
distribution of the QMLE of ¥, both under the null hypothesis of interest and the alternative.
The results are used when studying the asymptotics of both the likelihood ratio test statistic
and Lagrange multiplier test for general null hypotheses, including the hypothesis of linearity,
09 = 0. Furthermore, the results generalize the distributional results of Kristensen and
Rahbek (2010) to include the case of asymmetric adjustments in nonlinear error correction

models.

4.1 Asymptotics of the QMLE

We start by a list of assumptions on the processes in the score and Hessian:

Assumption 4.1 The function v (z,£) is four times differentiable in z and £. The function
itself and its derivatives are polynomially bounded in z of order p > 1 uniformly over &,
e (2,9l < C (1 + ") for some C > 0.

Assumption 4.2 The processes (Z(’)t,Zét)/ are stationary and geometrically ergodic with
E|Zo4-1]|*] < 00 and E (|| Z24-1||?] < oo for some qo,q2 > 1.

Assumption 4.3 With kg the (p X (p —r)) dimensional normalization matriz in (2.7), the

(p —r) dimensional non-stationary process kyX; satisfies
_ _ D
KTIHBX[TS] = KTIZL[TS} = F(s),

on s € [0,1], where the process F (s) is a.s. continuous and Kr is a (p—1) X (p—71))

dimensional diagonal matriz for which Kfl —0asT — 0.

Assumption 4.4 The parameter space = for & is compact.

Assumption 4.1 rules out threshold models, but these can be approximated up to any
degree of precision by a smooth transition model, see also Seo (2010). Otherwise, all proposed
specifications of nonlinear error correction satisfy this assumption.

Sufficient conditions for Assumptions 4.2-4.3 for particular specifications of 1 can be
found in Bec and Rahbek (2004), Kristensen and Rahbek (2010) and Saikkonen (2005, 2008)
amongst others. In particular, they give conditions for the already mentioned STECM, see
egs. (2.5) and (2.6). Note in this respect that Assumptions 4.2 can be replaced by the

assumption that,

(Z(/)t7 ceey Z(/)t—k;a ZétﬁOL) = (Xéﬂ()a ceey X]é—kﬁ[)a AXI{BOL? ceeyy AX{—kﬁUL)

is a geometrically ergodic Markov chain with drift function V (y) = 1 + [jy[|*%, ¢ > 2.
This way, one is not required to have the initial values of the observations drawn from the
invariant distribution, as for example the law of large numbers, and hence the central limit

theorem, hold irrespectively of the choice of initial values, see Jensen and Rahbek (2007).

13



In Assumption 4.3, kg can be used to decompose X; into trends of different orders. In
particular, as demonstrated in Kristensen and Rahbek (2010), when ¢ is symmetric the
nonlinear error-correction process with X; € RP has p — r — 1 common stochastic trends,
while there is at most one linear trend. Thus, within their class of models, Assumption
3.3 holds with F'(s) being a (p — r — 1)-dimensional Brownian motion, and a linear trend
component. In the general case where symmetry is not imposed, there are at most p — r
stochastic trends but the exact number depends on the specific form of ; see Saikkonen
(2008, p. 308).

As a first step towards establishing the properties of the QMLE’s under the null and
alternative, we analyze the behaviour of (u; (§),v: (§),w (§)) and X; where u; (€), v, (§) and
wy (§), as defined in (2.21)-(2.22), are the sequences that make up the score and Hessian of
the log-likelihood. By applying the general results of Theorem 3.4, we obtain the following
uniform FCLT over (s,§) € [0,1] x E:

Lemma 4.5 Under Assumptions 4.1-4.4 with g2 = max (4,2d¢) and qo > g2 max (1, p) given

in Assumption 4.2, it holds, as T — oo,

[T's [Ts] [Ts]

1 ] , 1 , 1 ) / ,
ﬁ 2 Ut (f) ; ﬁ £ (% (5) ) ﬁ tz_; Wt (f) s (KTﬂUX[Ts]) (4.1)

D (Bl (5,€), B, (5,€) , Bl (5,) , F' (s))

on the function space [0,1] x . Here F' is defined in Assumption 4.3, while By, B, and By,

are Gaussian processes with covariance kernel, (s1 A s2) 3 (&1,&2) where

¥ (£1,&2) == Cov ve (&) || ve(§2)

we (§1) we (§2)

Ew,(u,v) (glv 62) Zwﬂﬂ (515 62)
(4.2)

Ut (51) ut (52) — ( E(u,v),(u,v) (51752) E(u7’l}),w (51’52) ) .

The above result will be used to establish (uniform) weak convergence of the score and
Hessian of the log-likelihood. The above result is stated uniformly over &, which is needed for
the asymptotics of the sup statistics when £ vanishes under the null. In all other situations,
we only need the above convergence to hold pointwise at & = &;. In particular, in the
maintained model and under nulls where £ does not vanish, we can fix £ at & and then
apply Corollary 3.7 instead of Theorem 3.4. This in turn allows us to weaken the moment
conditions in Lemma 4.5 to go > 2max {p, 1} and g2 > 2 when establishing weak convergence
of the QMLE and test statistics.

In order to state the asymptotic distribution of the QMLE, define the matrix of conver-

gence rates,

Vp/? = diag (VP Vel ) o where VP = diag ( 1,0 K7 iy ) and VifF = I,
(4.3)
Here, Vp 7 and V¢ 7 contain the rates for the QMLE of 6 and ¢ respectively. Again, we single

out £ to be able to handle the case of this parameter vanishing.
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We now state two separate results for the QMLE: First, we consider the situation where
dg # 0, and then when §y = 0.

Theorem 4.6 Suppose that Assumptions 4.1-4.4 hold with gy > 2max {1, p} and go > 2
and dy # 0, and that X (&o,&0) > 0 as given in eq. (4.2). Then the following holds: With
probability tending to one, there exists a unique minimum point 9 = (é,é) = (3’,77,5) of
L%.(9) in the neighbourhood {V : ||n —nol|| < €, ||€ — &l < € and ||Krb|| < €} for some
€ > 0. Moreover, with Vi defined in eq. (4.3),

Tl/ZV%/zvec (19 — 190> Z HLS, (4.4)

for a random matriz H and vector S, given by

= < Jo F(8)F(5) ds @ Suw (€0,€0)  Jy F () ds ® Doy () (€0, &0) ) (4.5)
- 1 ! > .
f() F (S) ds ® E(u,v),w (507 50) Z:(u,v),(u,v) (£0a 50)
and .
1 /
S= (’UGC (/0 F (S) dB'il) (5760)> ) B;L (1750) ) Bll) (1760)> . (46)

Finally, note that 0L Q.

The above result, where §y # 0, is an extension of results in Kristensen and Rahbek
(2010) as we allow for asymmetry in the error correction as given by the v (-) function.
Rather than establishing the conditions of Kristensen and Rahbek (2010, Lemmas 11 and
12), we use the more general formulation of Lemmas D.1 and D.2 in Appendix D which allow
us also to consider convergence uniformly in £&. The asymptotic distribution is akin to ones
derived in de Jong (2001, 2002) and Kristensen and Rahbek (2010) in the sense that the
short- and long-run parameter estimators are not asymptotically independent (as is the case
in linear error-correction models). The results in Theorem 4.6 complement the ones of Seo
(2010) who derive the asymptotics of estimators based on smoothed likelihood-functions in
discontinuous threshold error correction models.

The assumption that ¥ (£p,&9) > 0 is an identification condition that ensures that the
limiting distributions of the QMLE is non-degenerate. It proves difficult to give primitive
conditions for this to hold. This is a general problem in nonlinear models, where identification
has to be verified on a case by case basis, see e.g. Kristensen and Rahbek (2009) and Meitz
and Saikkonen (2009).

Next, we examine the behaviour of the QMLE under the null where dg = 0 such that & is
not identified, or "vanishes". Thus, we state a result that holds uniformly over & which we

need for the asymptotic analysis of the sup LR-test.
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Theorem 4.7 Suppose that Assumptions 4.1-4.4 hold with go = max (4,2d¢) and qo >
g2max (1,p) and 6o = 0, and that ¥ (£1,&1) > 0 for all &1,& € E, where X (£1,&1) is given
in eq. (4.2). Then the following hold uniformly over &: With probability tending to one,

there exists a unique minimum point 0 (£) = (b(€)',7(€)) of L4(6,€) in the neighbourhood
{0 :|In —nol| < € and ||Krb|| < €} for some e > 0. Moreover, with Vo1 defined in eq. (4.3),

V2V, Puee ((6) — 00) 2 H (€S0 (€), (47)

for a random matriz Hgg (§) and vector S¢ (§), given by

Hoo (£) = ( (4.8)

Sy (€) = ( (/ P (s)dB, ©)

We note that under the null, the DGP is a standard linear error correction model such
that, under the usual I(1) conditions of Johansen (1996), Assumptions 4.2 and 4.3 hold with
F (s) being a Brownian motion with covariance matrix Xp p = B[,]’J_COQUC,BO,JJ where Cy :=

-1
Bo, 1 (afm_ (I - Zle <I>0,i> ,6’07L) ag 1, while By, (s,§) = (Ba (s)', By (s)', Bs (s; E)/)I. Also,
again due to the model collapsing to a standard I(1) model, the expressions of the vari-

[ F () F(s) ds @ Suw [y F(5)ds @ Sy (£,€) )
f()l F (3), dS ® Zu,’w (5? g) Z:u,u (57 f) ,

and
i

, Bu (Lﬁ)') : (4.9)

ables and parameters entering Sy (£) and Hpy (§) above simplify: The process By, (s, ) be-
comes By (s,€) = (Ba(s)', By (s)', Bs (s;{)/)/ and By, (s,€) = By (s) where B, (s), By (s)
and Bs (s;§) are the Brownian motions corresponding to the variables way, ug: and usy
in eq. (2.21). Here, only Bs(s;€) depends on & since uq; = vec (QalstZ(’J,tfl), Uyt =
vec (QalstZéi_l) and w; = apQy’e; under the null. Thus, F (s) is independent of the
processes (B, (s), By (s)) and By, (s), but is still dependent of Bs (s, ) and hence of By, (s, ).

Finally, the remaining covariances are: ¥, = o€ Lo and
Ywus = E [(aoQo_lst) (vec (lestZ(’u_l))/} = E[Zo4—1® 1195 ap = 0,

Ew,u¢ =F [(Oonalgt) vec (Qalstzé,t—l)] =F [ZQ’t_l &® I] QEIO‘O =0.

4.2 Asymptotics of test statistics

In this section we derive the asymptotic distributions of the tests proposed in Section 2.3.
We treat separately the case where £ is identified and vanishes under the null. We discuss
specific examples below.

First, consider the case where £ is unidentified in which case we employ the sup-Lagrange
Multiplier (LM) test and sup-Likelihood Ratio (LR) tests introduced in egs. (2.15)-(2.16) and
(2.17)-(2.18). As noted in Section 2, the null in this case can be written as Hy : Rjvec (n) = 0.

We then show in the appendix that the restricted estimator satisfies

VTV, fPvec(f — o) 2 MyH,)'S, (4.10)
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where

Se = = M]Sp (€)

HGO L= MéHGO (5) M77|R;] (4'11)

vee(n)=0" R} vec(n)=0"
with M, = diag (I(p_r),,, (Ry) | ), while Sg (€) and Hygg (§) are defined in Theorem 4.7. Note
here, that Hgy and Sy are independent of ¢ as the restriction Rjvec(mo) = 0 through M,
removes the components of Sy (§) and Hpy (£) that depend on &.

The asymptotic distribution of the restricted estimators when ¢ is identified is shown to

be

VTV, Pvec(d — 09) > MHS, (4.12)
where
. ! S . /
H:=MHM|p 0000 S0=MS pemeo: (4.13)

and M = diag (I(p_,,)T, RL), while S and H defined in Theorem 4.6. The following result is
then shown in the Appendix:

Theorem 4.8 Suppose Assumptions 4.1-4.4 and Hy : R'vec(n, &) = 0 hold.
1. If & is identified under the null, then with gy > 2max {1, p} and g3 > 2,
LMy 2V'V, LRy 2 v'v,

where

—-1/2

V= (MH'M)" " MH'S,

with S and H given in Theorem 4.6.

2. If € is not identified under the null, then with qa = max (4,2d¢) and qo > g2 max (1, p),

sup LMy (€) 2 sup Vg (€)' Vg (€),  sup LRy (&) 2 supVy (€)' Vp (€)
Ee= fe= £e= I3==

where

V(&) i= (M'Hy (M) ™/ MHH€)Sa(©).

with Sp(§) and Hgg(§) given in Theorem 4.7.

Now consider the special case when E [¢) (Zp;—1;&)] = 0 which, for example, is satisfied
if ¥ (Zo4—1;€) is symmetric around zero. In this case, ¥y, (§,€) = 0, such that

[folF(s)F(s)'ds ® S| 0

0 Yo (6,6

In this case, § — V (&) is a Gaussian process and the limiting distributions of supgcz LMr7 (§)

H;; (5) =

and supgcz LR7 (§) are as in the stationary case reported in Hansen (1996). In particular,
the asymptotic distributions correspond to eq. (C}) in Hansen and Seo (2001, p. 317)
who assume E [¢ (Zp+;€)] = 0, and hence avoid the contribution from the non-stationary
component. Observe however that E [1) (Zp4;€)] = 0 does not necessarily hold, even when
the DGP is indeed a linear process. Thus, E [t (Zo+;€)] # 0 in general, and so the limiting

distribution reported here is different from the one of Hansen and Seo (2001).
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The general result with E [¢) (Zo+;€)] # 0 is similar to the results for the sup-Wald test for
linearity in threshold unit root models derived in Caner and Hansen (2001) (see also Pitarakis,
2008, Proposition 2). There, the limiting distribution also has two components: One is
due to the stationary components of the process (in our case (Zo i1, Z2t—1,% (Zot—1;§))
with corresponding score vector (S, (§),S3(£),Ss(£))) and one due to the non-stationary
component (in our case Zi;—1 with corresponding score vector Sy(§)) The presence of the
non-stationary component is due to the fact that b is unknown, and so has to be estimated.

Thus, our result demonstrates that in general one cannot ignore the fact that b is esti-
mated as opposed to known. This is in contrast to, for example, Kilic (2009) who assumes
that b is known, and thereby avoid the non-stationary component in the limiting distribution
of his sup-Wald test for linearity in error-correction models. Similarly, Nedeljkovic (2008)
derives the limiting distribution for a sup-LM test for linearity under the implicit assumption
that the estimation error arising from b can be ignored. In both papers, the limiting distri-
bution becomes a supremum over a squared Gaussian process as when F [¢ (Zy;&)] = 0.

The problem of vanishing parameters under the null also appears when the non-linear
component takes the form 0 (z,£) = 255:1 dss (z,&5) and one wishes to test the hypothesis
Hy : 65, = 0 for some sg € {1,...,S}. Here, the parameter £y, vanishes under the null. One
can easily apply the same arguments as used above to derive the asymptotics of sup-test

statistics corresponding to this hypothesis where the supremum is now taken over &, .

Example 2 (continued) Under the null hypothesis of Hy : 6 = §p = 0, our model collapses
to a standard linear cointegrating error-correction model with implications discussed
after Theorem 4.7. In particular, the restricted estimator, § = (¥/,a, ®,4), where
6 = 0, is the standard Johansen Gaussian MLE. From Theorem 4.7 with dy = 0 (or
alternatively, Johansen, 1996), we obtain that

VIV, vec( — 0p) 2 R1HG)'S,, (4.14)
where )
~ F(s)F(s)ds® uw
Hpp = 0 F(8) F(s)ds ® B, 0 , (4.15)
0 Yoo
and

!/

7Ba,¢<1>’) . (4.16)

S(6) = ( (/ 'F(s)dB, ©)

where By 4 (s) = (Ba ()", By (s)/)/ contain the components of B, (s) corresponding
to uq, and ugy defined in eq. (2.22). The covariance structure of F'(s), By ¢ (s) and

By, (s) is as discussed after Theorem 4.7.

Next, we derive tests for the hypothesis Hyj involving the cointegration relations, Hoy :
wec (') = 0 or, equivalently, Ho, : vec (V') = (Rp) | 7 for some free parameter 7. The proof
strategy is identical to the one employed in Theorem 4.8 and so we state the result without

proof:
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Theorem 4.9 Suppose Assumptions 4.1-4.4 with qo > 2max {1, p} and g2 > 2, and Hyy :
yvec (b') = 0 hold. Then the LR and LM test of this hypothesis satisfies

LMyr 2 ViV,, LR,z 2 V,V,,

where

—-1/2

Vy i= (MH M) ™" M{H™'S,

with S and H given in Theorem 4.6 and M, = diag (I(p,T),,, (Rb)L)

Note that the we here avoid any of the complications normally found in the literature on
tests involving cointegration relations such as Johansen (1992, Theorem C.1) and Rahbek,
Kongsted and Jgrgensen (1999, Appendix B). In these and other studies, one formulates
the hypotheses in terms of §; this has as consequence that one has to rotate the coordinate
system of the free parameter 7 in such a way that (Rb)/L Z14 has a well-behaved asymptotic
distribution. In contrast, since we write the hypothesis Hyj in terms of the normalized

parameter b, we avoid this problem here.

5 Bootstrap Procedure

In order to draw inference for the parameters, we need to be able to evaluate the limiting
distributions in Theorems 4.6-4.9. These are highly non-standard and so we here propose to
use bootstrapping in their implementation.

We here consider a bootstrap procedure similar to the one analyzed in Cavaliere, Rahbek
and Taylor (2010a,b). First, consider bootstrapping the distributions of the sup-LR and
sup-LM tests. We bootstrap under the null of §o = 0 in which case the model is a standard

linear error-correction model. With 6 denoting the restricted estimator, we first compute
AXF =af'X;  +® (AXY ,  AX) +ef, t=1,..,T, (5.1)

where, as in Cavaliere et al (2010a,b), the resampled errors €} are generated using the so-
called Wild bootstrap. That is, €f := éw;, where wy is i.i.d. N (0,1) and &, t =1,...,T, are

the residuals obtained under the alternative,
&= AX; — af' Xy — 1) (B’Xt_l;é) b (AX] . AX]L), t=1,...T. (5.2)

If § = 0, we fix é at an arbitrary fixed value, say &, chosen by the econometrician. Instead
of using the residuals obtained under the alternative, one could use the ones obtained under
the null. However, these would not be consistent under the alternative, in which case the
bootstrap procedure would therefore not yield a consistent estimate of the distribution of
interest.

Given the bootstrap sample X, ¢ =1, ..., T, we then compute the sup-LR and the sup-LM
test statistics with the bootstrap sample replacing the original one; let supgcz LMy (&) and
Supgez LRT (&) denote the resulting statistics. Computing, say, N, bootstrap samples, we
obtain N realizations of the test statistics, and we use their empirical distributions to compute

critical values.
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In order to show that the above procedure is consistent under the null, we need to
establish that Lemma 4.5 holds for the bootstrap sample. As a first step towards showing
this, we note that Cavaliere et al (2010a, Lemma A.4) can be employed to show that X} has

the representation,

t
X;=C) e ;+VTR;, (5.3)
=0

where C' = 3, (di (I o <i>z> BJ_>_1 &\, sup;<i<r Ry = op~ (1) and P* denotes the
bootstrap probability measure conditional on data {X;}. Moreover, ZE:O €;_; satisfies an
FCLT under P*, cf. Cavaliere et al (2010a, Lemma A.5). What remains to be shown is
that the remaining terms in Lemma 4.5 also satisfies a FCLT under P*, which in turn then
could be utilized to verify that Lemmas C.1-C.3 remain valid weakly in probability for the
bootstrap sample. We leave the theoretical proof of this last part for future research, and

instead verify the validity of the bootstrap procedure through simulations.

6 A Simulation Study

We here investigate some finite-sample properties of the proposed LR-based tests in a specific

example of the smooth transition error correction model (STECM) as given by,
AXy =g (BXi—1) + PAX;1 +er, g(8'Xi1) = af' Xem1 + 00 (B Xe—15€) (6.1)

We consider the bivariate case, p = 2, with » = 1 cointegrating relations, and with S = 1

symmetric nonlinear component on the form given in eq. (2.5),

¥ (z,8) = [l—l—exp{(z—w)'A(z—w)}]_l z, £€=(Aw).

We are interested in the following two hypotheses: The first hypothesis of interest is the one
of linearity in both components, Hg) : 0 = (61,02)" = (0,0)"; in this case, ¢ vanishes under
the null, and we have to employ the sup-LR test. The second hypothesis examines whether
the spread is stable, Hg) :B=(1,b) = (1,—1)", such that in this case the parameter ¢ does
not vanish under the null.

We wish to analyze the performance of the bootstrapped tests under the null (empirical
size) as well as under the alternative (empirical power, or rejection probabilities). Under the
respective nulls (Hg“) for k = 1,2) and the corresponding alternatives, the data-generating
parameters were chosen to match estimates obtained by fitting the corresponding linear and
non-linear models to the bivariate term structure data considered in Bec and Rahbek (2004)*.
All parameter values used to simulate under the nulls and alternative are given in Appendix
E, and we choose the errors to be i.i.d. normally distributed. Note that Assumption 4.2 and
4.3 hold for the parameters chosen under the nulls and alternative employed.

For the implementation of the (sup) LR tests, we compute the QMLE’s under the null

and alternative as described below. For the bootstrap we use the set-up in eq. (5.1). In terms

! Note that, for this particular data set, Bec and Rahbek (2004), treating 8 as known, used conventional
LR-tests to conclude that H1(32> was accepted
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of notation, as previously defined in eq. (2.9), set ¥ = (0,&) = (8,n,€), with 6 := (b,n),
n:=(a,6,®) € R2*C+2) ¢ = (A w) € R? and 8 = (1,b)’.

We first discuss the practical implementation of the sup LRr test statistic for linearity
as given in egs. (2.17)-(2.16): Under the null of Hg) the QMLE’s § = (B3,7) are standard,
see Johansen (1996), and L#(f) = —Zlog 1Q*(0)|, with

1
O(0) = = > elf)e(6)
t=1

M|

Under the alternative Hj(éll), that is with (6.1) unrestricted, write the model on compact form

as,

AXy = T]’Wt—l (575) +e, Wi (5;5) = (X£71B;1/1 (BIXt—l;f) 7Zé,t71), c R2T+pk_

Observe that profile estimators of 7 and {2 are given by standard OLS estimation,
A T AL T /
(8,6 = (LW (B9 (8.8)) (T (8.94X]), and  (62)

0 (5,6 = ZXLE (G048, 4B.9=AX—i(BOWia(88.  (63)
Given these estimators, we can in turn estimate 3 for fixed &,

~

B(¢) = argminlog(|Q (8,€) |),
€R

and finally sup LRy is computed as,

sup LRy := Tiug(log [©%(6)| — 1og | (6(£))]).
ez

For the particular parameterization, we here choose = = {(4,0) : 0 < A<1land —1<b<1},
and then computed the sup test in practice by evaluating log [2*(8)| — log |Q2*(6(€)) on a dis-
crete uniform grid of size 50 x 50 over =, and then simply choosing the maximum value as
an approximation of sup LRp.

Next, consider the LRy statistic for testing Hg) or stability of the spread: Under both
null and alternative, we proceed as before and first use OLS to obtain profile estimates 7 (3, &)
and Q* (3,€). Next, under the null Hl(f), B = (1,—1) and £ := arg ming log(|Q*(53,€)|), while
under the alternative, cf. (6.2)-(6.3),

(B,€) := arg?g}glog(lﬁ (B, 1),

and the LRy statistic readily follows, LRy := T'(log |Q2*(3, €)| —log |Q2*(3,€)|), see eq. (2.13).

Three different sample sizes, T' = 250, 500 and 1000, are considered. For each sample size,
1000 sample paths are simulated for the set of given parameter values (see Appendix E). Next,
parameters are estimated as described above using the MLE both under the alternative, and
under the null. For the bootstrap, we use N = 399 repetitions (see Andrews and Buchinsky,
2001; Cavaliere et al, 2010a,b).
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The estimators, test statistics and the bootstrap procedure were implemented in Mat-
lab. In the implementation of the bootstrap procedure, the Matlab numerical maximization
routine used to compute the QMLE’s under the alternative did not converge for a few of
the bootstrap samples; this might be caused by non-identification in the population of the
parameters. Moreover, Matlab in those samples reported a negative value of sup LRy . For
these samples, we simply set sup LRy = 0. Since sup LRy > 0 this fix means that the esti-
mated distribution of sup LR is pushed to the left and so we will tend to overreject. It’s
not entirely clear to us how to adjust the bootstrap distribution for this effect. One could
potentially leave out the bootstrap samples where non-convergence occurs.

Tables 1 reports the size (i.e. the rejection frequencies under the null) of the bootstrap
versions of the LR test when we test for H}(%l). From these results, we see that for moderate
and large sample sizes (T' = 500 and 1000) the bootstrap test have very good size properties
for both null hypohteses. In smaller sample sizes (T" = 250), the size begin to deteriorate
but is still acceptable.

1% nominal level 5% nominal level 10% nominal level

T =250 | 0.4% 4.3% 9.9%
T =500 | 1.3% 4.8% 10.1%
T =1000 | 0.9% 5.4% 11.1%

Table 1: Size of bootstrap version of sup LRy test for Hg) :0=0.

The corresponding size performance for the LRy test of Hg) are reported in Table 2.
Qualitatively the same picture as for the test of Hg) appears: For moderate and large

samples, the size is good while in smaller samples it is less precise.

1% nominal level 5% nominal level 10% nominal level

T =250 | 0.4% 4.7% 11.8%
T =500 | 1.0% 5.3% 11.7%
T =1000 | 1.3% 6.3% 11.7%

Table 2: Size of bootstrap version of LRy test for Hg) B =(1,-1).

Next, we examine the power of the LR test for the two hypotheses. The results for H ](%1)
are reported in Table 3 The test tends to have low power in small samples, and for example
only rejects the incorrect hypothesis of 6 = 0 with 16% probability for T" = 250. However,
as the sample size grows, the power quickly improvves and with 7" = 500 observations the
bootstrap test exhibit acceptable power properties; for example, it rejects the incorrect null
of 6 = 0 with 67.6% probability at a 5% level. In large samples (7" = 1000), the power is
very good for the sup-test with rejection probabilities close to 100%.
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1% nominal level 5% nominal level 10% nominal level

T =250 |27% 16.0% 29.2%
T =500 | 37.5% 67.6% 78.1%
T = 1000 | 93.5% 97.0% 97.8%

Table 3: Power of bootstrap version of sup LR test for Hél) :0=0.

The power of the test of Hg) is not quite as impressive as can be seen in Table 4.
For example, it rejects at a 5% level with probability 49.5% and 76.4% for sample sizes
of T'= 500 and 7" = 1000 which is significantly lower than the corresponding rejection
probabilities reported in Table 3. This is to some extent probably a consequence of the
DGP, which under the alternative of HI(%Q) is not too far away from the null with 5y having
been chosen as By = (1, —0.9282)", c¢f. Appendix E. Hence it is more difficult to detect the

departure from the null in finite samples.

1% nominal level 5% nominal level 10% nominal level

T =250 | 3.8% 17.0% 29.7%
T =500 | 23.2% 49.5% 63.2%
T = 1000 | 63.5% 76.4% 81.4%

Table 4: Power of bootstrap version of LRt test for HéQ) B =(1,-1).

7 Conclusion

We have here proposed and analyzed likelihood-based estimators and tests in a class of
nonlinear vector error correction models. The properties of estimators and tests prove to
be non-standard in two distinct ways: First, due to the dependence between short- and
long-run parameter estimators, their asymptotic distributions are not comparable to the
standard Dickey-Fuller type asymptotics found in linear models. This in term affects the
test statistics. For example, tests only involving short-run parameters will in general not
follow x? in contrast to the situation in the linear cointegration model. The distribution
of the test statistics get even more involved in the case of testing for linearity of the error
correction mechanism due to vanishing parameters under the null.

Due to the complicated nature of the distributions, we proposed to implement the tests
using a wild bootstrap procedure, and through simulations we demonstrated that the result-
ing class of tests perform well both in terms of size and power. It would be of interest to

show theoretically that the bootstrap procedure is consistent.
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A Proofs of Section 3

Proof of Theorem 3.4. Note initially that finite dimensional convergence follows by stan-
dard Martingale CLT results, see e.g. Brown (1971). In particular, (¢ (s,7), o7 (8,7)) A
(¢ (s,m),¢(5,7)) for any (s,7) and (5,7) in [0, 1] x II. Next, we show stochastic equicon-
tinuity (tightness) by verifying the conditions of Theorem 3 in Bickel and Wichura (1971).
Some further notation is needed for this: With s € [0,1] and 7 € IT C R% let v = (s,7) =
(5,71, ...,7q,) and 7 = (3,7) = (5,71, ..., 7~Td§) be two arbitrary points in [0,1] x II. With
4 > 7, define Ayr on (7,7), see Bickel and Wichura (1971),

Ang( ~) =
Z Z Z 1) 1= ZZoes o7 (s — eods, m — e1dmy, ..., 4, — €4,.d7q, ),
0=0,1€1=0,1 =01

where ds = (s — §) and dm; = (m; — 7;) . Direct insertion gives that A¢r (y,7) can be written

as,
1 (T3]
Apr (1,7) = —= Y Afi(m7)e, (A1)
\/T t=[T's]
where
Afy(m Z Z dr=YjT, ¢ f(ye—1;m1 — erdmy, .oy ma, —€q,dmg, ). (A.2)

€1=0,1 €dr=0,1

Since (s,m) — ¢ (s, m) is almost surely continuous, then by Straf (1972, Theorem 5.6) in
combination with Bickel and Wichura (1971, Theorem 1) it suffices to establish that, for
some ¢ > 0, v > 1,

E||Aér(m, 7?1 < C|5 — 8|’ Miz10... 4, |7 — mil” - (A.3)

Under Assumptions 3.1-3.2, and using Rosenthal’s inequality (see Hall and Heyde, 1980,
p.23), Cauchy-Schwarz, and eq. (A.1), it follows that for ¢ > 1,

(T3] q
- C )
Blaor(m A" < 75 | X BB (lel|afr DI 17 )|
t=[Ts]
(T3]
C ~
* T [Z]E (sl 118 7) ]
t=[T's

q

<o (BN o | (B A fum D))
wo (% [Ts) (e (B 18 6m, 7))
<c )
{,

"B|Af(m D)2 4+ 0(1), (A.4)

as T'— o0o. Observe that for each i € D, = .,dr}, one may write A fy(m, 7] as,

Afmm) = ) (CN"TIER o), (A.5)

J€Dx, ,j#i, £;=0,1
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where 0; fi(m, 7] denotes the increments of f (-) over the ith coordinate of ,

Oife(m, ) = fr (m1 — erdmy, ...y Tim1 — €i—1dTi—1, Tj, Tit1 — €i41dTit1, ..., Tq — €qdT4,.)

— fe(m —endmy, ..., Ti—1 — €1dTi—1, T, Tip1 — €i41dTiq1, ..., Ty — €gdTq, )
with dm; = 7; — m;. Using eq. (A.5), and by Assumption 3.2,
E|Afi(m,7)|* < 027 B (0 fi(x, 7] < C |7 — mi
As this holds for each ¢, one gets that for T large enough, eq. (A.4) is bounded by,
E | A¢r(m, 0] < C[5 = s|* (B |Afi(m, D))" < C 5= sl iep, |7 — mf*/%,
and the desired holds. m

Proof of Corollary 3.7. For fixed s the result holds by Doukhan et al (1995), see also
Hansen (1996), while for fixed 7 the result holds by Brown (1971). =

Proof of Theorem 3.5. It follows by standard results that the convergence holds for any
given 7 € II, see e.g. Kurtz and Protter (1991, Theorem 2.2). Proceeding as in the proof of
Theorem 3.4, define

T T
1 - 1 .
= ﬁ E ry o f (ye—157m) e, AVr(m, 7)) = \ﬁ E vy 1 Afe (7, 7) e,
t=1 t=1

where Af; is defined in eq. (A.2). Again by Rosenthal’s inequality (Hall and Heyde, 1980,
p.23) and Cauchy-Schwarz inequalities, for n > 1,

B || Ave (m, 7) ]
(iE[ (el lleel® 1A (m, 7)1 |- 1)]>

S (ke P ledl 1A (7))

t=1

<

E\Q *ﬂ\

q/2
< ol ((supE e ) ElIAf <7r,fr>u4)
#0179 (sup (s | el 1074 () 1) )

a/?
< Il (s B Lol E1Af (. D))
1/3
+0r0 (Bsup s Bl sup 1 (i)
S
< Clliep, |7 — m| Y% +o(1).

By the same arguments as employed in the proof of Theorem 3.4, the desired result now

follows. m
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Proof of Theorem 3.6. Define the mean-zero sequence u; (1) = f (ye—1;7) — E [f (y4—1;7)]

and write

J 1 —r 1 r
th:y”f;—J (Ye—15m) = th:lm:&—lE Lf (ye—157)] + TZt:le—lut ().

By Assumption 3.3 and the Continuous Mapping Theorem, the first term converges towards
the claimed limit. We then need to show that the second term goes to zero in probability
uniformly in 7. We follow the same arguments as in Caner and Hansen (2001, Proof of
Theorem 3): For any given § > 0, define N = [1/], ¢ty = [k6T] + 1 and ¢} = 41 — 1, and

write

1 T 1 N-1 t
T 2332_1% (m) = T Z xp_1tug ()
t=1 k=0 t=t;,

| N1 t | V-1 tk
=7 > (@1 — 1) wi (7)) + T >l > u(w)
k=0 t=ty, k=0 t=ty,
The first term is bounded by,
N X 1 N—-1 t
Iévt 1~ Ty-1llsup flug (m)| < § sup o —ap| o x = sup [|ug ()],
T
k: i—t TEE [t—t'|<T'¢§ k=0 i—t) T€Z
where, by the law of large numbers,
1 =l 23
= sup [|ug ()] = ZSUD lue (m)[| = B Sup [ur ()| < o0
T el TER
k=0 t=t t 1

and, by Assumption 3.3,

sup ||xy — x| EA sup Hgv (s)—=x (s') H .
[t—t/|<T¢ [s—s|<6

The limit can be made arbitrarily small due to a.s. continuity of x (s). The second term is

bounded by

1 V=l 1 =l tk
25 bt S < Lo e} 2 5[5 i

k=0 t=ty, kO t=tg

where sup; << [|2¢]| = Op(1). Next, sup,cp] Zi\[:l ut (m) /N|| £ o by Kristensen and
Rahbek (2005, Proposition 1) as N — oo, and hence the arguments following (A.10) in
Caner and Hansen (2001, proof of Theorem 3) imply that

N-1||
P
sup — ug (m)|| = 0, asT§ — oo.
EEPN PR

The proof of the second assertion follows by the same arguments.

29



B Proofs of Section 4

Proof of Lemma 4.5. Choose any da, dd and d® and define A = vec(da, dd,dP). We

consider the sequence

[Ts] [T's]

o7 (s,8) == \/—Z{)\,Ut &) + Ayve (€) + Aywe ( Zf ye-1;€) et
with e; := Qalet, Y1 = (Z(,J,t—l’Zé,t—l)/: and

[ (y—1;€) = [daZos—1 + déep (Zo4—1;€) + d®Zay 1] .

Also note that m = £. Here, by Assumption 4.1

1f We—1: O < c(1 Zog—1ll + |1V (Zog—1: ) + 1 Z2,0-11) < c (| Zog—1ll + | Zot—1l)” + | Z2,6-11])

Thus,
1f -1 O™ < e (1 Zoe—1lI™ + [ Zog—1 ™ + | Z2—1 (™) -

Furthermore, by the differentiability of 1,

B/ (y-1:6) = f (-1:€)[["] = E[[[¢ (Zoe-1:6) =¥ (Zoe-1:€) "]

N (Zo—1; in
|2 ey

< E[|Zos—1]""|I€ €|

IN

(2+5)p} < oo for

such that A = 1. Thus, the requirement n > 2 translates into E [||Z0’t,1||
some § > 0, and the requirement m > 1 := max (4, 2d¢) translates into E [|| Zo—1[™] < oo
with p = max (1, p), and E [||Z2—1||""] < o0

This verifies that Assumptions 4.2-4.4 imply that the Assumptions 3.1-3.3 of Theo-
rem 3.4 hold, and hence the result follows for (u} (-),v; (-),w; (-)). The joint convergence
holds by the marginal convergence in Assumption 4.3, in conjunction with the fact that

(ug (), v; (+),wy (+)) and X are defined in terms of (g5),<;. ®

Proof of Theorems 4.6. For ease of notation, we treat Q = 5 as known such that
L} = Lp. The extension to unknown (2 is straigthforward and follows along the lines of
Kristensen and Rahbek (2010).

To establish the result, we apply a general formulation in Lemmas D.1 and D.2 in Appen-
dix D below which will allow us to consider convergence uniformly in £. To use the results in
Section D, set v = vec (0), 7 = &, Qr (v,7) = Qr () = —4 Ly (¥), with Ly (9) defined in
eq. (2.11), vy =T and Ur = Vp, where V7 is defined in eq. (4.3). To prove consistency, we
verify the conditions of Lemma D.1: We have that condition (i) holds by Assumption 4.1,
while (ii)-(iii) follow by Lemmas C.1, C.2 and C.3:

_ 1 _
dQr (00, &o; U, md’Y) = _TdLT(’UQO; Vi md’Y) =op (1),
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_ _ 1 _ _
d2QT (Vo; Ur I/Qd% Ur 1/2d7) - _fdQLT (Jo; Vr I/Qd% Vr I/Qd’_Y) = Hy (dvy,dy),

_ _ _ 1 _ _ _
d*Qr (9:Up Py, Up P2y, Up ) = — d’ Ly 95V Py, v 2, v )
= Op(ld|l[|d71/]1d7]1),

with Ho (dvy,d¥) given in C.2. The asymptotic distribution will follow from Lemma D.2
by verifying the additional condition (iv) in Lemma D.2. But this follows from Lemma C.1

since,
dQr(90; vy Uy Pvec (d9)) = —T 2Ly (90; Vi 2 vee (d9)) 2 Sao (),

where S (d¥) is given in Lemma C.1. We conclude that VTI/Q(Uec(ﬁT) — vec(y)) A
vec(d¥so), where Vo satisfies Sy (dV) = Hoo (dV, dV) for all directions did. This together
with eq. (D.1) imply the results stated in Theorem 4.6. m

Proof of Theorems 4.7. We proceed as in the proof of Theorem 4.6: Set v = vec (0),
m=wec(§), Qr(v,m) = —L%(0,§) /T, vr =T and Ur = Vyr, where Vyr is defined in (4.3).
We can now apply Lemmas D.1 and D.2. The conditions stated there hold by Lemmas C.1,
C2and C3. m

Proof of Theorem 4.8. We give a proof of the most complicated case where £ is not
identified under the null; the proof of the other case is analogous. We rewrite the restriction
on 7 as vec(n) = (Ry,), 7 where 7 is an unrestricted parameter vector. We first analyze
the restricted estimator 8: Under the null ¢ vanishes so the restricted log-likelihood does
not depend on this parameter. Thus, L (b,n) = L% (b,7) and L% (b, 1) := L%, (b, (Ry), 7).
Taking differentials w.r.t. (b, 7),

dL% (b,7) = Sp.r(0)vec (db) + S, r(0) (Ry,), dr,

d?L% (b, 7) = vec (V) Hy, 7 (0)vec (V') + dr' (Ry)| Hyy 1 (0) (Ry) | dr
+ 2vec (db') Hy, 7(0) (Ry) | dr,
where we suppress dependence on db and dr in the differentials. Here, Sy 7(0) and Hy, ()
are the score vector and Hessian matrix w.r.t. b defined as the solutions to dL%. (0;db) =
Spr(0) vec (db') and dL%. (0;db, db) = vec (dV') Hy,7(0)vec (db'); similarly with S, 7(b,n),
H,y,,7(0) and Hy, 7(0). By the same arguments as used in the proof of Theorem 4.7, we now
obtain that (b, 7) satisfies

0= dE*T (bo, T0;dT) + dZi} (bo, 0;dT, T — T0)
= Sp,1(60) vec (db') + Sy r(60) (Ry) | dr
+ vee(b') Hy, (0o )vec (db') + (F — 70)' (Ry)' Hyyr(60) (Ry) | dr
+vec(b)) Hy, 7(00) (Ry) | d + (F — 10) (Ry)', Hypp 7 (60 )vec (db')
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for any directions (db, d7), where we ignore the higher-order remainder term. With vec (db’) =
K;'dh and dr = 1/V/Td7, Lemmas C.1-C.2 yield

Sb.1(00) vec (db') = Spr(00) K. 1dh = Sh.0(00)'dh,
Sy,r(00) (Ry), dr = T_l/QSn,T(QO) (Ry), dr = Sp00(f0) (Ry) . dT,
K Hy, 7 (00)vece (db') = Ky ' Hyp 1 (00, §) K7 dh = Hyp, 00 (00)dh
T 2R Hyy 1 (00) (Ry) | dr = T R Hyyr(60) (Ry) | dF = R Hyyo0(80) (Ry) | d7,

and similar for the cross terms. We conclude that

/T ( (I, ® Kr)vec <b/) ) — —H:H(;lTSe,T +op (1),

T—1T0

where Hy L and St 5§ with Hyp and Sy defined in eq. (4.11). Thus,

. vee (¥ Tl &
VTV, Pvec (9 - 90> = VTV, ( ( ) > = —MyHgy 10,0 +op (1),

vec (1) — vec (no)
Next, from the proof of Theorem 4.7, for any &,

VTVyPvec(0 (€) — 0o) = VIV, < . (ﬁvéc)()b E&lie . ) = —Hyy'7 (€) Sorr (€) + op (1).

Given these results, we derive the asymptotic distributions of the sup-LR and sup-LM

test. Regarding the sup-LR test, use a second-order Taylor expansion to obtain
LRr (§) =2 |L3(0(8) &) - L7(0)|

= 3502(0(€).@(©) ~ )+ (6(6) ~ ) Flag 24 (€) )6 (&) ~ D),

where 0 (£) lies between é(f) and 6. Since 9(5) maximizes L}.(6,§), SHT( (€),€) = 0, while
—VTV, 142%0 ( (&) - ) TV, 1/T2vec ( (&) - 90) +VTV, 1421)66 (5 - 90>
= Hyg'1 (00, €)S0,7(00, €) — MyTHyy+So. + op (1)
D H (€)S(€) — M, [M]Hag(€) M) ™ MIS(€)
=P (£) So(),
where we have employed Lemmas C.1-C.3, and
P (€) := Hyy' (§) — My [M;Hpy(§)M,] M},
Thus,
Jim LRy (€) £ So()'P (&) Hop(EP () Sa(€) = V (&) V (€),

where V (&) is given in the theorem. For the LM test, use a first order Taylor expansion to

write the unrestricted score evaluated at the restricted estimators as
So,7(0,€) = So.7(00, €) + Hog (00, E)VTVy i vec(f — o) + op (1),
L. Sp(€) — Hgo (60, &) M, Hy,,'S
= Hgg (§)P (£) Sp(€),
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In conclusion, uniformly in &,

lim LMz (€) 2 Sp(€)P (€)' Hog(£)P (60, €) S (60, €) = V (€)' V (€).

T—o00

C Asymptotics of derivatives of likelihood function

—-1/2

In the following, we use the notation V;1/2d19 = unvec(Vy ' “vec (dV)) to save space, and

similar for other parameters.

Lemma C.1 Under Assumptions 4.1-4.4 with qo > 2max {1, p} and g2 > 2, the log-likelihood
Junction Ly(9) defined in (2.11) with d¥ = (df,d§) and df = (db’, dn) satisfies:

1. If 6o #£ 0, then as T — oo,
TV2dLr (90; Vg 2 d0) B S (€03 d0) + Se oo (€03 dE)
where
S0 (£:0) [ db’/ol F(s)dB, (5,€)) | + vee(dn)' B (1),
Se.00 (& d€) = (vecds)' By (1,€),
and (B!, B!,B!,,F") are defined in (4.1).
2. If 6o = 0, then uniformly over £ € 2, as T — oo,

T=V2dL1 (00, & Vg d0) = So.1(00, & Vg d8) 2> S0 (E:d6) . (C.1)

Proof. The first order differential of Lp(0,£) is given by
T Y2dLr (95 Vi 2 d9) = Syr (0,6 Ki'db) + Sy (8, & dn) + Ser (0,6 )

where, with

Zt (b) = ZO,t—l + blZl,t—l (02)
T
VTS, (0,&dn) = [daZy (b) + dop (Zy (b) ;€) + d®Za s 1) Qe (0) (C.3)
t=1
T
VT Syr (0,&db) = Z Z1 4 1db (o + 609 (Zy (b)5€)) Qpler (). (C.4)
t=1
VT Ser (0,€;d€) = (vec (dE)) Z Oet (Z4 (b) ;€)' 0'Qg e (0) . (C.5)

Proof of part 2 (69 = 0): Evaluated at the parameter value g (§) = (0,70, £), with g = 0,
we get,

T T
Sy, (00, & dn) = = (vee (d)' Y ue (§), Sy (00,&db) = J= > 71 4_ydbun,
t=1

t=1

3

33



where u; (&) € RPUF754PE) and w;, € R” are defined in eq. (2.21), where we note that w; (£)
does not depend on & when §y = 0 and we therefore simply write w;. By the same arguments

as in the Proof of Lemma 4.5, we now apply Corollary 3.7 with x;_1 = KleM,l to obtain

T 1
Sor (60,€; dn) = T~V (vec (dn)' S e (€) 2 (vec (dn)Y / dB, (5,),
t=1

0

on the space C (E), and

Spr (60,6 K7t db) = T‘l/zz ({21, 1Kz} db) t—>/ s) db) dBy (s) .

The two convergence results above hold simultaneously. This proves the second part of the
theorem.

Proof of Part 1 (9 # 0): By the same arguments as in the proof of Part 2 the claimed
results holds for the derivatives considered there. Simultaneously with those convergence
results, it also holds that, by Corollary 3.7,

T 1
S O €0 06) = T (e 06)) S (60) & (e 40)) | s s.60).

Lemma C.2 Under Assumptions 4.1-4.4, with d¥ = (d6,d), d0 = (dn,db) and the log-
likelihood function L (0,§) defined in (2.11), the following hold:

1. If 69 # 0, then with qo > 2max {1, p} and g2 > 2:
- —dQLT(ﬁO,V_l/qu? Vv, 2 a)
B, Hyp oo (D0; d6, dO) + Hpe oo (D0; dO, d€) + Heg, o0 (V03 €, dO) + Hee oo (Vo; d€, dE)
where

1
Hgp.00 (0, db, df) = vec (dn)’ Suu (€,€) vec (dn) + tr{db’/o F(s) F'(s) dsdl_)Ew,w (&8}
(C.6)

1 1
+ / F () dsdb%, 4 (&, €) vec (dn) + vec (dn) Ty.w (€,€) db'/ F (s)ds
0 0
Hpg o0 (9, dO, d€) = vec (dn)' Sy, (€, &) vee (d€) + vec (db')/ </ Fds @ %, , (&, f)) vec (d§)
Hff,oo (79, d&a dé.) = vec (dg)/ Ev,v (fa f) vec (d&) .
Here X is defined in (4.2) and (B., B!, B!, F") in (4.1).

2. If 69 = 0, then with g2 = max (4,2d¢) and qo > gomax (1, p), it holds uniformly over
ek, .
— — — D —
— L (00, Va0, Vy ' dB) 2 Hop oo (: B, dB),
where Hyp o (£;d0,d0) given by (C.6) is evaluated at ny (with 5o =0).
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Proof. Note that,
——dZLT(ﬁo,V_l/Qdﬁ V' 2d0) = Heor (003 Vy 1/ 2d6, V,y /2 dB) + Hoe 1(90; Vy /28, Vi V2 d€)
+ Hepr(90: Ve g 2d€, Vg 1/2d0) + Hee (90 Ve 2, Vi dé),
with
Hop,1(V0; Vg 1/ 2d0, Vy 1/2d0) = Hyyyy (€) + Hyy (€, Ky db, K" db) + Hyy (€, K7 db)
+ Hy,, (&, K71 db)
Hepr(V0; Ve 2, Vg /) = He  (€) + Hey (€, K7'db)
Hgg,T(ﬁo;VaT 2de, V_1/2 d€) = Heg (€),

where we suppress dependence on all directions except db and have used the notation that
H,p (&,db) = —1d?Lr(69,&; dn, db) and so forth.
Proof of part 2 (69 =0): First, consider Hypgr at 0y = (0,70), with dp = 0 and ¢ freely

varying. The following claims are shown to hold uniformly over £ € =:
Claim 2.1 : H,,,, (§) L vec (dn) Suu (€) vec (d7) ,

1
Claim 2.2 : Hyy, (¢, K7 'db, K7'db) 2 tr{(db) / F (s) F (s) ds(db)Xuw}
0

1
Claim 2.3 : Hy,, (&, K5 "db) A / F (s) dsdbXy,, (&, €) vee (di)
0

Proof of Claim 2.1: We have

T
Z [dov (Zy (b)) 4 doap (Zy (b) 5 €) + d®Zay 1] Qg (C.7)
(Z

£ (b)) + oy (Z; (b) &) + d®Zg 1],

x [da

Evaluated at 6,

~

Hy oy (§) = *WC (dn) IZ [ Zp 1,0 (Zoys— 1,5)I’Z§,t71)/ (Zoy-1:0 (Zog-15€), Z4 1) ®Qo_l}
=1

x vec (dn),
and the result follows by the uniform law of large numbers in Kristensen and Rahbek (2005).
Proof of Claim 2.2: Next, Hyp (€, db, db) = H}) (€, db, db) + Hyy (€,db, db), where

bb ) (¢, db, db) Zst Q0 (Z1,_1db @ 1) 02,4 (Z, (b) ;€) db' Z1 41 (C.8)

1 - _
=7 Z; tri{vec (Z1,_1db @ I,,;) vec(Z1 ,_1db) (021 (Z¢ (b) ;€)1 @ &4 (0) Q5'6)},
t=
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with
2.0 (2,€) = Ovec (9.4 (2,€)) /07,

and
T
771/ —
b b (&, db, db) =7 Z {43809 (Z; (0);€)} Z14_1db] Q" [{a + 60.4 (Z4 (b) 5 €)} Z1 4—_1db] .
- (C.9)
At 0y with &g = 0, H}}) (€, db, db) = 0, such that by Corollary 3.7,
T
Hyy, (&, Kztdb, Kp'db) = T~ [aodb K 2141 Qq towodt K7 Z1 41
t=1
D B 1
= tr {db// FF/dsdbEw,w}
0
with Xy, = Var (wy) = 046(251040.
Proof of Claim 2.3: We write Hy,, (£, db) = 1) y (& db) + H (§ db), where
T p—
5 db) = Z [{da + dd0.4 (Z; (b) ;) } db Z1 1] Qg e (0) (C.10)
1 & . .
HY) (¢, db) = - S Ha+060.9 (Zy (b);€)y db Z1y—1] Q" [daZo -1 + Bt (Z; (b) ;€) + dBZzy—1]
t=1
(C.11)

With 6 = 6y (such that in particular b = 0), set ft(i)l &) = (Ir, 0.4 (Zo4-1;€),0) and
[ QalEt, then

V(€. db) Zzu Wdb ) () dif'e.

By the same arguments as in the proof of Lemma 4.5, we see that ft(i)l (&) satisfies the

conditions of Theorem 3.5 with

|70 e )] < e+ 100 (Zoa 131D < 00+ 1Zoaall)

) (ys—1; f)Hm <c(1+||Zos—1]™"). Furthermore, by the differentiability of v,

E ([ £9 Gio1s) = 10 (w1 €)||"] = B 1100 (Zos1:6) — 00 (Zoa-1:6)|"]

9 (0.4 (ggat“g)] ] € —¢"

E [ Zos11"1]1€ = €'1I",

IN

E

such that A = 1. Thus, the requirement n > 2 translates into £ [|]Z07t_1||(2+5)p} < oo for

some § > 0, and the requirement m > m := max (4, 2d¢) translates into E [||Zo,—1]™] < oo
with p = max (1, p). Theorem 3.5 now implies that H(l) (&, K 1db) = Op (1) and hence,
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1 (f Kﬁldb) = op (1), uniformly in &.
C0n51der Hy (2) , (& db) and observe that,

N

) (. db) = Zadbzltl 12

where

F2(©) = Q5 [daZo 1 + Ao (Z, (b);€) + dBZa 1]
Applying Theorem 3.6 gives at 6y,
1
H) (¢, Kp'db) & / F (s) dsdbSy. (€, &) vec (d7) .
0

This finishes the proof of part 2.
Proof of part 1 (69 # 0): We state the needed as claims again:

Claim 1.1: H,,, (&) 2 vec (dn)’ S (€0, &) vee (d7) ,

Claim 1.2 : Hyy, (€0, K7 'db, K7.'db) 2 tr{(db)'/ol F (s) F (s) ds(db)Su 0 (£0,0)},
Claim 1.3 : H,,, (&%, K5'db) 2 /0 1 F (s) dsdb%y, . (€0, o) vee (di)

Claim 1.4 : Hy ¢ (£0) 2 vec (dn) Su. (€0, &o) vec (df)

Claim 1.5 : Hy¢ (€9, K7'db) 2 /0 'F (s) dsdbSy,, (&0, £o) vece (dE) .

Claim 1.6 : He ¢ (&) L vee (d€) S (€0, &0) vee (dE) .

Proof of Claims 1.1-1.3: They follow as before for claims 2.1-2.3.
Proof of Claim 1.4: The differential H,, ¢ () takes the form H, ¢ (§) = Hélé) €+ Hq(72§) (&)

T
H(l) 1 Z doogy (Z; (b) ; &) vec (df)] o ler (0),
t:1
T
a2 (€) = % N [daZos-1 + dow (Zy (b) ;€) + d®Zays 1) Q5 60et (Zy (b) ;) vee (dE) .
t=1

By Corollary 3.7, at 9o, TV 2H (1) (f ) Dy Y (1,¢) for an appropriately defined Gaussian process

Y (s,&), while by Corollary 3. 7 Wlth rri—1 =1, H 0 (50) A dn'Sy v (50,50) dg.

Proof of Claim 1.5: The differential Hy ¢ (€, db) = b£ (5, db) +Hb§ (&, db) where, similar
to the proof of Claim 1.2, with

Ovec (0,0 (2,£))
ovec (&)

B2 e (2,6) = (C.12)

we find,
aY (€,dv) = Zet Q510 (24 ,_1db ® I,) 02 e (Zy (b) 5 €) vee (dE) (C.13)
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T
5 db) Z {a+ 80,0 (Zy (b);€)} db Zy 1] Q5 00et) (Zy (b) 5 €) wee (d€), (C.14)

’ﬂ \

By Corollary 3.7, at ¥¢, H b§ (fo, 1alb) — 0 and H (fo, K, db) converges towards the
claimed limit.
Proof of Claim 1.6: The differential He ¢ (€) = HL (€) + H{ (€), where

&€
T
HOLE) = 7237 (6 075 (vee (de) @ 1,) 0 (74 ()16 wee (d)
t=1
. dvec (9¢y) (2,€))
vec (Ogt (2
66 5¢( 8= dvec (&)’ ’
and
Hg(?g) (&) = (vec(d€))' Zaﬁw (Zi (b Qo 160:1 (Z; (b) ; €) vec (d€) .

It follows by Corollary 3.7 that at 9o, H({ (¢€0) ©> 0 and H(? (€) > €Sy (0, 0) dE. m

Lemma C.3 Assume that Assumptions 4.1-4.4 hold. With d¥ = (df,d§) and df = (dn, db)
and the log-likelihood function L1 (60,&) defined in (2.11), the following hold:

1. If 69 # 0, then with qo > 2max {1, p} and g2 > 2:

1 _ _ _ . _ .
sup | —d®Ly(9, Vy 2a0, vy a0, v ad) | = Op(||dv|||ad]|||dd]))
19€NT(190)

for a sequence of neighborhoods

Nr (o) = {9 :[In—mnoll <€ |I€—&oll <e and [[Krd|| <e}.
2. If 5o = 0, then with qo > 2max {1, p} and g2 > 2:

1 _ _ _ - _ .
sup | =d* Lo (0,6, Vy 7/ 2d0, Vo 7/ 2d0, Vg d0)| = Op(||d0]|]]df]|]|dd]])
0Nt (0o)
fe=

for a sequence of neighborhoods
Nr (o) = {0 :|ln —nol| <€, and |[Krb|| <e}.
Proof of Lemma C.3. Write the third order differential as,

%dSLT(e, £,d6, df, df) = Z d (Heiﬂ—j (€) ,dé) .

Below we consider each of the terms normalized as indicated in the lemma and argue that
they are Op (1) as T — oo as desired. We focus on the most difficult cases when ¢y = 0,

and third order derivatives are considered w.r.t. b and £. The remaining cases (g # 0 and
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derivatives in other directions) proceeds in a completely analogous manner, and only differ

in terms of notation.

Claim 1: supg Hd (Hgg (€) dé) H = Op (1). From the proof of Lemma C.2, recall that,
the differential He ¢ (§) = H W

8 +HE) (€), where

HE) (€) Zst 0,€) Q16 (vec (de) @ I,) O b (;€) vec (dE) ,
HE) (€)= ; (vee (d€)) Zagw 7, (b) ;€)' 851801 (Z, (b) ;) vee (d€) |

with Z; (b) defined in (C.2). Thus,
a(H (€, d€)

=l
M~

e (0,€) Qy'6 (vec (d€) @ I,) (Uec (dg)/ ® I) 3§gg¢ (Z: (b) ;&) vec (dé)

H
Il
—

(60t (Zy (b)) vec (€)Y Qg 16 (Uec () ® [ré) R etb (Z (b) ;) vec (dé) :

|
el
M=

1

-+
I

where
Ovec (8251/1 (z; f))
dvec (&) '

02551/) (2:6) =

Likewise,

Td (H(2 (€), dg)

— (vec (d€)) Zagw (Z, (b) ;€)' L6 (vec (d@’®1) D2t (24 (b) ; €) vec (dé)

=
+ (vec (d€)) Zagw (Z: (b) ;€)' §'0%6 (vec (€)' @ I) 83t (Z: (b) 5 €) vec (dé).
Hence, by Assumption 4.1,
| (2 (@), €) | < claeh | ae]| | €] ;iua (6,61 (1+ 117 (5) 1)
< cldg]| || || €] 7
x ;énetn 11 Z0. 2l 4+ 1 Z2aall + 1120 0) ) (L + 1120 B) 1)

Next, note that with 8 € Np(6p), we can write, b = Kflh,where ||h|| < €, and hence,

12 (0) || < 1 Zoe—1ll + €| 7" Z1 ] < (| Zog—1]] + € sx[gp” K7 21 ]| - (C.15)
ue|0,

AS Sup,e(o,1] HKElZL[TU] | = Op (1), we get by the LLN (Kristensen and Rahbek, 2005),
(2 €. d€) | = 0r (el [1dg]| | €])) -
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Claim 2:  supg Hd (Hgf €) ,Kfldl;)H = Op(1). As in Claim 1, given the expression of
Hee (6),

d <H§(1§) (), dB)

Z5 1db [+ 600 (Z; (b);€)) Qy 16 (vec (d€) @ I,) OF ¥ (Z4 (b) ;€) vec (dE)

T
T
1 T - ~
+ 7> (6,€)' 03 (vee (dg)' ® 1,) (vee (d€)' © 1) O v (2 (b):€) db 211,
t=1
and
a(HE (&) db)

; (vec (d€)) Zagw (Z, (b):€) 9256 (vec (d@’@w) 024 (Z: (b)5€) db Zy 4

T !
+ %Z [(vec (dg) @ 1) 352,z¢ (Zi (b);€) di)/Zl,t—l} ' 69t (Z (b) 5 €) vee (d€)

t=1

where 852721/1 (Z: (b);€) is defined in eq. (C.12), and

81}60( &@ZJ (z; 5))

et (%:€) = 5
Thus,
(d (Hglg (€) ,K;ldé) ’
1 L _
< cldg| [dg] 7> | b (1 10w (2 0); €)1 [|0ew (2 ()5
t=1
1
+clldg]| || d€]| 7
T
> et (01 [0 00 (Ze )5 )| b K7 2 |
t=1
1 L
< cl|dg] ||d€]| Z |28 e K (L4 1122 (0)]17)?
+ c||dé]| Hdé}lfz leell + 1 Zo—1ll + | Zog—1ll) (1 + 12 0)|1°) || K70
and so al(H(1 1db>‘ Op (1) by eq. (C.15).
By identical arguments, ’ ( 5(5) - 5)‘:013(1).
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Claim 3: sup, Hd (HbJ, (€), K=1db ’
of Lemma C.2, d (Hbl, ©), dE) —d (Hé}l} £) ,dé) +d (Hg?g €) ,dé), where

Op (1). Given the expression of Hyp (€) in the Proof

a (H,}) (), db)

T
1 ~ _
= 7D Ziadba+00:9 (Z (0): )] Q10 (2141 @ L) 02,4 (Zy (b) :€) b Z1 41
t=1

T
1 B _ .
b (0.9 05 (Zadb @ 1) (2 adb @ 1yy) 02,0 (70 () :6) db Z g
t=1

with
92, (2,€) = dvec (02,4 (2,€)) /07,

and
d (HIS? ©) ,dB)

(19 6) 02 (20 (0):€) d 214174, B] O™ [{ 4+ 60- (70 (0):€)} 74, )

I
Nl =
(]~

)
I

Nl
M=

+ = 3 Ha+00.0 (Z0(6): )} 21 1 ab] Q51 [(1© 6) 9246 (24 (b):€) dH Z141 24y

t=1

Thus, multiplying all directions with K.' and using eq. (C.15),

T
d (113 (©) i<z ab) | < 2 ol ||| || aB]| S [ K7 Zuama " 11+ 112 @I7V11 22 0]
t=1
- OP (1) 3

and, by identical arguments, ‘d (Hé?) (&) ,Kfld?)) ’ =0p(l). m

D Auxiliary Lemmas

Consider Qr(v, ) which is a function of observations X, ..., X7 and parameters v € I' C R?
and 7 € II C R*. Introduce furthermore 7y, which is an interior point of I'. We then
state conditions under which 4 (7) = arg minyer Q7 (7, 7) is consistent and has a well-defined
asymptotic distribution. The proof is based on standard expansions of the likelihood function
similar to Kristensen and Rahbek (2010). However, the objective function, and thereby the
estimator, depends on a nuisance parameter 7w, and we state results that hold uniformly over
m € II. In the following, for any constant ¢, let Wr D, ¢ denote convergence in distribution

towards the degenerate distribution at c.
Lemma D.1 Assume that:

(i) Qr (-, 7) : R? — R is three times continuously differentiable in v for all .
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(i) There exists a sequence of nonsingular matrices Ur € R¥>*? such that Uy' = O (1) and

(4Qr (0,507 2 dy), d2Qr (h0, w5 U7 P, U;I/QdV))WZVO 2 (0, Hoo (,dy, d7))

where the convergence takes place on 11, and where the stochastic process Hoo (7, dy, d7) >

0 a.s.

—-1/2 —1/2 5 7—=1/2 ;- s
(i) SUPre1r SUDs ey (o)) [4°Q (3,3 Uz 2y, Uy 2, U7 2a5) | = Op (1l a1 11051
over the sequence of local neighborhoods

Ni(o) = {7: 1107 (= 70) | < ..

Then with probability tending to one, for any w € 11, there exists a unique minimum point

5(m) of Qo) in Ni(0) which solves dQr (3 () ) /0y = 0.
It satisfies sup en HU%NW (m) — 70)“ =op(1).

Proof of Lemma D.1. Use a second order Taylor expansion to obtain for any bounded
sequence dr (7) € R? such that v + UT_l/sz (m) € Nr(y0),

Qr (70 + U;Fl/QdT (m),m) = Qr (Y0, m) = dQr (70, 7; Ufl/2dT (7))
+ %d?@T (3 (x), w3 Up 2y (m), Uy 2 dr (7)),

for some ¥ (7) € [y0,70 + U;lpdT (7)] € Nr(0). Define the bounded sequence dr (7) =
U%/ 2 (7 (r) —70). Then, by another application of Taylor’s Theorem, there exists 7 (7) €
[v0,7 ()] € Nr(70) such that
sup | &*Qr (5 () Uy Py (), Up Py (m)) = @ (o, Uy Py (), U P ()
TE

= sup ‘d?’QT 3 (x) ,m U2y (), UZ Py (7), UR Py (7))
e

= 0p (lldr @I ||dr (]]) = Or ().

where we have used (iii). Thus,

Qr (v0+ Uz dr (m) . m) — Qr (0.7)
= dQr (0, U 2dr (m)) + 5 Hoo (dr (x)  dr ()

1 _ _
+ 5 |Qr (o, m Uz V2dr (m) U7 2 dr (7)) — Hoo (dr (7) , dr (m)] + Op (%)

1
= §Hoo (dp (7)) ,dp (7)) + Op (63) ,
where the second equality follows by (ii). As Hwo (d7 (7),dr (7)) > 0 a.s., € can be chosen
sufficiently small such that Q7 (v, ) is convex with probability tending to one in the neigh-
bourhood N7 (7p). In particular, there exists a unique minimizer 4 (7) = o + U;l/ZafT (m)
which solves the first-order condition, dQr (¥, 7,dy) = 0 for all dy. Since we can choose
U2 (5 (m) = )| = op (1) s

¢ arbitrarily small, sup, ||dr (7T)H = op (1), and hence sup,.

desired. m
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Lemma D.2 Assume that assumptions (i)-(iii) of Lemma D.1 hold together with:

(iv) There exists a sequence of numbers vy € Ry such that Vfl — 0 and uniformly over
m e Il:

dQr (o, v 2U 2 dy), d*Qr (o, m; Uy dy, U724 )>
LA (Soo (m,dY) , Hoo (70, dy, d7)) .

Then V1/2U1/2(’y () — ) 5 _g-t (1)S(m), where H(r) € R and S (r) € R? are

stochastic process given through the following identities:

Soo (m,dy) =S (7) dy, dyH (7)dy = Heo (7, dry,d7) . (D.1)

Proof of Lemma D.2. By Lemma D.1, we know that 47 is consistent and solves the first
order condition. A first order Taylor expansion of the score and using (iii) together with the

same arguments as in the proof of Lemma D.1 yields

0= dQr (yo;va!*Up Pdn) + d>Qr (7 (), w3 Up Py, Up Py U (3 () = 0))
= dQr (vo; vy U7 P dvy) + d2Qr (o, m; Up " Pdy, Uy PuPUL (3 () — ~0)) + op (1)

such that, by (iv),
— S (m,d7) = Hoo (m,dy, vy *Ug/* (3 () = 20) ) + 0p (1).

This completes the proof. m

E Model Specifications in Simulation Study

DGP under HY : 69 = 0: By = (1,—0.8724)', ap = (—0.0211,0.0015)’, 5 = (0,0)" and

_— 0.2097 —0.0907 0 — 0.0916 0.0242
7 04468 04205 | " ° 7 | 0.0242 0.0415 |

DGP under H :Bo=(1,-1)": o = (1,-1)', ag = (14.3870, —0.2793)', o = (—7.4947,0.2975)’,
wo = 0.1079, Ag = 0.0041, and

| 0.2395 —0.0899 | 0.0861 0.0251
7 1 04201 04034 |’ " | 00251 0.0417

DGP under H : 6o # 0 and HY : By # (1, —1): By = (1, —0.9282)', ap = (14.7819, —0.2765)’,
8o = (—7.3486,0.1382)', wp = 0.1009, Ag = 0.0037, and

_ 1 0.2339 —0.0970 O — 0.0874 0.0247
7| 04193 04338 |’ ] 0.0247 0.0415 |
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